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Chapter 1

Introduction

1.1 What is a compiler?

In order to reduce the complexity of designing and building computers,
nearly all

ofthesearemadetoexecuterelativelysimplecommands(butdosoveryquickly)
Aprogramforacomputermustbebuiltbycombiningtheseverysimplecommand

intoaprograminwhatiscalled machinelanguage.
Sincethisisatediousanderror-

proneprocessmostprogrammingis,instead,doneusingahigh-level
programming

language. This language can be very different from the machine language
that the

computercanexecute,sosomemeansofbridgingthegapisrequired.
Thisiswhere

the compiler comesin.
Acompilertranslates(or compiles)aprogramwritteninahigh-levelprogram-

ming language that is suitable for human programmers into the low-level
machine

languagethatisrequiredbycomputers.
Duringthisprocess,thecompilerwillalso

attempttospotandreportobviousprogrammermistakes.

Using a high-level language for programming has a large impact on how
fast



programscanbedeveloped. Themainreasonsforthisare:

- Compared to machine language, the notation used by programming
lan-

guagesisclosertothewayhumansthinkaboutproblems.
- Thecompilercanspotsomeobviousprogrammingmistakes.

- Programs written in a high-level language tend to be shorter than
equivalent

programswritteninmachinelanguage.

Another advantage of using a high-level level language is that the same
program

can be compiled to many different machine languages and, hence, be
brought to

runonmanydifferentmachines.

1



2 CHAPTER1. INTRODUCTION
Ontheotherhand,programsthatarewritteninahigh-levellanguageandauto-
maticallytranslatedtomachinelanguagemayrunsomewhatslowerthanprogra

that are hand-coded in machine language. Hence, some time-critical
programs are

still written partly in machine language. A good compiler will, however, be
able

togetveryclosetothespeedofhand-
writtenmachinecodewhentranslatingwell-

structuredprograms.

1.2 The phases of a compiler

Sincewritingacompilerisanontrivialtask,itisagoodideatostructurethework.

A typical way of doing this is to split the compilation into several phases
with

well-definedinterfaces.
Conceptually,thesephasesoperateinsequence(thoughin

practice, they are often interleaved), each phase (except the first) taking
the output

fromthepreviousphaseasitsinput.
Itiscommontoleteachphasebehandledbya

separatemodule.
Someofthesemodulesarewrittenbyhand,whileothersmaybe

generated from specifications. Often, some of the modules can be
shared between

severalcompilers.



A common division into phases is described below. In some compilers,
the

ordering of phases may differ slightly, some phases may be combined or
split into

several phases or some extra phases may be inserted between those
mentioned be-

low.

Lexicalanalysis Thisistheinitialpartofreadingandanalysingtheprogramtext:
Thetextisreadanddividedinto tokens,eachofwhichcorrespondstoasym-
bolintheprogramminglanguage, e.g.,avariablename,keywordornumber.

Syntaxanalysis
Thisphasetakesthelistoftokensproducedbythelexicalanalysis

andarrangestheseinatree-structure(calledthe syntaxtree)thatreflectsthe
structureoftheprogram. Thisphaseisoftencalled parsing.

Typechecking This phase analyses the syntax tree to determine if the
program

violates certain consistency requirements, e.g., if a variable is used but
not

declared or if it is used in a context that does not make sense given the
type

ofthevariable,suchastryingtouseabooleanvalueasafunctionpointer.

Intermediatecodegeneration The program is translated to a simple
machine-

independentintermediatelanguage.

Registerallocation The symbolic variable names used in the intermediate



code
are translated to numbers, each of which corresponds to a register in the

targetmachinecode.
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Machinecodegeneration The intermediate language is translated to
assembly

language (a textual representation of machine code) for a specific
machine

architecture.

Assemblyandlinking The assembly-language code is translated into
binary rep-

resentationandaddressesofvariables,functions, etc.,aredetermined.

Thefirstthreephasesarecollectivelycalled thefrontend
ofthecompilerandthelast

threephasesarecollectivelycalled thebackend.
Themiddlepartofthecompileris

inthiscontextonlytheintermediatecodegeneration,butthisoftenincludesvari
optimisationsandtransformationsontheintermediatecode.

Each phase, through checking and transformation, establishes stronger
invari-

ants on the things it passes on to the next, so that writing each
subsequent phase

is easier than if these have to take all the preceding into account. For
example,

the type checker can assume absence of syntax errors and the code
generation can

assumeabsenceoftypeerrors.



Assemblyandlinkingaretypicallydonebyprogramssuppliedbythemachine
oroperatingsystemvendor,andarehencenotpartofthecompileritself,sowewil

notfurtherdiscussthesephasesinthisbook.

1.3 Interpreters

An interpreter isanotherwayofimplementingaprogramminglanguage.
Interpre-

tation shares many aspects with compiling. Lexing, parsing and type-
checking are

in an interpreter done just as in a compiler. But instead of generating
code from

the syntax tree, the syntax tree is processed directly to evaluate
expressions and

execute statements, and so on. An interpreter may need to process the
same piece

of the syntax tree (for example, the body of a loop) many times and,
hence, inter-

pretation is typically slower than executing a compiled program. But
writing an

interpreter is often simpler than writing a compiler and the interpreter is
easier to

movetoadifferentmachine(seechapter13),soforapplicationswherespeedisn:
ofessence,interpretersareoftenused.
Compilationandinterpretationmaybecombinedtoimplementaprogramming

language: The compiler may produce intermediate-level code which is
then inter-



preted rather than compiled to machine code. In some systems, there
may even be

partsofaprogramthatarecompiledtomachinecode,somepartsthatarecompile
tointermediatecode,whichisinterpretedatruntimewhileotherpartsmaybekep

as a syntax tree and interpreted directly. Each choice is a compromise
between

speed and space: Compiled code tends to be bigger than intermediate
code, which

tendtobebiggerthansyntax,buteachstepoftranslationimprovesrunningspee

Using an interpreter is also useful during program development, where it
is

more important to be able to test a program modification quickly rather
than run
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theprogramefficiently.
Andsinceinterpretersdolessworkontheprogrambefore

execution starts, they are able to start running the program more quickly.
Further-

more,sinceaninterpreterworksonarepresentationthatisclosertothesourcec:
thaniscompiledcode,errormessagescanbemorepreciseandinformative.

We will discuss interpreters briefly in chapters 5 and 13, but they are not
the

mainfocusofthisbook.

1.4 Why learn about compilers?

Fewpeoplewilleverberequiredtowriteacompilerforageneral-
purposelanguage

likeC,PascalorSML.Sowhydomostcomputerscienceinstitutionsoffercompile
coursesandoftenmakethesemandatory?
Sometypicalreasonsare:

a) It is considered a topic that you should know in order to be “well-
cultured”

incomputerscience.

b) A good craftsman should know his tools, and compilers are important
tools

forprogrammersandcomputerscientists.

c)



Thetechniquesusedforconstructingacompilerareusefulforotherpurposes
aswell.

d) Thereisagoodchancethataprogrammerorcomputerscientistwillneedto
writeacompilerorinterpreterforadomain-specificlanguage.

The first of these reasons is somewhat dubious, though something can
be said for

“knowingyourroots”,eveninsuchahastilychangingfieldascomputerscience.
Reason“b”ismoreconvincing: Understandinghowacompilerisbuiltwillal-

lowprogrammerstogetanintuitionaboutwhattheirhigh-
levelprogramswilllook

like when compiled and use this intuition to tune programs for better
efficiency.

Furthermore,theerrorreportsthatcompilersprovideareofteneasiertounderst

when one knows about and understands the different phases of
compilation, such

as knowing the difference between lexical errors, syntax errors, type
errors and so

on.

The third reason is also quite valid. In particular, the techniques used for
read-

ing (lexing and parsing) the text of a program and converting this into a
form (ab-

stract syntax) that is easily manipulated by a computer, can be used to
read and

manipulateanykindofstructuredtextsuchasXMLdocuments,addresslists,



etc..
Reason“d”isbecomingmoreandmoreimportantasdomainspecificlanguages

(DSLs) are gaining in popularity. A DSL is a (typically small) language
designed

for a narrow class of problems. Examples are data-base query
languages, text-

formatting languages, scene description languages for ray-tracers and
languages
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forsettingupeconomicsimulations.
ThetargetlanguageforacompilerforaDSL

may be traditional machine code, but it can also be another high-level
language

for which compilers already exist, a sequence of control signals for a
machine,

or formatted text and graphics in some printer-control language (e.g.
PostScript).

Evenso,alIDSLcompilerswillsharesimilarfront-endsforreadingandanalysing
theprogramtext.

Hence, the methods needed to make a compiler front-end are more
widely ap-

plicable than the methods needed to make a compiler back-end, but the
latter is

moreimportantforunderstandinghowaprogramisexecutedonamachine.

1.5 The structure of this book

Thefirstpartofthebookdescribesthemethodsandtoolsrequiredtoreadprogra

text and convert it into a form suitable for computer manipulation. This
process

is made in two stages: A lexical analysis stage that basically divides the
input text

into a list of “words”. This is followed by a syntax analysis (or parsing)
stage



that analyses the way these words form structures and converts the text
into a data

structure that reflects the textual structure. Lexical analysis is covered in
chapter 2

andsyntacticalanalysisinchapter3.
Thesecondpartofthebook(chapters4—10)coversthemiddlepartandback-

end of interpreters and compilers. Chapter 4 covers how definitions and
uses of

names(identifiers)areconnectedthrough symboltables.
Chapter5showshowyou

canimplementasimpleprogramminglanguagebywritinganinterpreterandnote
thatthisgivesaconsiderableoverheadthatcanbereducedbydoingmorethings
foreexecutingtheprogram,whichleadstothefollowingchaptersaboutstaticty|

checking (chapter 6) and compilation (chapters 7 — 10. In chapter 7, it is
shown

how expressions and statements can be compiled into an intermediate
language,

a language that is close to machine language but hides machine-specific
details.

In chapter 8, it is discussed how the intermediate language can be
converted into

“real” machine code. Doing this well requires that the registers in the
processor

are used to store the values of variables, which is achieved by a register
allocation

process, as described in chapter 9. Up to this point, a “program” has



been what

corresponds to the body of a single procedure. Procedure calls and
nested proce-

dure declarations add some issues, which are discussed in chapter 10.
Chapter 11

dealswithanalysisandoptimisationandchapter12isaboutallocatingandfreein

memory. Finally, chapter 13 will discuss the process of bootstrapping a
compiler,

I.e.,usingacompilertocompileitself.
Thebookusesstandardsetnotationandequationsoversets. AppendixAcon-

tains a short summary of these, which may be helpful to those that need
these

conceptsrefreshed.

Chapter 11 (on analysis and optimisation) was added in 2008 and chapter
5
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(about interpreters) was added in 2009, which is why editions after April
2008 are

called“extended”.
Inthe2010edition,furtheradditions(includingchapter12and

appendix A) were made. Since ten years have passed since the first
edition was

printedaslecturenotes,the2010editionislabeled“anniversaryedition”.

1.6 To the lecturer

This book was written for use in the introductory compiler course at
DIKU, the

departmentofcomputerscienceattheUniversityofCopenhagen,Denmark.

At DIKU, the compiler course was previously taught right after the
introduc-

tory programming course, which is earlier than in most other universities.
Hence,

existingtextbookstendedeithertobetooadvancedforthelevelofthecourseorb

too simplistic in their approach, for example only describing a single very
simple

compilerwithoutbotheringtoomuchwiththegeneralpicture.

This book was written as a response to this and aims at bridging the gap:
It

is intended to convey the general picture without going into extreme
detail about



suchthingsasefficientimplementationorthenewesttechniques.
Itshouldgivethe

students an understanding of how compilers work and the ability to make
simple

(but not simplistic) compilers for simple languages. It will also lay a
foundation

thatcanbeusedforstudyingmoreadvancedcompilationtechniques,asfound
e.g.

in [35]. The compiler course at DIKU was later moved to the second year,
SO

additionstotheoriginaltexthasbheenmade.
Attimes,standardtechniquesfromcompilerconstructionhavebeensimplified

forpresentationinthisbook.
Insuchcasesreferencesaremadetobooksorarticles

wherethefullversionofthetechniquescanbefound.
Thebookaimsatbeing“languageneutral”. Thismeanstwothings:

- Littledetailisgivenabouthowthemethodsinthebookcanbeimplemented
in any specific language. Rather, the description of the methods is given

in the form of algorithm sketches and textual suggestions of how these
can

be implemented in various types of languages, in particular imperative
and

functionallanguages.

- There is no single through-going example of a language to be
compiled. In-



stead,differentsmall(sub-)languagesareusedinvariousplacestocoverex-

actly the points that the text needs. This is done to avoid drowning in
detail,

hopefullyallowingthereadersto“seethewoodforthetrees”.

Each chapter (except this) has a section on further reading, which
suggests

additional reading material for interested students. All chapters (also
except this)

hasasetofexercises.
Fewoftheserequireaccesstoacomputer,butcanbesolved

on paper or black-board. In fact, many of the exercises are based on
exercises that
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havebeenusedinwrittenexamsatDIKU. Aftersomeofthesectionsinthebook,a

feweasyexercisesarelisted.
ltissuggestedthatthestudentattemptstosolvethese

exercises before continuing reading, as the exercises support
understanding of the

previoussections.
Teachingwiththisbookcanbesupplementedwithprojectwork,wherestudents

write simple compilers. Since the book is language neutral, no specific
project is

given. Instead, the teacher must choose relevant tools and select a
project that fits

the level of the students and the time available. Depending on how much
of the

book is used and the amount of project work, the book can support
course sizes

rangingfrom5to15ECT Spoints.
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Chapter 2

Lexical Analysis

2.1 Introduction

Theword“lexical’inthetraditionalsensemeans“pertainingtowords”.
Intermsof

programminglanguages,wordsareobjectslikevariablenames,numbers,keyw
etc. Suchwordsaretraditionallycalled tokens.
A lexicalanalyser,or lexer forshort,willasitsinputtakeastringofindividual

letters and divide this string into tokens. Additionally, it will filter out
whatever

separates the tokens (the so-called white-space), i.e., lay-out characters
(spaces,

newlines etc.) andcomments.

The main purpose of lexical analysis is to make life easier for the
subsequent

syntax analysis phase. In theory, the work that is done during lexical
analysis can

be made an integral part of syntax analysis, and in simple systems this is
indeed

oftendone. However,therearereasonsforkeepingthephasesseparate:
- Efficiency: Alexermaydothesimplepartsoftheworkfasterthanthemore
generalparsercan. Furthermore,thesizeofasystemthatissplitintwomay

be smaller than a combined system. This may seem paradoxical but, as



we

shall see, there is a non-linear factor involved which may make a
separated

systemsmallerthanacombinedsystem.
- Modularity: Thesyntacticaldescriptionofthelanguageneednotbecluttered
withsmalllexicaldetailssuchaswhite-spaceandcomments.

- Tradition: Languages are often designed with separate lexical and
syntacti-

cal phases in mind, and the standard documents of such languages
typically

separatelexicalandsyntacticalelementsofthelanguages.

ltisusuallynotterriblydifficulttowritealexerbyhand: Youfirstreadpastinitial

white-space, then you, in sequence, test to see if the next token is a
keyword, a

9
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number, a variable or whatnot. However, this is not a very good way of
handling

the problem: You may read the same part of the input repeatedly while
testing

each possible token and in some cases it may not be clear where the
next token

ends. Furthermore, a handwritten lexer may be complex and difficult to
main-

tain. Hence, lexers are normally constructed by lexer generators, which
transform

human-readablespecificationsoftokensandwhite-
spaceintoefficientprograms.

We will see the same general strategy in the chapter about syntax
analysis:

Specificationsinawell-definedhuman-
readablenotationaretransformedintoeffi-

cientprograms.

For lexical analysis, specifications are traditionally written using regular
ex-

pressions: Analgebraicnotationfordescribingsetsofstrings.
Thegeneratedlexers

areinaclassofextremelysimpleprogramscalled finiteautomata.

This chapter will describe regular expressions and finite automata, their
prop-



ertiesandhowregularexpressionscanbeconvertedtofiniteautomata.
Finally,we

discusssomepracticalaspectsoflexergenerators.

2.2 Regular expressions

The set of all integer constants or the set of all variable names are sets
of strings,

where the individual letters are taken from a particular alphabet. Such a
set of

stringsiscalleda language. Forintegers,thealphabetconsistsofthedigits0-
9and

for variable names the alphabet contains both letters and digits (and
perhaps a few

othercharacters,suchasunderscore).

Given an alphabet, we will describe sets of strings by regular
expressions, an

algebraicnotationthatiscompactandeasyforhumanstouseandunderstand.
The

ideaisthatregularexpressionsthatdescribesimplesetsofstringscanbecombii
toformregularexpressionsthatdescribemorecomplexsetsofstrings.

When talking about regular expressions, we will use the letters (r, s and
t) in

italicstodenoteunspecifiedregularexpressions.
Whenlettersstandforthemselves

(i.e., in regular expressions that describe strings that use these letters)
we will use



typewriter font, e.g., a or b. Hence, when we say, e.g., “The regular
expression

s"wemeantheregularexpressionthatdescribesasingleone-
letterstring“s”,but

whenwesay“Theregularexpression
s”,wemeanaregularexpressionofanyform

which we just happen to call s. We use the notation L(s) to denote the
language

(i.e., set of strings) described by the regular expression s. For example,
L(a) is the

set{“a’}.

Figure 2.1 shows the constructions used to build regular expressions
and the

languagestheydescribe:
- Asingleletterdescribesthelanguagethathastheone-letterstringconsisting

ofthatletterasitsonlyelement.
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Regular Language(setofstrings) Informaldescription
expression

a {“a”} The set consisting of the one-

letterstring“a’.

£ {""} The set containing the empty

string.

s|t L(s) U L(t) Stringsfrombothlanguages

st {vw | v € L(s),w € L(t)} Strings constructed by con-
catenating a string from the

first language with a string

fromthesecondlanguage.

Note: In set-formulas, “|” is

not a part of a regular ex-

pression, but part of the set-

builder notation and reads as

“where”.

sx {"}U{vw | v € L(s), w € L(sx)} Each string in the language is

a concatenation of any num-

ber of strings in the language



of s.

Figure2.1: Regularexpressions
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- The symbol € (the Greek letter epsilon) describes the language that
consists

solely of the empty string. Note that this is not the empty set of strings
(see

exercise2.10).

- s|t (pronounced‘“s or t”)describestheunionofthelanguagesdescribedby
3

and t.

- st (pronounced “s t”) describes the concatenation of the languages
L(s) and

L(t), i.e.,thesetsofstringsobtainedbytakingastringfromL(s)andputting
thisinfrontofastringfromL(t). Forexample,ifL(s)is{“a","b "}andL(t)
is{“c”,“d"},thenL(st)istheset{“ac”,“ad’,"bec”,"bd"}.

- Thelanguagefor sx (pronounced‘s star”)isdescribedrecursively:
Itconsists

of the empty string plus whatever can be obtained by concatenating a
string

from L(s) to a string from L(sx). This is equivalent to saying that L(sx)
con-

sists of strings that can be obtained by concatenating zero or more
(possibly

different) strings from L(s). If, for example, L(s) is {“a”, b’} then L(sx) is

“r 43" "p”",“aa”,"ab”,"ba”,"bb",“aaa’,...}, i.e.,anystring(including



theempty)thatconsistsentirelyof asand bs.

Note that while we use the same notation for concrete strings and
regular expres-

sionsdenotingone-
stringlanguages,thecontextwillmakeitclearwhichismeant.

We will often show strings and sets of strings without using quotation
marks, e.g.,

write {a, bb} instead of {“a”, “bb"}. When doing so, we will use € to
denote the

emptystring,sotheexamplefromL(s «)aboveiswrittenas{g, a, b, aa, ab, ba,
bb,

aaa,...}. Theletters u,v and w
initalicswillbeusedtodenoteunspecifiedsingle

strings, i.e., members of some language. As an example, abw denotes
any string

startingwith ab.
Precedencerules

When we combine different constructor symbols, e.g., in the regular
expression

alabx, it is not a priori clear how the different subexpressions are
grouped. We

can use parentheses to make the grouping of symbols explicit such as in
(al(ab)) .=

Additionally,weuseprecedencerules,similartothealgebraicconventionthat3
+

4 x 5 means 3 added to the product of 4 and 5 and not multiplying the



sum of 3

and 4 by 5. For regular expressions, we use the following conventions: x
binds

tighter than concatenation, which binds tighter than alternative (|). The
example

alabx fromabove,hence,isequivalentto a|(a(bx)).

The | operator is associative and commutative (as it corresponds to set
union,

which has these properties). Concatenation is associative (but obviously
not com-

mutative) and distributes over |. Figure 2.2 shows these and other
algebraic prop-
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ertiesofregularexpressions,includingdefinitionsofsomeoftheshorthandsint
ducedbelow.

2.2.1 Shorthands

While the constructions in figure 2.1 suffice to describe e.g., number
strings and

variable names, we will often use extra shorthands for convenience. For
example,

if we want to describe non-negative integer constants, we can do so by
saying that

itisoneormoredigits,whichisexpressedbytheregularexpression

*
(0l1[2]3]4]5]6]7I8]9)(0]1[2]|3]4]5]6]7[8]9)

The large number of different digits makes this expression rather
verbose. It gets

evenworsewhenwegettovariablenames,wherewemustenumerateallalphabe!
letters(inbothupperandlowercase).
Hence,weintroduceashorthandforsetsofletters. Sequencesofletterswithin

square brackets represent the set of these letters. For example, we use
[ab01] as

a shorthand for a|b|0|1. Additionally, we can use interval notation to
abbreviate

[0123456789] to [0-9]. We can combine several intervals within one



bracket and

for example write [a-zA-Z] to denote all alphabetic letters in both lower
and upper

case.

When using intervals, we must be aware of the ordering for the symbols
in-

volved. For the digits and letters used above, there is usually no
confusion. How-

ever, if we write, e.g., [0-z] it is not immediately clear what is meant.
When using

suchnotationinlexergenerators,standardASCllorISO8859-
1charactersetsare

usuallyused,withtheherebyimpliedorderingofsymbols.
Toavoidconfusion,we

willusetheintervalnotationonlyforintervalsofdigitsoralphabeticletters.

Getting back to the example of integer constants above, we can now
write this

muchshorteras[0-9][0-9] .

Since sx denotes zero or more occurrences of s, we needed to write the
set

of digits twice to describe that one or more digits are allowed. Such non-
zero

repetition is quite common, so we introduce another shorthand, s+, to
denote one

or more occurrences of s. With this notation, we can abbreviate our
description of



integers to [0-9]+. On a similar note, it is common that we can have zero
or one

occurrence of something (e.g., an optional sign to a number). Hence we
introduce

theshorthand s?for s|e. + and?bindwiththesameprecedenceas x.

We must stress that these shorthands are just that. They do not add
anything

to the set of languages we can describe, they just make it possible to
describe a

language more compactly. In the case of s+, it can even make an
exponential

difference: If +is nested n deep, recursive expansion of s+ to ssx yields
2n—1

occurrencesof x intheexpandedregularexpression.
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(r|s)|t = r|s]|t = r|(s]t) | is associative

s|t = t|s | is commutative

s|s = s | is idempotent

s? = s|e by definition

(rs)t = rst = r(st) concatenation is associative

s€ = s = ¢s € is a neutral element for concatenation
r(s|t) = rs|rt concatenation distributes over |

(r|s)t = rt|st concatenation distributes over |

K k¥

(s ) = s is idempotent

% sk ok

s s =s 0 or more twice is still 0 or more

* + 3k

ss = s = s s by definition

Figure2.2: Somealgebraicpropertiesofregularexpressions
2.2.2 Examples

We have already seen how we can describe non-negative integer
constants using

regular expressions. Here are a few examples of other typical
programming lan-



guageelements:

Keywords. Akeywordlike if
isdescribedbyaregularexpressionthatlooksex-

actly like that keyword, e.g., the regular expression i£ (which is the
concatenation

ofthetworegularexpressions i and £).

Variable names. In the programming language C, a variable name
consists of

letters, digits and the underscore symbol and it must begin with a letter
or under-

score. Thiscanbedescribedbytheregularexpression
[a-zA-Z ][a-zA-Z 0-9]x.

Integers. An integer constant is an optional sign followed by a non-empty
se-

quence of digits: [+-]?[0-9]+. In some languages, the sign is a separate
symbol

andnotpartoftheconstantitself.
Thiswillallowwhitespacebetweenthesignand

thenumber,whichisnotpossiblewiththeabove.

Floats. A floating-point constant can have an optional sign. After this, the
man-

tissapartisdescribedasasequenceofdigitsfollowedbyadecimalpointandthen
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another sequence of digits. Either one (but not both) of the digit
sequences can be

empty. Finally,thereisanoptionalexponentpart,whichistheletter e
(inupperor

lower case) followed by an (optionally signed) integer constant. If there is
an ex-

ponent part to the constant, the mantissa part can be written as an
integer constant

(i.e.,withoutthedecimalpoint). Someexamples:

3.14 -3. .23 3e+4 11.22e-3.

This rather involved format can be described by the following regular
expres-

sion:

[+-12((([0-9] .[0-9] |.[0-9] )([eE][+-]1?[0-9] ) ?)|[0-9] [eE][+-]?[0-9] )

This regular expression is complicated by the fact that the exponent is
optional if

themantissacontainsadecimalpoint,butnotifitdoesnot(asthatwouldmakethe

number an integer constant). We can make the description simpler if we
make the

regular expression for floats also include integers, and instead use other
means of

distinguishing integers from floats (see section 2.9 for details). If we do



this, the

regularexpressioncanbesimplifiedto

+ x ++

[+-12(([0-9] (.[0-9] )?|.[0-9] )([eE][+-]?[0-9] )?)

String constants. A string constant starts with a quotation mark followed
by a

sequence of symbols and finally another quotation mark. There are
usually some

restrictions on the symbols allowed between the quotation marks. For
example,

line-feed characters or quotes are typically not allowed, though these
may be rep-

resented by special “escape” sequences of other characters, such as
"\n\n" for a

string containing two line-feeds. As a (much simplified) example, we can
by the

following regular expression describe string constants where the allowed
symbols

arealphanumericcharactersandsequencesconsistingofthebackslashsymbc

lowedbyaletter(whereeachsuchpairisintendedtorepresentanon-
alphanumeric

symbol):
"([a-zA-20-9]|\[a-zA-Z]) "

Suggestedexercises: 2.1,2.10(a).



2.3 Nondeterministic finite automata

In our quest to transform regular expressions into efficient programs, we
use a

steppingstone: Nondeterministicfiniteautomata.
Bytheirnondeterministicnature,

thesearenotquiteascloseto“realmachines”’aswewouldlike,sowewilllatersee

how these can be transformed into deterministic finite automata, which
are easily

andefficientlyexecutableonnormalhardware.
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A finite automaton is, in the abstract sense, a machine that has a finite
number

of states and a finite number of transitions between these. A transition
between

states is usually labelled by a character from the input alphabet, but we
will also

usetransitionsmarkedwith g,theso-called epsilontransitions.
Afiniteautomatoncanbeusedtodecideifaninputstringisamemberinsome

particular set of strings. To do this, we select one of the states of the
automaton

as the starting state. We start in this state and in each step, we can do
one of the

following:

- Followanepsilontransitiontoanotherstate,or

- Readacharacterfromtheinputandfollowatransitionlabelledbythatchar-
acter.

When all characters from the input are read, we see if the current state is
marked

as being accepting. If so, the string we have read from the input is in the
language

definedbytheautomaton.

We may have a choice of several actions at each step: We can choose
between

either an epsilon transition or a transition on an alphabet character, and



if there

are several transitions with the same symbol, we can choose between
these. This

makes the automaton nondeterministic, as the choice of action is not
determined

solelybylookingatthecurrentstateandinput.
Itmaybethatsomechoicesleadto

anacceptingstatewhileothersdonot.
Thisdoes,however,notmeanthatthestring

is sometimes in the language and sometimes not: We will include a string
in the

language if it is possible to make a sequence of choices that makes the
string lead

toanacceptingstate.

You can think of it as solving a maze with symbols written in the
corridors. If

youcanfindtheexitwhilewalkingoverthelettersofthestringinthecorrectorder,
thestringisrecognizedbythemaze.
Wecanformallydefineanondeterministicfiniteautomatonby:

Definition2.1 A nondeterministic finite automaton consists of a set S of
states.

Oneofthesestates,so € S,iscalledthe startingstate
oftheautomatonandasubset

F c Softhestatesare acceptingstates. Additionally,wehaveasetT of
transitions.

Each transitiont connects a pair of states s1and s2and is labelled with a



symbol,
whichiseitheracharactercfromthealphabet Z,orthesymbol £,whichindicates

an epsilon-transition. A transition from state s to statet on the symbol c
is written

ass t.c

Starting states are sometimes called initial states and accepting states
can also be

called final states (which is why we use the letter F to denote the set of
accepting

states).
WeusetheabbreviationsFAforfiniteautomaton,NFAfornondeterministic

finiteautomatonand(laterinthischapter) DFAfordeterministicfiniteautomaton.
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We will mostly use a graphical notation to describe finite automata.
States are

denoted by circles, possibly containing a number or name that identifies
the state.

This name or number has, however, no operational significance, it is
solely used

for identification purposes. Accepting states are denoted by using a
double circle

insteadofasinglecircle. Theinitialstateismarkedbyanarrowpointingtoitfrom
outsidetheautomaton.

A transition is denoted by an arrow connecting two states. Near its
midpoint,

the arrow is labelled by the symbol (possibly €) that triggers the
transition. Note

thatthearrowthatmarkstheinitialstateis not
atransitionandis,hence,notmarked

byasymbol.

Repeating the maze analogue, the circles (states) are rooms and the
arrows

(transitions) are one-way corridors. The double circles (accepting states)
are exits,

whiletheunmarkedarrowtothestartingstateistheentrancetothemaze.

Figure 2.3 shows an example of a nondeterministic finite automaton
having



threestates. Statelisthestartingstateandstate3isaccepting.
Thereisanepsilon-

transitionfromstate1tostate2,transitionsonthesymbol a
fromstate2tostates1

and3andatransitiononthesymbol b fromstate1tostate3.
ThisNFArecognises

thelanguagedescribedbytheregularexpression ax(a|b).
Asanexample,thestring

aab isrecognisedbythefollowingsequenceoftransitions:
from to by

12¢

21a

12¢

21a
13b

At the end of the input we are in state 3, which is accepting. Hence, the
string is

acceptedbytheNFA.Youcancheckthisbyplacingacoinatthestartingstateand
followthetransitionsbymovingthecoin.

Note that we sometimes have a choice of several transitions. If we are in
state

2

a



€a

E bE
13

Figure2.3: ExampleofanNFA
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2 and the next symbol is an a, we can, when reading this, either go to
state 1 or

to state 3. Likewise, if we are in state 1 and the next symbol is a b, we
can either

read this and go to state 3 or we can use the epsilon transition to go
directly to

state 2 without reading anything. If we in the example above had chosen
to follow

the a-transition to state 3 instead of state 1, we would have been stuck:
We would

have no legal transition and yet we would not be at the end of the input.
But, as

previously stated, it is enough that there exists a path leading to
acceptance, so the

string aab isstillaccepted.

A program that decides if a string is accepted by a given NFA will have to

checkallpossiblepathstoseeif any oftheseacceptsthestring.
Thisrequireseither

backtrackinguntilasuccessfulpathfoundorsimultaneouslyfollowingallpossil

paths, both of which are too time-consuming to make NFAs suitable for
efficient

recognisers. We will, hence, use NFAs only as a stepping stone between
regular



expressions and the more efficient DFAs. We use this stepping stone
because it

makes the construction simpler than direct construction of a DFA from a
regular

expression.

2.4 Converting a regular expression to an NFA

We will construct an NFA compositionally from a regular expression, i.e.,
we will

construct the NFA for a composite regular expression from the NFAs
constructed

fromitssubexpressions.
Tobeprecise,wewillfromeachsubexpressionconstructan NFAfragment and

thencombinethesefragmentsintobiggerfragments.
Afragmentisnotacomplete

NFA,sowecompletetheconstructionbyaddingthenecessarycomponentstom
acompleteNFA.
AnNFAfragmentconsistsofanumberofstateswithtransitionsbetweenthese

and additionally two incomplete transitions: One pointing into the
fragment and

one pointing out of the fragment. The incoming half-transition is not
labelled by

a symbol, but the outgoing half-transition is labelled by either € or an
alphabet

symbol. These half-transitions are the entry and exit to the fragment and
are used



toconnectittootherfragmentsoradditional“glue”states.

Construction of NFA fragments for regular expressions is shown in figure
24,

The construction follows the structure of the regular expression by first
making

NFAfragmentsforthesubexpressionsandthenjoiningthesetoformanNF Afrag

mentfor thewholeregular expression. TheNFAfragmentsfor
thesubexpressions

areshownasdottedovalswiththeincominghalf-
transitionontheleftandtheout-

goinghalf-transitionontheright.
WhenanNFAfragmenthasbeenconstructedforthewholeregularexpression,

the construction is completed by connecting the outgoing half-transition
to an ac-

cepting state. The incoming half-transition serves to identify the starting
state of
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Regularexpression NFAfragment

Ea

a

EE

£

stesEt

ES

&

EE

s|teEt

ES

*x EE
S

Figure2.4: ConstructingNFAfragmentsfromregularexpressions
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EEa

E58
E7
Eb ¢

€

c

EEEa Ec E

1234

Figure2.5: NFAfortheregularexpression(a|b)xac

the completed NFA. Note that even though we allow an NFA to have
several ac-

cepting states, an NFA constructed using this method will have only one:
the one

addedattheendoftheconstruction.

An NFA constructed this way for the regular expression (a|b)xac is
shown in

figure2.5. Wehavenumberedthestatesforfuturereference.

2.4.1 Optimisations



We can use the construction in figure 2.4 for any regular expression by
expanding

out all shorthand, e.g. converting s+to ssx, [0-9] to 0|1|2]---|9 and s? to
s|e, etc.

However,thiswillresultinverylargeNFAsforsomeexpressions,soweuseafew

optimised constructions for the shorthands. Additionally, we show an
alternative

construction for the regular expression €. This construction does not
quite follow

the formula used in figure 2.4, as it does not have two half-transitions.
Rather,

the line-segment notation is intended to indicate that the NFA fragment
for € just

connects the half-transitions of the NFA fragments that it is combined
with. In

the construction for [0-9], the vertical ellipsis is meant to indicate that
there is

a transition for each of the digits in [0-9]. This construction generalises
in the

obvious way to other sets of characters, e.g., [a-zA-Z0-9]. We have not
shown a

special construction for s? as s|e will do fine if we use the optimised
construction

for €.

The optimised constructions are shown in figure 2.6. As an example, an
NFA

+



for [0-9] isshowninfigure2.7. Notethatwhilethisis optimised,itisnot
optimal.

YoucanmakeanNFAforthislanguageusingonlytwostates.

Suggestedexercises: 2.2(a),2.10(b).
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Regularexpression NFAfragment

&

0

[0-9] 9

ES

+E' EE
S

Figure2.6: OptimisedNFAconstructionforregularexpressionshorthands

0

EE



E'EEE

+

Figure2.7: OptimisedNFAfor [0-9]
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a 2

b

E bE
13

Figure2.8: ExampleofaDFA

2.5 Deterministic finite automata

Nondeterministicautomataare,asmentionedearlier,notquiteascloseto“them
chine”’aswewouldlike. Hence,wenowintroduceamorerestrictedformoffinite

automaton: Thedeterministicfiniteautomaton,orDFAforshort.
DFAsareNFAs,

butobeyanumberofadditionalrestrictions:
- Therearenoepsilon-transitions.
- Theremaynotbetwoidenticallylabelledtransitionsoutofthesamestate.

This means that we never have a choice of several next-states: The state
and the

nextinputsymboluniquelydeterminethetransition(orlackofsame).
Thisiswhy



these automata are called deterministic. Figure 2.8 shows a DFA
equivalent to the

NFAinfigure2.3.

The transition relation if a DFA is a (partial) function, and we often write it
as

such: move(s,c) is the state (if any) that is reached from state s by a
transition on

thesymbol c. Ifthereisnosuchtransition, move(s,c) isundefined.
It is very easy to implement a DFA: A two-dimensional table can be cross-
indexedbystateandsymboltoyieldthenextstate(oranindicationthatthereisno

transition), essentially implementing the move function by table lookup.
Another

(one-dimensional)tablecanindicatewhichstatesareaccepting.

DFAs have the same expressive power as NFAs: A DFA is a special case
of

NFAandanyNFAcan(asweshallshortlysee)beconvertedtoanequivalentDFA.

However,thiscomesatacost:
TheresultingDF Acanbeexponentiallylargerthan

theNFA(seesection2.10).
Inpractice(i.e.,whendescribingtokensforaprogram-

ming language) the increase in size is usually modest, which is why most
lexical

analysersarebasedonDFAs.

Suggestedexercises: 2.7(a,b),2.8.
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2.6 Converting an NFA to a DFA

As promised, we will show how NFAs can be converted to DFAs such that
we,

by combining this with the conversion of regular expressions to NFAs
shown in

section2.4,canconvertanyregularexpressiontoaDFA.
TheconversionisdonebysimulatingallpossiblepathsinanNFAatonce. This

meansthatweoperatewithsetsofNFAstates:
Whenwehaveseveralchoicesofa

next state, we take all of the choices simultaneously and form a set of
the possible

next-states. The idea is that such a set of NFA states will become a
single DFA

state. For any given symbol we form the set of all possible next-states in
the NFA,

so we get a single transition (labelled by that symbol) going from one set
of NFA

states to another set. Hence, the transition becomes deterministic in the
DFA that

isformedfromthesetsofNFAstates.

Epsilon-transitions complicate the construction a bit: Whenever we are in
an

NFA state we can always choose to follow an epsilon-transition without



reading

any symbol. Hence, given a symbol, a next-state can be found by either
following

a transition with that symbol or by first doing any nhumber of epsilon-
transitions

and then a transition with the symbol. We handle this in the construction
by first

extending the set of NFA states with those you can reach from these
using only

epsilon-transitions. Then, for each possible input symbol, we follow
transitions

with this symbol to form a new set of NFA states. We define the epsilon-
closure

of a set of states as the set extended with all states that can be reached
from these

usinganynumberofepsilon-transitions. Moreformally:

Definition2.2 GivenasetM ofNFAstates,wedefine e-closure(M)tobetheleast
(intermsofthesubsetrelation)solutiontothesetequation

g-closure(M)

=M U{t |s € e-closure(M)ands t: € T}

WhereT isthesetoftransitionsintheNFA.

We will later on see several examples of set equations like the one above,
SO

weusesometimetodiscusshowsuchequationscanbesolved.

2.6.1 Solving set equations



The following is a very brief description of how to solve set equations
like the

above. If you find it confusing, you can read appendix A and in particular
sec-

tionA.4first.
Ingeneral,asetequationoverasingleset-valuedvariable X hastheform

X = F(X)
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where F is a function from sets to sets. Not all such equations are
solvable, so we

will restrict ourselves to special cases, which we will describe below. We
will use

calculationofepsilon-closureasthedrivingexample.
In definition 2.2, e-closure(M) is the value we have to find, so we make an

equationsuchthatthevalueof X thatsolvestheequationwillbe e-closure(M):

€

X=MUuUi{t|]seXandstecT}

So,ifwedefine Fm tobe

£
Fu(X)=M U{t| s € Xand st € T}

thenasolutiontotheequation X = Fm(X) willbe e-closure(M).

Fm has a property that is essential to our solution method: If X < Y then
Fm(X) < Fm(Y). Wesaythat Fm is monotonic.
Theremaybeseveralsolutionstotheequation X = Fm(X). Forexample,ifthe
NFAhasapairofstatesthatconnecttoeachotherbyepsilontransitions,addingt!

pair to a solution that does not already include the pair will create a new
solution.

The epsilon-closure of M is the least solution to the equation (i.e., the
smallest X



thatsatistifestheequation).

When we have an equation of the form X = F(X) and F is monotonic, we
can

find the least solution to the equation in the following way: We first guess
that the

solutionistheemptysetandchecktoseeifweareright: Wecompare 0/ with
F(0/).

If these are equal, we are done and 0/ is the solution. If not, we use the
following

properties:
- Theleastsolution S totheequationsatisfies S = F(S).
- 0/ < S impliesthat F(0/) < F(S).

toconcludethat F(0/) < S. Hence, F(0/) isanewguessat S.
Wenowformthechain

0/ < F(0/) < F(F(0/)) < ...

If at any point an element in the sequence is identical to the previous, we
have a

fixed-point, i.e.,aset S suchthat S = F(S). Thisfixed-
pointofthesequencewillbe

the least (in terms of set inclusion) solution to the equation. This is not
difficult to

verify,butwewillomitthedetails. Sinceweareiteratingafunctionuntilwereach
afixed-point,wecallthisprocess fixed-pointiteration.
If we are working with sets over a finite domain (e.g., sets of NFA states),

we will eventually reach a fixed-point, as there can be no infinite chain of



strictly

increasingsets.
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We can use this method for calculating the epsilon-closure of the set {1}
with

respect to the NFA shown in figure 2.5. Since we want to find -
closure({1}),

M = {1},so Fm = F{1}. Westartbyguessingtheemptyset:
F(O)={1}U{t|s < 0/and s tec T}

{1}

= {1}

As 0/ =6 {1},wecontinue.

F{(1)={1}U{t|s {1} and st T}

{1}

= {1} U {2,5} = {1,2,5}

F ({1,2,5}) = {1} U {t| s €{1,2,5} and s t: € T}

{1}

= {1} U {2,5,6,7} = {1,2,5,6,7}

F ({1,2,5,6,7}) = {1} U {t | s €{1,2,5,6,7} and s t: € T}
{1}

= {1} U {2,5,6,7} = {1,2,5,6,7}

We have now reached a fixed-point and found our solution. Hence, we
conclude

that e-closure({1})= {1,2,5,6,7}.



We have done a good deal of repeated calculation in the iteration above:
We

havecalculatedtheepsilon-
transitionsfromstate1threetimesandthosefromstate

2 and 5 twice each. We can make an optimised fixed-point iteration by
exploiting

that the function is not only monotonic, but also distributive: F(X UY)=
F(X) U

F(Y). Thismeansthat,whenweduringtheiterationaddelementstoourset,wein

the next iteration need only calculate F for the new elements and add the
result to

theset. Intheexampleabove,weget
F(O)={1}U{t|s < 0/and s tec T}

{1}

={1}

F({1}) ={1}U{t|s {1} and s te € T}

{1}

= {1} U {2,5} = {1,2,5}

F(1:({1,2,5}) = F({1}) U F({2,5})

={1,2,5}U ({1} U {t | s €{2,5} and s te € T})
={1,2,5}U ({1} U {6,7}) = {1,2,5,6,7}
F{13({1,2,5,6,7}) = F({1,2,5}) U F{13({6,7})
={1,2,5,6,7}U ({1} U {t| s €{6,7} and s te € T})

= {1,2,5,6,7}U ({1}U 0/) = {1,2,5,6,7}
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We can use this principle to formulate a work-list algorithm for finding
the least

tfixed-pointforanequationoveradistributivefunction F. Theideaisthatwestep-

by-stepbuildasetthateventuallybecomesoursolution.
Inthefirststepwecalcu-

late F(0/). The elements in this initial set are unmarked. In each
subsequent step,

we take an unmarked element x from the set, mark it and add F({x})
(unmarked)

totheset. Notethatifanelementalreadyoccursintheset(markedornot),itisnot
addedagain. When,eventually,allelementsinthesetaremarked,wearedone.
Thisisperhapsbestillustratedbyanexample(thesameasbefore). Westartby
calculating F{1}(0/)= {1}. Theelementlisunmarked,sowepickthis,markitand

calculate F{1}({1}) and add the new elements 2 and 5 to the set. As we
continue,

wegetthissequenceofsets:

{1}

{1,2,5}

{1, 2,5}

NEVAYA

{1, 2, 5,6,7}

VAV



{1, 2, 5, 6,7}

VIV
{1,2,5,6, 7}

Weuwilllateralsoneedtosolve simultaneousequations oversets,
i.e.,severalequa-

tionsoverseveralsets. Thesecanalsobesolvedbyfixed-
pointiterationinthesame

way as single equations, though the work-list version of the algorithm
becomes a

bitmorecomplicated.
2.6.2 The subset construction
Afterthisbriefdetourintotherealmofsetequations,wearenowreadytocontinue

with our construction of DFAs from NFAs. The construction is called the
subset

construction,aseachstateintheDFAisasubsetofthestatesfromtheNFA.
Algorithm2.3(Thesubsetconstruction) GivenanNFAN withstatesS,starting

state so € S, accepting states F c S, transitions T and alphabet X, we
construct

an equivalent DFA D with states S, starting state s , accepting states Foo
oand a

0
transitionfunctionmoveby:

so0 = g-closure({s })

00



move(so,c) = e-closure({t | s € soands tc € T})
So= {so} U {move(so,c) | so € So, c € %}

0

Fo={soc So| son F =6 0/}

TheDFAusesthesamealphabetastheNFA.



2.6. CONVERTINGANNFATOADFA 27
Alittleexplanation:

- The starting state of the DFA is the epsilon-closure of the set
containing

just the starting state of the NFA, i.e., the states that are reachable from
the

startingstatebyepsilon-transitions.
- AtransitionintheDFAisdonebyfindingthesetofNFAstatesthatcomprise
the DFA state, following all transitions (on the same symbol) in the NFA

from all these NFA states and finally combining the resulting sets of
states

andclosingthisunderepsilontransitions.

- The set So of states in the DFA is the set of DFA states that can be
reached

from so usingthe move function. So isdefinedasasetequationwhichcanbe

0
solvedasdescribedinsection2.6.1.

- A state in the DFA is an accepting state if at least one of the NFA states
it

containsisaccepting.
Asanexample,wewillconverttheNFAinfigure2.5toaDFA.
The initial state in the DFA is e-closure({1}), which we have already calcu-

lated to be so= {1,2,5,6,7}. This is now entered into the set So of DFA



states as

0
unmarked(followingthework-listalgorithmfromsection2.6.1).
Wenowpickanunmarkedelementfromtheuncompleted So. Wehaveonlyone

choice: so. Wenowmarkthisandcalculatethetransitionsforit. Weget

0

move(so,a) = e-closure({t | s €{1,2,5,6,7} and sat € T})
0

= g-closure({3,8})

= {3,8,1,2,5,6,7}

= S0

1

move(so,b) = e-closure({t | s €{1,2,5,6,7} and sbt < T})
0

= g-closure({8})

= {8,1,2,5,6,7}

= S0

2

move(so,c) = e-closure({t | s {1,2,5,6,7} and sct € T})
0

= g-closure({})

={}



Note that the empty set of NFA states is not an DFA state, so there will
be no

transitionfrom soon c.
0 v

We now add so and soto our incomplete So, which now is {so0,s0,s0}. We
now

12012
pick so,markitandcalculateitstransitions:

1
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move(so,a) = e-closure({t | s {3,8,1,2,5,6,7} and sat € T})
1

= g-closure({3,8})

= {3,8,1,2,5,6,7}

= S0

1

move(so,b) = e-closure({t | s {3,8,1,2,5,6,7} and sbt € T})
1

= g-closure({8})

= {8,1,2,5,6,7}

= S0

2

move(so,c) = e-closure({t | s {3,8,1,2,5,6,7} and sct € T})
1

= g-closure({4})

= {4)

= S0

3

Wehaveseen so and so before,soonly soisadded: {so0,s0,s0,s0}.
Wenextpick so:

12301232



move(so,a) = e-closure({t | s {8,1,2,5,6,7} and sat € T})
2

= g-closure({3,8})

= {3,8,1,2,5,6,7}

= S0

1

move(so ,b) = e-closure({t | s €{8,1,2,5,6,7} and sbt < T})
2

= g-closure({8})

= {8,1,2,5,6,7}

= S0

2

move(so,c) = e-closure({t | s {8,1,2,5,6,7} and sct € T})
2

= g-closure({})

={
Nonewelementsareadded,sowepicktheremainingunmarkedelement so:

3
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a

S0
a'B1
- a

" q

E000O

sS0a b s3

Figure2.9: DFAconstructedfromtheNFAinfigure2.5

move(so,a) = e-closure({t | s {4} and sat € T})

3

= g-closure({})

={}



move(so ,b) = e-closure({t | s {4} and sbt € T})

3
= g-closure({})

={}

move(so,c) = e-closure({t | s {4} and sct € T})
3

= g-closure({})

={}

Whichnowcompletestheconstructionof So = {s0,s0,s0,s0}. Only so
containsthe

01233

accepting NFA state 4, so this is the only accepting state of our DFA.
Figure 2.9

showsthecompletedDFA.

Suggestedexercises: 2.2(b),2.4.

2.7 Size versus speed

In the above example, we get a DFA with 4 states from an NFA with 8
states.

However, as the states in the constructed DFA are (nonempty) sets of
states from

theNFAtheremaypotentiallybe2n —1statesinaDFAconstructedfroman n-
state
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NFA. It is not too difficult to construct classes of NFAs that expand
exponentially

in this way when converted to DFAs, as we shall see in section 2.10.1.
Since we

are mainly interested in NFAs that are constructed from regular
expressions as in

section2.4,wemightaskourselvesifthesemightnotbeinasuitablysimpleclass

that do not risk exponential-sized DFAs. Alas, this is not the case. Just
as we can

construct a class of NFAs that expand exponentially, we can construct a
class of

regular expressions where the smallest equivalent DFAs are
exponentially larger.

This happens rarely when we use regular expressions or NFAs to
describe tokens

inprogramminglanguages,though.

It is possible to avoid the blow-up in size by operating directly on regular
ex-

pressionsorNFAswhentestingstringsforinclusioninthelanguagesthesedefin

However, there is a speed penalty for doing so. A DFA can be run in time
k *|vl,

where |v| is the length of the input string v and k is a small constant that
is inde-

pendentofthesizeoftheDFA .RegularexpressionsandNFAscanberunintime1



close to ¢ x |N|*|v|, where |N| is the size of the NFA (or regular
expression) and

the constant c typically is larger than k. All in all, DFAs are a lot faster to
use

than NFAs or regular expressions, so it is only when the size of the DFA
is a real

problemthatoneshouldconsiderusingNFAsorregularexpressionsdirectly.

2.8 Minimisation of DFAs

Even though the DFA in figure 2.9 has only four states, it is not minimal.
It is

easytoseethatstates so and so areequivalent:
Neitherareacceptingandtheyhave

02

identical transitions. We can hence collapse these states into a single
state and get

athree-stateDFA.

DFAs constructed from regular expressions through NFAs are often non-
mini-

mal,thoughtheyarerarelyveryfarfrombeingminimal.
Nevertheless,minimising

aDF Aisnotterriblydifficultandcanbedonefairlyfast,somanylexergenerators
performminimisation.

An interesting property of DFAs is that any regular language (a language
that

can be expressed by a regular expression, NFA or DFA) has a unique
minimal



DFA.Hence,wecandecideequivalenceofregularexpressions(orNFAsorDFAs)
byconvertingbothtominimalDF Asandcomparetheresults.
Ashintedabove,minimisationofDF Asisdonebycollapsingequivalentstates.

However, deciding whether two states are equivalent is not just done by
testing if

theirimmediatetransitionsareidentical,sincetransitionstodifferentstatesmay

equivalent if the target states turn out to be equivalent. Hence, we use a
strategy

where we first assume all states to be equivalent and then distinguish
them only if

wecanprovethemdifferent. Weusethefollowingrulesforthis:

1lfwedonotconsidertheeffectsofcache-misses etc.
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- Anacceptingstateis not equivalenttoanon-acceptingstate.

- If two states s1and s2 have transitions on the same symbol c to states
t1and

t2 that we have already proven to be different, then s1and s2 are different.
Thisalsoappliesifonlyoneof s1or s2 haveadefinedtransitionon c.
Thisleadstothefollowingalgorithm.

Algorithm2.4(DF Aminimisation) GivenaDFADoverthealphabet Z withstates

S where F C S is the set of the accepting states, we construct a minimal
DFA Dmin

where each state is a group of states from D. The groups in the minimal
DFA are

consistent: For any pair of states s1,s2in the same group G1and any
symbol c,

move(s1,c) is in the same group G2 as move(s2,c) or both are undefined.
In other

words,wecannottells1 ands2 apartbylookingattheirtransitions.
WeminimizetheDF ADinthefollowingway:

1) We start with two groups: the set of accepting states F and the set of
non-

acceptingstatesS \ F. Theseareunmarked.
2) WepickanyunmarkedgroupGandcheckifitisconsistent. Ifitis,wemark

it. If G is not consistent, we split it into maximal consistent subgroups



and

replace G by these. All groups are then unmarked. A consistent
subgroup is

maximalifaddinganyotherstatetoitwillmakeitinconsistent.

3) If there are no unmarked groups left, we are done and the remaining
groups

arethestatesoftheminimalDFA.Otherwise,wegobacktostep2.
ThestartingstateoftheminimalDF Aisthegroupthatcontainstheoriginalstart-

ing state and any group of accepting states is an accepting state in the
minimal

DFA.
Thetimeneededforminimisationusingalgorithm2.4dependsonthestrategyus

forpickinggroupsinstep2.
Withrandomchoices,theworstcaseisquadraticinthe

size of the DFA, but there exist strategies for choosing groups and data
structures

forrepresentingthesethatguaranteeaworst-casetimethatisO(n *x
log(n)),where

n isthenumberofstatesinthe(non-
minimal)DFA.Inotherwords,themethodcan

be implemented so it uses little more than linear time to do minimisation.
We will

notheregointofurtherdetailbutjustreferto[3]fortheoptimalalgorithm.
Wewill,however,notethatwecanmakeaslightoptimisationtoalgorithmz2.4:

Agroupthatconsistsofasinglestateneedsneverbesplit,soweneedneverselec



suchinstep2,andwecanstopwhenallunmarkedgroupsaresingletons.
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Figure2.10: Non-minimalDFA

2.8.1 Example
Asanexampleofminimisation,taketheDFAinfigure2.10.

We now make the initial division into two groups: The accepting and the
non-



acceptingstates.
G1={0,6}
G2={1,2,3,4,5,7}

These are both unmarked. We next pick any unmarked group, say G1. To
check if

thisisconsistent,wemakeatableofitstransitions:
Gi1ab
0G2-
6 G2 —

This is consistent, so we just mark it and select the remaining unmarked
group G2

andmakeatableforthis
Gz2ab

1G2G2

2 G2G2

3 - G2

4 G1G2

5 G2G2

7 G1G2
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Gzisevidently not
consistent,sowesplititintomaximalconsistentsubgroupsand

eraseallmarks(includingtheoneon G1):

G1= {0,6}
G3= {1,2,5)
Ga= {3}
Gs= {4,7}

Wenowpick G3 forconsideration:
Gsab

1G5G3

2 G4Gs3

5G5G3
Thisisnotconsistenteither,sowesplitagainandget
G1={0,6}

G4= {3}

Gs={4,7}

Ge = {1,5}

G7= {2}

Wenowpick Gs andcheckthis:
Gsab



4 G1Ge

7 G1Gse
Thisisconsistent,sowemarkitandpickanothergroup,say, Ge:
Geab

1G5G7

5 G5G7

This, also, is consistent, so we have only one unmarked non-singleton
group left:

G1.

G1ab
0 Gs —
6 Ge —

Aswe markthis, we seethat there areno unmarkedgroups left(except
thesingle-

tons). Hence,thegroupsformaminimalDF Aequivalenttotheoneinfigure2.10.

TheminimisedDFAisshowninfigure2.11.
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Figure2.11: MinimalDFA

2.8.2 Dead states
Algorithm2.4worksundersome,asyet,unstatedassumptions:

- The move function is total, i.e., there are transitions on all symbols
from all

states, or
- Thereareno deadstates intheDFA.

A dead state is a state from which no accepting state can be reached.
Such do not

occur in DFAs constructed from NFAs without dead states, and NFAs
with dead



states can not be constructed from regular expressions by the method
shown in

section 2.4. Hence, as long as we use minimisation only on DFAs
constructed by

this process, we are safe. However, if we get a DFA of unknown origin,
we risk

thatitmaycontainbothdeadstatesandundefinedtransitions.

A transition to a dead state should rightly be equivalent to an undefined
transi-

tion,asneithercanyieldfutureacceptance.
Theonlydifferenceisthatwediscover

this earlier on an undefined transition than when we make a transition to
a dead

state. However, algorithm 2.4 will treat these differently and may hence
decree a

group to be inconsistent even though it is not. This will make the
algorithm split

a group that does not need to be split, hence producing a non-minimal
DFA. Con-

sider,forexample,thefollowingDFA:
a

start s

E bE

123

k
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States 1 and 2 are, in fact, equivalent, as starting from either one, any
sequence of

a’s (and no other sequences) will lead to an accepting state. A minimal
equivalent

DFAhasonlyoneacceptingstatewithatransitiontoitselfona.
Butalgorithm2.4willseeatransitiononboutofstate2butnotransitiononb

out of state 1, so it will not keep states 1 and 2 in the same group. As a
result, no

reductionintheDF Aismade.

Therearetwosolutionstothisproblem:

1) Makesuretherearenodeadstates. Thiscanbeensuredbyinvariant,asisthe
caseforDF Asconstructedfromregularexpressionsbythemethodsshownin
thischapter,orbyexplicitlyremovingdeadstatesbeforeminimisation. Dead

states can be found by a simple reachability analysis for directed graphs
(if

youcan’treachanacceptingstatefromstate s, s isadeadstate). Intheabove

example, state 3 is dead and can be removed (including the transition to
it).

Thismakesstates1and2stayinthesamegroupduringminimisation.
2) Makesuretherearenoundefinedtransitions. Thiscanbeachievedbyadding

anewdeadstate(whichhastransitionstoitselfonallsymbols)andreplacing



allundefinedtransitionsbytransitionstothisdeadstate. Afterminimisation,
thegroupthatcontainstheaddeddeadstatewillcontainalldeadstatesfrom
the original DFA. This group can now be removed from the minimal DFA

(which will once more have undefined transitions). In the above example,
a

new (non-accepting) state 4 has to be added. State 1 has a transition to
state

4 on b, state 3 has a transition to state 4 on both a and b, and state 4 has
transitionstoitselfonbothaandb. Afterminimisation,state1and2willbe
joined,aswillstate3and4. Sincestatedisdead,allstatesjoinedwithitare

also dead, so we can remove the combined state 3 and 4 from the
resulting

minimisedautomaton.

Suggestedexercises: 2.5,2.10(c).

2.9 Lexers and lexer generators

We have, in the previous sections, seen how we can convert a language
descrip-

tion written as a regular expression into an efficiently executable
representation (a

DFA).Whatwewantissomethingmore: Aprogramthatdoeslexicalanalysis,
i.e.,

a lexer:

- A lexer has to distinguish between several different types of tokens,
e.g.,



numbers, variables and keywords. Each of these are described by its
own

regularexpression.
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- Alexerdoesnotcheckifitsentireinputisincludedinthelanguagesdefined
bytheregularexpressions. Instead,ithastocuttheinputintopieces(tokens),
eachofwhichisincludedinoneofthelanguages.

- If there are several ways to split the input into legal tokens, the lexer
has to

decidewhichoftheseitshoulduse.
Aprogramthattakesasetoftokendefinitions(eachconsistingofaregularexpre:
sionandatokenname)andgeneratesalexeriscalleda lexergenerator.

The simplest approach would be to generate a DFA for each token
definition

andapplytheDF Asoneatatimetotheinput. Thiscan,however,bequiteslow,so
wewillinsteadfromthesetoftokendefinitionsgenerateasingleDF Athattestsfor

all the tokens simultaneously. This is not difficult to do: If the tokens are
defined

by regular expressions r1,r2,...,rn, then the regular expression r1| r2| ... |
I'n

describes the union of the languages r1,r2,...,rn and the DFA constructed
from

thiscombinedregularexpressionwillscanforalltokentypesatthesametime.
However,wealsowishtodistinguishbetweendifferenttokentypes,sowemust

beabletoknow which
ofthemanytokenswasrecognisedbytheDFA.Theeasiest

waytodothisis:



1) ConstructNFAs N1,N2,...,Nn foreachof r1,r2,...,rn.

2) MarktheacceptingstatesoftheNFAsbythenameofthetokenstheyaccept.
3) CombinetheNFAstoasingleNFAbyaddinganewstartingstatewhichhas
epsilon-transitionstoeachofthestartingstatesoftheNFAs.

4) ConvertthecombinedNFAtoaDFA.

5) Each accepting state of the DFA consists of a set of NFA states, some
of

which are accepting states which we marked by token type in step 2.
These

marksareusedtomarktheacceptingstatesoftheDF Asoeachofthesewill
indicatethetokentypesitaccepts.

If the same accepting state in the DFA can accept several different token
types, it

is because these overlap. This is not unusual, as keywords usually
overlap with

variable names and a description of floating point constants may include
integer

constantsaswell. Insuchcases,wecandooneoftwothings:

- Let the lexer generator generate an error and require the user to make
sure

thetokensaredisjoint.

- Lettheuserofthelexergeneratorchoosewhichofthetokensispreferred.
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ltcanbequitedifficult(thoughalwayspossible)withregularexpressionstodefin

e.d., the set of names that are not keywords. Hence, it is common to let
the lexer

choose according to a prioritised list. Normally, the order in which tokens
are

defined in the input to the lexer generator indicates priority (earlier
defined tokens

take precedence over later defined tokens). Hence, keywords are usually
defined

beforevariablenames,whichmeansthat,forexample,thestring“i£”isrecognis

as a keyword and not a variable name. When an accepting state in a DFA
contains

accepting NFA states with different marks, the mark corresponding to the
highest

priority (earliest defined) token is used. Hence, we can simply erase all
but one

mark from each accepting state. This is a very simple and effective
solution to the

problem.

When we described minimisation of DFAs, we used two initial groups:
One

for the accepting states and one for the non-accepting states. As there
are now

several kinds of accepting states (one for each token), we must use one



group for

eachtoken,sowewillhaveatotalof n + 1initialgroupswhenwehave n different
tokens.
Toillustratetheprecedencerule,figure2.12showsanNFAmadebycombining

NFAs for variable names, the keyword if, integers and floats, as
described by the

regular expressions in section 2.2.2. The individual NFAs are (simplified
versions

of) what you get from the method described in section 2.4. When a
transition

is labelled by a set of characters, it is a shorthand for a set of transitions
each

labelled by a single character. The accepting states are labelled with
token names

as described above. The corresponding minimised DFA is shown in figure
2.13.

NotethatstateGisacombinationofstates9and12fromtheNFA,soitcanaccept

both Nnum and
FLOAT,butsinceintegerstakepriorityoverfloats,wehavemarkedG

with Num only.
Splittingtheinputstream

Asmentioned,thelexermustcuttheinputintotokens.
Thismaybedoneinseveral

ways. Forexample,thestring 1£17 canbesplitinmanydifferentways:

- Asonetoken,whichisthevariablename i£17.



- Asthevariablename if1 followedbythenumber 7.

- Asthekeyword if followedbythenumber 17.

- Asthekeyword if followedbythenumbers 1 and 7.

- Asthevariablename i followedbythevariablename £17.

- Andseveralmore.
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Figure2.12: CombinedNFAforseveraltokens



2.9. LEXERSANDLEXERGENERATORS 39
IF

Cl

[a-zA-Z 0-9]

T

[a-zA-Z 0-9]

£

ID [a-eg-zA-Z 0-9]
Bl EDI

B

TID

i [a-hj-zA-Z ]
E. E

AE

d

[+-1 .

d
d

[0-9] F [0-9]

[0-9] [0-9]



NUMc®©c
I . EI
GH

'!d FLOAT
d[eE]
[eE]
[0-9] d
do®©

I

d

[+-1 d[0-9] [0-9]
d

©d
[0-9] EI
JK

FLOAT

Figure2.13: CombinedDFAforseveraltokens
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A common convention is that it is the longest prefix of the input that
matches any

tokenwhichwillbechosen. Hence,thefirstoftheabovepossiblesplittingsof
ifl7

will be chosen. Note that the principle of the longest match takes
precedence over

the order of definition of tokens, so even though the string starts with
the keyword

if, which has higher priority than variable names, the variable name is
chosen

becauseitislonger.
ModernlanguageslikeC,JavaorSMLfollowthisconvention,andsodomost

lexergenerators,butsome(mostlyolder)languageslikeFORTRANdonot.
When

other conventions are used, lexers must either be written by hand to
handle these

conventions or the conventions used by the lexer generator must be
side-stepped.

Some lexer generators allow the user to have some control over the
conventions

used.
TheprincipleofthelongestmatchingprefixishandledbylettingtheDFAread

asfarasitcan,untiliteitherreachestheendoftheinputornotransitionisdefined



on the next input symbol. If the current state at this point is accepting,
we are in

luck and can simply output the corresponding token. If not, we must go
back to

the last time we were in an accepting state and output the token
indicated by this.

The characters read since then are put back in the input stream. The
lexer must

henceretainthesymbolsithasreadsincethelastacceptingstatesoitcanre-
insert

theseintheinputinsuchsituations. lfwearenotattheendoftheinputstream,we
restarttheDF A(initsinitialstate)ontheremaininginputtofindthenexttokens.
Asanexample,considerlexingofthestring 3e-y withtheDFAinfigure2.13.

WegettotheacceptingstateGafterreadingthedigit 3.
However,wecancontinue

makinglegaltransitionstostatelon e andthentostateJon -
(asthesecouldbethe

startoftheexponentpartofarealnumber). Itisonlywhenwe,instateJ,findthat

thereisnotransitionon y thatwerealisethatthisisnotthecase.
Wemustnowgo

back to the last accepting state (G) and output the number 3 as the first
token and

re-insert - and e in the input stream, so we can continue with e-y
when we look

forthesubsequenttokens.



Lexicalerrors

If no prefix of the input string forms a valid token, a lexical error has
occurred.

Whenthishappens,thelexerwillusuallyreportanerror. Atthispoint,itmaystop
readingtheinputoritmayattemptcontinuedlexicalanalysisbyskippingcharact

until a valid prefix is found. The purpose of the latter approach is to try
finding

further lexical errors in the same input, so several of these can be
corrected by the

user before re-running the lexer. Some of these subsequent errors may,
however,

not be real errors but may be caused by the lexer not skipping enough
characters

(or skipping too many) after the first error is found. If, for example, the
start of a

comment is ill-formed, the lexer may try to interpret the contents of the
comment
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as individual tokens, and if the end of a comment is ill-formed, the lexer
will read

until the end of the next comment (if any) before continuing, hence
skipping too

muchtext.
Whenthelexerfindsanerror,theconsumerofthetokensthatthelexerproduces

(e.g.,therestofthecompiler)cannotusuallyitselfproduceavalidresult.
However,

thecompilermaytrytofindothererrorsintheremaininginput,againallowingthe

usertofindseveralerrorsinoneedit-compilecycle.
Again,someofthesubsequent

errorsmayreallybespuriouserrorscausedbylexicalerror(s),sotheuserwillhav
toguessatthevalidityofeveryerrormessageexceptthefirst,asonlythefirsterrc

message is guaranteed to be a real error. Nevertheless, such error
recovery has,

when the input is so large that restarting the lexer from the start of input
incurs a

considerable time overhead, proven to be an aid in productivity by
locating more

errors in less time. Less commonly, the lexer may work interactively with
a text

editor and restart from the point at which an error was spotted after the
user has



triedtofixtheerror.

2.9.1 Lexer generators
Alexergeneratorwilltypicallyuseanotationforregularexpressionssimilartothe

one described in section 2.1, but may require alphabet-characters to be
quoted to

distinguishthemfromthesymbolsusedtobuildregularexpressions.
Forexample,

an * intended to match a multiplication symbol in the input is
distinguished from

an * used to denote repetition by quoting the * symbol, e.g. as '*'.
Additionally,

some lexer generators extend regular expressions in various ways, e.g.,
allowing

a set of characters to be specified by listing the characters that are not
in the set.

This is useful, for example, to specify the symbols inside a comment up
to the

terminatingcharacter(s).

The input to the lexer generator will normally contain a list of regular
expres-

sionsthateachdenoteatoken.
Eachoftheseregularexpressionshasanassociated

action. The action describes what is passed on to the consumer (e.g., the
parser),

typically an element from a token data type, which describes the type of
token



(NUM, ID, etc.)
andsometimesadditionalinformationsuchasthevalueofanum-

bertoken,thenameofanidentifiertokenand,perhaps,thepositionofthetokenin

theinputfile.
Theinformationneededtoconstructsuchvaluesistypicallyprovided

bythelexergeneratorthroughlibraryfunctionsorvariablesthatcanbeusedinth
actions.

Normally, the lexer generator requires white-space and comments to be
de-

finedbyregularexpressions. Theactionsfortheseregularexpressionsaretypically
empty,meaningthatwhite-spaceandcommentsarejustignored.

An action can be more than just returning a token. If, for example, a
language

has a large number of keywords, then a DFA that recognises all of these
individu-
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ally can be fairly large. In such cases, the keywords are not described as
separate

regularexpressionsinthelexerdefinitionbutinsteadtreatedasspecialcasesoft

identifier token. The action for identifiers will then look the name up in a
table of

keywords and return the appropriate token type (or an identifier token if
the name

is not a keyword). A similar strategy canbe used if the language allows
identifiers

toshadowkeywords.

Another use of non-trivial lexer actions is for nested comments. In
principle,

aregular expression(orfinite automaton)cannotrecognisearbitrarily
nestedcom-

ments (see section 2.10), but by using a global counter, the actions for
comment

tokens can keep track of the nesting level. If escape sequences (for
defining, e.g.,

control characters) are allowed in string constants, the actions for string
tokens

will, typically, translate the string containing these sequences into a
string where

theyhavebeensubstitutedbythecharacterstheyrepresent.

Sometimes lexer generators allow several different starting points. In the



ex-
ampleinfigures2.12and2.13,allregularexpressionssharethesamestartingsta

However,asinglelexermaybeused,
e.g.,forbothtokensintheprogramminglan-

guageandfortokensintheinputtothatlanguage. Often,therewillbeagooddeal

of sharing between these token sets (the tokens allowed in the input
may, for ex-

ample, be a subset of the tokens allowed in programs). Hence, it is useful
to allow

these to share a NFA, as this will save space. The resulting DFA will have
several

starting states. An accepting state may now have more than one token
name at-

tached, as long as these come from different token sets (corresponding
to different

startingpoints).
Inadditiontousingthisfeatureforseveralsourcesoftext(programandinput),

itcanbeusedlocallywithinasingletexttoreadverycomplextokens.
Forexample,

nested comments and complex-format strings (with nontrivial escape
sequences)

canbeeasiertohandleifthisfeatureisused.

2.10 Properties of regular languages

We have talked about regular languages as the class of languages that
can be de-



scribed by regular expressions or finite automata, but this in itself may
not give a

clear understanding of what is possible and what is not possible to
describe by a

regular language. Hence, we will now state a few properties of regular
languages

andgivesomeexamplesofsomeregularandnon-
regularlanguagesandgiveinfor-

malrulesofthumbthatcan(sometimes)beusedtodecideifalanguageisregular.

2.10.1 Relative expressive power

First, we repeat that regular expressions, NFAs and DFAs have exactly
the same

expressivepower: Theyallcandescribeallregularlanguagesandonlythese.
Some
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languagesmay,however,havemuchshorterdescriptionsinoneoftheseformst
inothers.

We have already argued that we from a regular expression can construct
an

NFA whose size is linear in the size of the regular expression, and that
converting

an NFA to a DFA can potentially give an exponential increase in size (see
below

for a concrete example of this). Since DFAs are also NFAs, NFAs are
clearly at

least as compact as (and sometimes much more compact than) DFAs.
Similarly,

we can see that NFAs are at least as compact (up to a small constant
factor) as

regular expressions. But we have not yet considered if the converse is
true: Can

an NFA be converted to a regular expression of proportional size. The
answer is,

unfortunately, no: There exist classes of NFAs (and even DFAs) that
need regular

expressionsthatareexponentiallylargertodescribethem.
Thisis,however,mainly

ofacademicinterestaswerarelyhavetomakeconversionsinthisdirection.

If we are only interested in if a language is regular rather than the size of



its
description,however,itdoesnotmatterwhichoftheformalismswechoose,sow

can in each case choose the formalism that suits us best. Sometimes it is
easier to

describe a regular language using a DFA or NFA instead of a regular
expression.

For example, the set of binary number strings that represent numbers
that divide

evenly by 5 can be described by a 6-state DFA (see exercise 2.9), but it
requires

a very complex regular expression to do so. For programming language
tokens,

regularexpressionaretypicallyquitesuitable.
Thesubsetconstruction(algorithm2.3)mapssetsofNFAstatestoDF Astates.

Since there are 2n — 1 non-empty sets of n NFA states, the resulting DFA
can po-

tentially have exponentially more states than the NFA. But can this
potential ever

be realised? To answer this, it is not enough to find one n-state NFA that
yields a

DFAwith2n —1states. WeneedtofindafamilyofeverbiggerNFAs,allofwhich

yield exponentially-sized DFAs. We also need to argue that the resulting
DFAs

are minimal. One construction that has these properties is the following:
For each

integer n > 1,constructan n-stateNFAinthefollowingway:



1. StateOisthestartingstateandstate n — 1isaccepting.

2. If0 < i < n — 1,state i hasatransitiontostate i + 1onthesymbol a.

3. Alistateshavetransitionstothemselves and tostateOonthesymbol b.
Figure2.14showssuchanNFAfor n = 4.

We can represent a set of these states by an n-bit number: Bitiis 1 in
the

numberifandonlyifstate i isintheset. ThesetthatcontainsonlytheinitialNFA

stateis, hence, representedbythenumber1.
Weshallseethatthewayatransition

maps a set of states to a new set of states can be expressed as an
operation on the

number:
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Figure2.14: A4-stateNFAthatgives15DFAstates

- Atransitionon a mapsthenumber x to (2x mod (2n)).

- Atransitionon b mapsthenumber x to (x or1),usingbitwiseor.

This is not hard to verify, so we leave this to the interested reader. It is
also easy

toseethatthesetwooperationscangenerateany n-
bitnumberfromthenumber1.

Hence,anysubsetcanbereachedbyasequenceoftransitions,whichmeanstha

subset-construction will generate a DFA state for every possible non-
empty subset

oftheNFAstates.

ButistheDFAminimal? lfwelookattheNFA,wecanseethatan a leadsfrom

stateitoi+ 1 (ifi <n — 1), so for each NFA state i there is exactly one
sequence



of as that leads to the accepting state, and that sequence has n—1—i as.
Hence, a

DFAstatewhosesubsetcontainstheNFAstate i
willleadtoacceptanceonastring

of n—1—i as, while a DFA state whose subset does not contain i will not.
Hence,

for any two different DFA states, we can find an NFA state i that is in one
of the

setsbutnottheotherandusethattoconstructastringthatwilldistinguishtheDF/
states. Hence,alltheDFAstatesaredistinct,sotheDFAisminimal.

2.10.2 Limits to expressive power
ThemostbasicpropertyofaDF Aisthatitis finite: Ithasafinitenumberofstates

andnowhereelsetostoreinformation.
Thismeans,forexample,thatanylanguage

that requires unbounded counting cannot be regular. An example of this
is the

language {anbn | n > 0},thatis,anysequenceof
asfollowedbyasequenceofthe

samenumber of bs.
If'wemustdecidemembershipinthislanguagebyaDF Athat

readstheinputfromlefttoright,wemust,atthetimewehavereadallthe as,know

howmanytherewere,sowecancomparethistothenumberof bs.
Butsinceafinite

automatoncannotcountarbitrarilyhigh,thelanguageisnotregular.
Asimilarnon-



regularlanguageisthelanguageofmatchingparentheses.
However,ifwelimitthe

nesting depth of parentheses to a constant n, we can recognise this
language by a
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DFAthathas n+1states(0to n),wherestate i correspondsto i
unmatchedopening

parentheses. StateOisboththestartingstateandtheonlyacceptingstate.

Some surprisingly complex languages are regular. As all finite sets of
strings

areregularlanguages,thesetofalllegalJavaprogramsoflessthanamillionlines
isaregularlanguage,thoughitisbynomeansasimpleone. Whileitcanbeargued

that it would be an acceptable limitation for a language to allow only
programs of

less than a million lines, it is not practical to describe a programming
language

as a regular language: The description would be far too large. Even if we
ignore

suchabsurdities,wecansometimesbesurprisedbytheexpressivepowerofreg

languages. Asanexample,givenanyintegerconstant
n,thesetofnumbers(written

in binary or decimal notation) that divide evenly by n is a regular
language (see

exercise2.9).
2.10.3 Closure properties

We can also look at closure properties of regular languages. It is clear
that regular

languagesareclosedundersetunion: lfwehaveregularexpressions s and t



fortwo

languages, theregularexpression s|t describestheunionoftheselanguages.
Simi-

larly, regular languages are closed under concatenation and unbounded
repetition,

asthesecorrespondtobasicoperatorsofregularexpressions.

Less obviously, regular languages are also closed under set difference
and set

intersection. To see this, we first look at set complement: Given a fixed
alphabet

2 thecomplementofthelanguage L
isthesetofallstringsbuiltfromthealphabet

2, except the strings found in L. We write the complement of Las L. To
get the

complement of a regular language L, we first construct a DFA for the
language L

and make sure that all states have transitions on all characters from the
alphabet

(as described in section 2.8.2). Now, we simply change every accepting
state to

non-acceptingand viceversa,andthusgetaDFAfor L.

We can now (by using the set-theoretic equivalent of De Morgan’s law)
con-

struct L1 N L2as L1 U L2. Given this intersection construction, we can
now get set

differenceby L1\ L2= L1 N L2.



Regularsetsarealsoclosedunderanumberofcommonstringoperations,such

as prefix, suffix, subsequence and reversal. The precise meaning of
these words in

thepresentcontextisdefinedbelow.
Prefix. Aprefixofastring w isanyinitialpartof w,includingtheemptystringand
allof w. Theprefixesof abc arehence €, a, ab and abc.

Suffix. A suffix of a string is what remains of the string after a prefix has
been

takenoff. Thesuffixesof abc arehence abc, bc, ¢ andke.

Subsequence. A subsequence of a string is obtained by deleting any
number of
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symbols from anywhere in the string. The subsequences of abc are
hence

abc, bc, ac, ab, ¢, b, a andes.

Reversal. Thereversalofastringisthestringreadbackwards. Thereversalof
abc

ishence cba.
Aswithcomplement,thesecanbeobtainedbysimpletransformationsoftheDFA
forthelanguage.

Suggestedexercises: 2.11.

2.11 Further reading

Therearemanyvariantsofthemethodshowninsection2.4.
Theversionpresented

here has been devised for use in this book in an attempt to make the
method easy

to understand and manageable to do by hand. Other variants can be
found in [5]

and[9].

It is possible to convert a regular expression to a DFA directly without
going

through an NFA. One such method [31] [5] actually at one stage during
the cal-

culation computes information equivalent to an NFA (without epsilon-



transitions),

but more direct methods based on algebraic properties of regular
expressions also

exist [13, 38]. These, unlike NFA-based methods, generalise fairly easily
to han-

dle regular expressions extended with explicit set-intersection and set-
difference

operators.

A good deal of theoretic information about regular expressions and finite
au-

tomata can be found in [19]. An efficient DFA minimization algorithm can
be

foundin[24].

Lexer generators can be found for most programming languages. For C,
the

most common are Lex [28] and Flex [40]. The latter generates the states
of the

DFA as program code instead of using table-lookup. This makes the
generated

lexersfast,butcanusemuchmorespacethanatable-drivenprogram.

Finite automata and notation reminiscent of regular expressions are also
used

todescribe behaviourofconcurrent systems[33]. Inthis setting, a
staterepresents

the current state of a process and a transition corresponds to an event
to which the



processreactsbychangingstate.

Exercises

Exercise 2.1

In the following, a number-string is a non-empty sequence of decimal
digits, i.e.,

something in the language defined by the regular expression [0-9]+. The
value of
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anumber-stringistheusualinterpretationofanumber-
stringasanintegernumber.

Notethatleadingzeroesareallowed.

Make for each of the following languages a regular expression that
describes

thatlanguage.

a) Allnumber-stringsthathavethevalue42.

b) Allnumber-stringsthat donot havethevalue42.

c) Allnumber-stringsthathaveavaluethatisstrictlygreaterthan42.
Exercise 2.2

Giventheregularexpression ax (a|b) aa:

a) ConstructanequivalentNFAusingthemethodinsection2.4.
b) convertthisNFAtoaDF Ausingalgorithm2.3.

Exercise 2.3

Giventheregularexpression ( (a|b) (a|bb) ) x*:

a) ConstructanequivalentNFAusingthemethodinsection2.4.
b) convertthisNFAtoaDF Ausingalgorithm2.3.

Exercise 2.4

MakeaDFAequivalenttothefollowingNFA:

€



©
starte n aE aE aE

0123

S$S

bba

Exercise 2.5

MinimisethefollowingDFA:
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C

On

Q

b g9 a

£

gs

b

'£gb

4a1

£9g

£g

a

£90©

aE'a

32

Exercise 2.6
MinimisethefollowingDFA:
a

E bE aE"

012



su

ababb

bE n bE"

345

a

Exercise 2.7

ConstructDF Asforeachofthefollowingregularlanguages.
Inallcasesthealpha-

betis {a,b}.

a) Thesetofstringsthathasexactly3 bs(andanynumberof as).

b) Thesetofstringswherethenumberof bsisamultipleof3(andtherecanbe
anynumberof as).

c) The set of strings where the difference between the number of as and
the

numberof bsisamultipleof3.

Exercise 2.8

ConstructaDF Athatrecognisesbalancedsequencesofparenthesiswithamaxi

nestingdepthof3, e.g., £,()(),(()(()))or(()())()()butnot(((())))or(()(()())))-
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Exercise 2.9
Giventhatbinarynumberstringsarereadwiththemostsignificantbitfirstandme
haveleadingzeroes,constructDF Asforeachofthefollowinglanguages:

a) Binarynumberstringsthatrepresentnumbersthataremultiplesof4, e.g., 0,
100 and 10100.

b) Binarynumberstringsthatrepresentnumbersthataremultiplesof5, e.g., 0,
101, 10100 and 11001.

Hint: Make a state for each possible remainder after division by 5 and
then

addastatetoavoidacceptingtheemptystring.
c) Givenanumber n,whatistheminimalnumberofstatesneededinaDFAthat

recognises binary numbers that are multiples of n? Hint: write n as a x 2
,b

where a isodd.
Exercise 2.10

Theemptylanguage,
I.e.,thelanguagethatcontainsnostringscanberecognisedby

aDFA(anyDFAwithnoacceptingstateswillacceptthislanguage), butitcannot

bedefinedbyanyregularexpressionusingtheconstructionsinsection2.2.
Hence,

theequivalencebetweenDF Asandregularexpressionsisnotcomplete.



Toremedy
this,anewregularexpression ¢ isintroducedsuchthat L(¢)= 0/.
a) Argue why each of the following algebraic rules, where s is an arbitrary

regularexpression,istrue:

Pls=s
Ps=¢
sQ =@
Px=E&

b) Extend the construction of NFAs from regular expressions to include a
case

for ¢.

c) WhatconsequencewillthisextensionhaveforconvertingtheNFAtoamin-
imalDFA?Hint: deadstates.

Exercise 2.11
Showthatregularlanguagesareclosedunderprefix,suffix,subsequenceandre

sal,aspostulatedinsection2.10. Hint: showhowanNFA N
foraregularlanguage

L can be transformed to an NFA Np for the set of prefixes of strings from
L, and

similarlyfortheotheroperations.
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Exercise 2.12

Whichofthefollowingstatementsaretrue? Argueeachanswerinformally.
a) Anysubsetofaregularlanguageisitselfaregularlanguage.

b) Anysupersetofaregularlanguageisitselfaregularlanguage.

c) The set of anagrams of strings from a regular language forms a
regular lan-

guage. (Ananagramofastringisobtainedbyrearrangingtheorderofchar-

acters in the string, but without adding or deleting any. The anagrams of
the

string abc arehence abc, acb, bac, bca, cab and cba).

Exercise 2.13
Infigures2.12and2.13weusedcharactersetsontransitionsasshorthandsforse

of transitions, each with one character. We can, instead, extend the
definition of

NFAsandDFAssuchthatsuchcharactersetsareallowedonasingletransition.
ForaDFA(tobedeterministic),wemustrequirethattransitionsoutofthesame
statehavedisjointcharactersets.

a) Sketchhowalgorithm2.3mustbemodifiedtohandletransitionswithsetsin
suchawaythatthedisjointednessrequirementforDF Asareensured.

b) Sketch how algorithm 2.4 must be modified to handle character sets. A
new



requirement for DFA minimality is that the number of transitions as well
as

thenumberofstatesisminimal. Howcanthisbeensured?

Exercise 2.14
Asmentionedinsection2.5,DF Asareoftenimplementedbytableswherethecur-

rentstateiscross-indexedbythenextsymboltofindthenextstate.
Ifthealphabet

islarge,suchatablecantakeupquitealotofroom. If,forexample,16-bitUnicode

isusedasthealphabet,thereare216 = 65536entriesineachrowofthetable.
Even

ifeachentryinthetableisonlyonebyte, eachrowwilltakeup64KBofmemory,
whichmaybeaproblem.

A possible solution is to split each 16-bit Unicode character c into two 8-
bit

characters c1and cz. In the regular expressions, each occurrence of a
character c

is hence replaced by the regular expression c c12. This regular
expression is then

converted to an NFA and then to a DFA in the usual way. The DFA may
(and

probably will) have more states than the DFA using 16-bit characters, but
each

stateinthenewDFAuseonly1/256thofthespaceusedbytheoriginalDFA.

a) HowmuchlargeristhenewNFAcomparedtotheold?
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b) Estimate what the expected size (measured as number of states) of
the new

DFA is compared to the old. Hint: Some states in the NFA can be reached
onlyafteranevennumberof8-bitcharactersarereadandtherestonlyafter
anoddnumberof8-bitcharactersareread. Whatdoesthisimplyforthesets
constructedduringthesubsetconstruction?

¢) Roughly,howmuchtimedoesthenewDFArequiretoanalyseastringcom-
paredtotheold?

d) If space is a problem for a DFA over an 8-bit alphabet, do you expect
that

a similar trick (splitting each 8-bit character into two 4-bit characters) will
helpreducethespacerequirements? Justifyyouranswer.

Exercise 2.15

If L isaregularlanguage,sois L \{¢}, i.e.,thesetofallnonemptystringsin L.

So we should be able to transform a regular expression for L into a
regular

expressionfor L\{e}. Wewanttodothiswithafunction nonempty
thatisrecursive

overthestructureoftheregularexpressionfor L, i.e.,oftheform:
nonempty(g) = ¢

nonempty(a) = ... where a isanalphabetsymbol



nonempty(s|t) = nonempty(s)|nonempty(t)

nonempty(st) = ...

nonempty(s?) = ...

nonempty(sx) = ...

nonempty(s+) = ...

where @ istheregularexpressionfortheemptylanguage(seeexercise2.10).

a) Completethedefinitionof nonempty byreplacingtheoccurrencesof®...”"in

the rules above by expressions similar to those shown in the rules for ¢
and

s|t.
b) Usethisdefinitiontofind nonempty(axbx).
Exercise 2.16

If L is a regular language, so is the set of all prefixes of strings in L (see
sec-

tion2.10.3).

So we should be able to transform a regular expression for L into a
regular

expression for the set of all prefixes of strings in L. We want to do this
with a

function prefixes
thatisrecursiveoverthestructureoftheregularexpressionfor L,

i.e.,oftheform:
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prefixes(g) = €

prefixes(a) = a? where a isanalphabetsymbol
prefixes(s|t) = prefixes(s)|prefixes(t)
prefixes(st) = ...

prefixes(sx) = ...

prefixes(s+) = ...

a) Complete the definition of prefixes by replacing the occurrences of
“..in

therulesabovebyexpressionssimilartothoseshownintherulesfor €, a and
s|t.

b) Usethisdefinitiontofind prefixes(abxc).



Chapter 3
Syntax Analysis

3.1 Introduction

Where lexical analysis splits the input into tokens, the purpose of syntax
analysis

(also known as parsing) is to recombine these tokens. Not back into a list
of char-

acters,butintosomethingthatreflectsthestructureofthetext.
This“something”is

typically a data structure called the syntax tree of the text. As the name
indicates,

this is a tree structure. The leaves of this tree are the tokens found by
the lexical

analysis,andiftheleavesarereadfromlefttoright,thesequenceisthesameasin

the input text. Hence, what is important in the syntax tree is how these
leaves are

combinedtoformthestructureofthetreeandhowtheinteriornodesofthetreear:
labelled.

In addition to finding the structure of the input text, the syntax analysis
must

alsorejectinvalidtextsbyreporting syntaxerrors.

As syntax analysis is less local in nature than lexical analysis, more
advanced



methods are required. We, however, use the same basic strategy: A
notation suit-

ableforhumanunderstandingistransformedintoamachine-likelow-
levelnotation

suitableforefficientexecution. Thisprocessiscalled parsergeneration.
Thenotationweuseforhumanmanipulationis context-freegrammars1,which
isarecursivenotationfordescribingsetsofstringsandimposingastructureone

such string. This notation can in some cases be translated almost
directly into re-

cursiveprograms,butitisoftenmoreconvenienttogenerate stackautomata.
These

aresimilartothefiniteautomatausedforlexicalanalysisbuttheycanadditionally

use a stack, which allows counting and non-local matching of symbols.
We shall

see two ways of generating such automata. The first of these, LL(1), is
relatively

simple, but works only for a somewhat restricted class of grammars. The
SLR

construction, which we present later, is more complex but accepts a
wider class of

1Thenamereferstothefactthatderivationisinde pendentofcontext.

53
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grammars. Sadly, neither of these work for all context-free grammars.
Tools that

handle all context-free grammars exist, but they can incur a severe speed
penality,

whichiswhymostparsergeneratorsrestricttheclassofinputgrammars.

3.2 Context-free grammars

Like regular expressions, context-free grammars describe sets of
strings, i.e., lan-

guages. Additionally, a context-free grammar also defines structure on
the strings

in the language it defines. A language is defined over some alphabet, for
example

the set of tokens produced by a lexer or the set of alphanumeric
characters. The

symbolsinthealphabetarecalled terminals.

A context-free grammar recursively defines several sets of strings. Each
set

is denoted by a name, which is called a nonterminal. The set of
nonterminals is

disjointfromthesetofterminals.
Oneofthenonterminalsarechosentodenotethe

languagedescribedbythegrammar. Thisiscalledthe startsymbol
ofthegrammar.

The sets are described by a number of productions. Each production
describes



someofthepossiblestringsthatarecontainedinthesetdenotedbyanonterming
Aproductionhastheform

N - X1...Xn

where N is a nonterminal and X1...Xn are zero or more symbols, each of
which is

either a terminal or a nonterminal. The intended meaning of this notation
is to say

thatthesetdenotedby N
containsstringsthatareobtainedbyconcatenatingstrings

fromthesetsdenotedby X1...Xn.
Inthissetting,aterminaldenotesasingletonset,

just like alphabet characters in regular expressions. We will, when no
confusion is

likely,equateanonterminalwiththesetofstringsitdenotes
Someexamples:
A—- a

saysthatthesetdenotedbythenonterminal A containstheone-
characterstring a.

A — aA

saysthatthesetdenotedby A containsallstringsformedbyputtingan a
infrontof

a string taken from the set denoted by A. Together, these two
productions indicate

that A containsallnon-emptysequencesof
asandishence(intheabsenceofother



productions)equivalenttotheregularexpression a+.

We can define a grammar equivalent to the regular expression ax by the
two

productions
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B e
B - aB

wherethefirstproductionindicatesthattheemptystringispartoftheset B.
Com-

parethisgrammarwiththedefinitionof s« infigure2.1.

Productions with empty right-hand sides are called empty productions.
These

aresometimeswrittenwithan &€ ontherighthandsideinsteadofleavingitempty.

So far, we have not described any set that could not just as well have
been

describedusingregularexpressions. Context-
freegrammarsare,however,capable

of expressing much more complex languages. In section 2.10, we noted
that the

language {anbn | n > 0} is not regular. It is, however, easily described by
the

grammar
S —
S - aSb

The second production ensures that the as and bs are paired
symmetrically around

themiddleofthestring,sotheyoccurinequalnumber.



Theexamplesabovehaveusedonlyonenonterminalpergrammar. Whensev-
eralnonterminalsareused,wemustmakeitclearwhichoftheseisthestartsymbc

By convention (if nothing else is stated), the nonterminal on the left-hand
side of

thefirstproductionisthestartsymbol. Asanexample,thegrammar
T-R

T - aTa

R-b

R - bR

has T asstartsymbolanddenotesthesetofstringsthatstartwithanynumberof
as

followed by a non-zero number of bs and then the same number of as
with which

itstarted.
Sometimes,ashorthandnotationisusedwherealltheproductionsofthesame

nonterminal are combined to a single rule, using the alternative symbol
(]) from

regular expressions to separate the right-hand sides. In this notation, the
above

grammarwouldread
T - R]|aTa
R—-Db |bR

There are still four productions in the grammar, even though the arrow
symbol —



isonlyusedtwice.
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Formof si Productionsfor Ni

eNi—

a Ni—- a

s SjkNi— N Njk

sj|sk Ni — N;

Ni — Nk

sj*k Ni— N Nji

Ni —

sj+ Ni— N N;ji

Ni — N;j

sj? Ni — N;j

Ni —

Each subexpression of the regular expression is numbered and subex-
pression siisassignedanonterminal Ni. Theproductionsfor Ni depend
ontheshapeof siasshowninthetableabove.

Figure3.1: Fromregularexpressionstocontextfreegrammars

3.2.1 How to write context free grammars

As hinted above, a regular expression can systematically be rewritten as
a context



freegrammarbyusinganonterminalforeverysubexpressionintheregularexpr:

sion and using one or two productions for each nonterminal. The
construction is

showninfigure3.1. So,ifwecanthinkofawayofexpressingalanguageasareg-
ularexpression,itiseasytomakeagrammarforit. However,wewillalsowantto

use grammars to describe non-regular languages. An example is the kind
of arith-

meticexpressionsthatarepartofmostprogramminglanguages(andalsofound

electronic calculators). Such expressions can be described by grammar
3.2. Note

that, as mentioned in section 2.10, the matching parentheses can not be
described

by regular expressions, as these can not “count” the number of
unmatched open-

ing parentheses at a particular point in the string. However, if we did not
have

parenthesesinthelanguage,itcouldbedescribedbytheregularexpression
num((+|-|*|/)num)x
Evenso,theregulardescriptionisnotusefulifyouwantoperatorstohavediffere!
precedence,asittreatstheexpressionasaflatstringratherthanashavingstruct
Wewilllookatstructureinsections3.3.1and3.4.

Most constructions from programming languages are easily expressed
by con-

textfreegrammars. Infact,mostmodernlanguagesaredesignedthisway.
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Exp — Exp+Exp

Exp — Exp-Exp

Exp — Exp*Exp

Exp — Exp/Exp

Exp — num

Exp — (Exp)

Grammar3.2: Simpleexpressiongrammar
Stat — id := Exp

Stat — Stat ; Stat

Stat — if Exp then Stat else Stat

Stat — if Exp then Stat

Grammar3.3: Simplestatementgrammar

When writing a grammar for a programming language, one normally
starts

by dividing the constructs of the language into different syntactic
categories. A

syntacticcategoryisasub-languagethatembodiesaparticularconcept.
Examples

ofcommonsyntacticcategoriesinprogramminglanguagesare:

Expressions areusedtoexpresscalculationofvalues.



Statements expressactionsthatoccurinaparticularsequence.
Declarations expresspropertiesofnamesusedinotherpartsoftheprogram.

Each syntactic category is denoted by a main nonterminal, e.g., Exp from
gram-

mar 3.2. More nonterminals might be needed to describe a syntactic
category or

provide structure to it, as we shall see, and productions for one syntactic
category

can refer to nonterminals for other syntactic categories. For example,
statements

may contain expressions, so some of the productions for statements use
the main

nonterminal for expressions. A simple grammar for statements might
look like

grammar3.3,whichreferstothe Exp nonterminalfromgrammar3.2.

Suggestedexercises: 3.3(ignore,fornow,theword“unambiguous”),3.21(a).
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3.3 Derivation

So far, we have just appealed to intuitive notions of recursion when we
describe

the set of strings that a grammar produces. Since the productions are
similar to

recursive set equations, we might expect to use the techniques from
section 2.6.1

tofindthesetofstringsdenotedbyagrammar.
However,thoughthesemethodsin

theory apply to infinite sets by considering limits of chains of sets, they
are only

practicallyusefulwhenthesetsarefinite.
Instead,webelowintroducetheconcept

of derivation. An added advantage of this approach is, as we will later
see, that

syntaxanalysisiscloselyrelatedtoderivation.

The basic idea of derivation is to consider productions as rewrite rules:
When-

ever we have a nonterminal, we can replace this by the right-hand side of
any

production in which the nonterminal appears on the left-hand side. We
can do this

anywhere ina sequenceof symbols(terminals andnonterminals) and
repeatdoing



sountilwehaveonlyterminailsleft.
Theresultingsequenceofterminalsisastring

inthelanguagedefinedbythegrammar.
Formally,wedefinethederivationrelation

= bythethreerules

1. aNB = ayp ifthereisaproduction N — y
2.a=a

3. a = y ifthereisa B suchthata = Band B => vy

where a, B and y are (possibly empty) sequences of grammar symbols
(terminals

and nonterminals). The first rule states that using a production as a
rewrite rule

(anywhere in a sequence of grammar symbols) is a derivation step. The
second

states that the derivation relation is reflexive, i.e., that a sequence
derives itself.

Thethirdruledescribestransitivity,
i.e.,thatasequenceofderivationsisinitselfa

derivation .2
Wecanusederivationtoformallydefinethelanguagethatacontext-freegram-
margenerates:

Definition3.1 Givenacontext-
freegrammarGwithstartsymbolS,terminalsym-

bols T and productions P, the language L(G) that G generates is defined
to be the



set of strings of terminal symbols that can be obtained by derivation
from S using

theproductionsP, i.e.,theset {w € Tx | S = w}.

As an example, we see that grammar 3.4 generates the string aabbbcc
by the

derivation shown in figure 3.5. We have, for clarity, in each sequence of
symbols

underlinedthenonterminalthatisrewritteninthefollowingstep.
2Themathematicallyinclinedwillrecognisethatderivationisapreorderonsequencesofgrammar

symbols.
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T-R

T - aTc

R —

R — RbR

Grammar3.4: Examplegrammar
T

= alc

= aaTcc

= aaRcc

= aaRbRcc

= aaRbcc

= aaRbRbcc

= aaRbRbRbcc

= aaRbbRbcc

= aabbRbcc

= aabbbcc

Figure3.5: Derivationofthestring aabbbcc usinggrammar3.4

T



= alc

= aaTcc

= aaRcc

= aaRbRcc

= aaRbRbRcc
= aabRbRcc

= aabRbRbRcc
= aabbRbRcc
= aabbbRcc

= aabbbcc

Figure3.6: Leftmostderivationofthestring aabbbcc usinggrammar3.4
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In this derivation, we have applied derivation steps sometimes to the
leftmost

nonterminal, sometimes to the rightmost and sometimes to a nonterminal
that was

neither. However, since derivation steps are local, the order does not
matter. So,

we might as well decide to always rewrite the leftmost nonterminal, as
shown in

figure3.6.

A derivation that always rewrites the leftmost nonterminal is called a
leftmost

derivation. Similarly, a derivation that always rewrites the rightmost
nonterminal

iscalleda rightmostderivation.
3.3.1 Syntax trees and ambiguity

We can draw a derivation as a tree: The root of the tree is the start
symbol of

the grammar, and whenever we rewrite a nonterminal we add as its
children the

symbols on the right-hand side of the production that was used. The
leaves of the

tree are terminals which, when read from left to right, form the derived
string. If a

nonterminalisrewrittenusinganemptyproduction,an € isshownasitschild.



This

is also a leaf node, but is ignored when reading the string from the leaves
of the

tree.

When we write such a syntax tree, the order of derivation is irrelevant:
We get

thesametreeforleftderivation,rightderivationoranyotherderivationorder.
Only

thechoiceofproductionforrewritingeachnonterminalmatters.
Asanexample,thederivationsinfigures3.5and3.6yieldthesamesyntaxtree,
whichisshowninfigure3.7.

The syntax tree adds structure to the string that it derives. It is this
structure

thatweexploitinthelaterphasesofthecompiler.

For compilation, we do the derivation backwards: We start with a string
and

wanttoproduceasyntaxtree. Thisprocessiscalled syntaxanalysis or
parsing.

Even though the order of derivation does not matter when constructing a
syn-

tax tree, the choice of production for that nonterminal does. Obviously,
different

choicescanleadtodifferentstringsbeingderived,butitmayalsohappenthatsey

eraldifferentsyntaxtreescanbebuiltforthesamestring.
Asanexample,figure3.8



showsanalternativesyntaxtreeforthesamestringthatwasderivedinfigure3.7.
Whenagrammarpermitsseveraldifferentsyntaxtreesforsomestringswecall

the grammar ambiguous. If our only use of grammar is to describe sets
of strings,

ambiguityisnotaproblem.
However,whenwewanttousethegrammartoimpose

structure on strings, the structure had better be the same every time.
Hence, it is a

desireablefeatureforagrammartobeunambiguous.
Inmost(butnotall)cases,an

ambiguous grammar can be rewritten to an unambiguous grammar that
generates

thesamesetofstrings,orexternalrulescanbeappliedtodecidewhichoftheman:

possible syntax trees is the “right one”. An unambiguous version of
grammar 3.4

isshowninfigure3.9.
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T

d

d

aTc

d

d

aTc

€€
Figure3.7: Syntaxtreeforthestring aabbbcc usinggrammar3.4

T



EE

Figure3.8: Alternativesyntaxtreeforthestring aabbbcc usinggrammar3.4
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T-R

T - aTc

R —

R — bR

Grammar3.9: Unambiguousversionofgrammar3.4
Howdoweknowifagrammarisambiguous? Ifwecanfindastringandshow

two alternative syntax trees for it, this is a proof of ambiguity. It may,
however,

be hard to find such a string and, when the grammar is unambiguous,
even harder

to show that this is the case. In fact, the problem is formally undecidable,
i.e.,

thereisnomethodthatforallgrammarscananswerthequestion“Isthisgrammai
ambiguous?”.

Butinmanycasesitisnotdifficulttodetectandproveambiguity. Forexample,
anygrammarthathasaproductionoftheform

N — NaN

where a isanysequenceofgrammarsymbols,isambiguous.
Thisis,forexample,

thecasewithgrammars3.2and3.4.

We will, in sections 3.12 and 3.14, see methods for constructing parsers



from

grammars. These methods have the property that they only work on
unambiguous

grammars, so successful construction of a parser is a proof of
unambiguity. How-

ever,themethodsmayalsofailoncertainunambiguousgrammars,sotheycann
beusedtoproveambiguity.
Inthenextsection,wewillseewaysofrewritingagrammartogetridofsome

sources of ambiguity. These transformations preserve the language that
the gram-

margenerates.
Byusingsuchtransformations(andothers,whichwewillseelater),

we can create a large set of equivalent grammars, i.e., grammars that
generate the

same language (though they may impose different structures on the
strings of the

language).

Given two grammars, it would be nice to be able to tell if they are
equivalent.

Unfortunately, no known method is able to decide this in all cases, but,
unlike

ambiguity, it is not (at the time of writing) known if such a method may or
may

not theoretically exist. Sometimes, equivalence can be proven e.g. by
induction

over the set of strings that the grammars produce. The converse can be



proven by
findinganexampleofastringthatonegrammarcangeneratebuttheothernot. But

in some cases, we just have to take claims of equivalence on faith or give
up on

decidingtheissue.
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2 Exp * Exp
3 4
Figure3.10: Preferredsyntaxtreefor 2+3*4 usinggrammar3.2

Suggestedexercises: 3.1,3.2,3.21(b).

3.4 Operator precedence

As mentioned in section 3.2.1, we can describe traditional arithmetic
expressions

by grammar 3.2. Note that num is a terminal that denotes all integer
constants

andthat,here,theparenthesesareterminalsymbols(unlikeinregularexpressio
wheretheyareusedtoimposestructureontheregularexpressions).
Thisgrammarisambiguous,asevidencedby, e.g.,theproduction

Exp — Exp+Exp

which has the form that in section 3.3.1 was claimed to imply ambiguity.
This



ambiguityisnotsurprising,asweareusedtothefactthatanexpressionlike
2+3*4

canbereadintwoways: Eitherasmultiplyingthesumof2and3by4orasadding

2 to the product of 3 and 4. Simple electronic calculators will choose the
first of

theseinterpretations(astheyalwayscalculatefromlefttoright), whereasscient
calculatorsandmostprogramminglanguageswillchoosethesecond,astheyus

hierarchyof operatorprecedences
whichdictatethattheproductmustbecalculated

before the sum. The hierarchy can be overridden by explicit
parenthesisation, e.g.,

(2+3) *4.
Mostprogramminglanguagesusethesameconventionasscientificcalculators
sowewanttomakethisexplicitinthegrammar. Ideally,wewouldliketheexpres-

sion 2+3*4 to generate the syntax tree shown in figure 3.10, which
reflects the

operator precedences by grouping of subexpressions: When evaluating
an expres-

sion, the subexpressions represented by subtrees of the syntax tree are
evaluated

beforethetopmostoperatorisapplied.

A possible way of resolving the ambiguity is to use precedence rules
during

syntax analysis to select among the possible syntax trees. Many parser
generators



allow this approach, as we shall see in section 3.16. However, some
parsing meth-
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ods require the grammars to be unambiguous, so we have to express the
operator

hierarchyinthegrammaritself. Toclarifythis,wefirstdefinesomeconcepts:

- Anoperator @ is left-associative iftheexpression a®b®c
mustbeevaluated

fromlefttoright, i.e.,as (a @ b) @ c.

- Anoperator @ is right-associative iftheexpressiona ® b @ ¢
mustbeevalu-

atedfromrighttoleft, i.e.,as a ® (b @ c).

- An operator @ is non-associative if expressions of the forma® b ® ¢
are

illegal.

Bytheusualconvention, - and / areleft-associative,as e.g., 2-3-4
iscalculatedas

(2-3)-4. + and * are associative in the mathematical sense, meaning
that it does

notmatterifwecalculatefromlefttorightorfromrighttoleft. However,toavoid

ambiguity we have to choose one of these. By convention (and similarity
to - and

/)wechoosetoletthesebeleft-associativeaswell. Also,havingaleft-
associative

- and right-associative + would not help resolving the ambiguity of 2-
3+4, as the

operatorsso-to-speak“pullindifferentdirections”.



Listconstructionoperatorsinfunctionallanguages, e.g., : : and @
inSML,are

typicallyright-associative,asarefunctionarrowsintypes: a -> b -> ¢
isreadas

a -> (b -> c). The assignment operator in C is also right-associative:
a=b=c is

readas a= (b=c).

In some languages (like Pascal), comparison operators (like < or >) are
non-

associative, i.e.,youarenotallowedtowrite 2 <3 < 4.

3.4.1 Rewriting ambiguous expression grammars
Ifwehaveanambiguousgrammar

E-EoE

E — num
wecanrewritethistoanunambiguousgrammarthatgeneratesthecorrectstruci

Asthisdependsontheassociativityof
®,weusedifferentrewriterulesfordifferent

associativities.

If @ is left-associative, we make the grammar left-recursive by having a
recur-

sivereferencetotheleftonlyoftheoperatorsymbol:
E—- E®Eo
E - Eo

Eo — num



Now,theexpression 2 ® 3 @® 4 canonlybeparsedas
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Wegetaslightlymorecomplexsyntaxtreethaninfigure3.10,butnotenormously
so.

Wehandleright-associativityinasimilarfashion: Wemaketheoffendingpro-
duction right-recursive:

E—-Eo® E

E — Eo

Eo — num

Non-associativeoperatorsarehandledby non-recursive productions:

E — Eo® Eo

E — Eo

Eo — num



Notethatthelattertransformationactuallychangesthelanguagethatthegramn
generates,asitmakesexpressionsoftheform num @ num @ num illegal.
Sofar,wehavehandledonlycaseswhereanoperatorinteractswithitself. This

is easily extended to the case where several operators with the same
precedence

andassociativityinteractwitheachother,asforexample + and -:
E — E +Eo

E - E -Eo

E — Eo

Eo — num

Operators with the same precedence must have the same associativity
for this to

work,asmixingleft-recursiveandright-
recursiveproductionsforthesamenonter-

minalmakesthegrammarambiguous. Asanexample,thegrammar
E - E +Eo

E—-EooE

E — Eo

Eo — num
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Exp — Exp+Exp2

Exp — Exp-Exp2

Exp — Exp2

Exp2 — Exp2*Exp3

Exp2 — Exp2/Exp3

Exp2 — Exp3

Exp3 — num

Exp3 — (Exp)

Grammar3.11: Unambiguousexpressiongrammar

seems like an obvious generalisation of the principles used above, giving
+ and

® the same precedence and different associativity. But not only is the
grammar

ambiguous, it does not even accept the intended language. For example,
the string

num+num®num isnotderivablebythisgrammar.
In general, there is no obvious way to resolve ambiguity in an expression

like 1+2®3, where + is left-associative and & is right-associative (or vice-
versa).

Hence, most programming languages (and most parser generators)
require opera-



torsatthesameprecedenceleveltohaveidenticalassociativity.

We also need to handle operators with different precedences. This is
done by

using a nonterminal for each precedence level. The idea is that if an
expression

uses an operator of a certain precedence level, then its subexpressions
cannot use

operators of lower precedence (unless these are inside parentheses).
Hence, the

productionsforanonterminalcorrespondingtoaparticularprecedencelevelre

only to nonterminals that correspond to the same or higher precedence
levels, un-

less parentheses or similar bracketing constructs disambiguate the use
of these.

Grammar3.11showshowtheserulesareusedtomakeanunambiguousversiont
grammar3.2. Figure3.12showthesyntaxtreefor 2+3*4 usingthisgrammar.

Suggestedexercises: 3.6.

3.5 Other sources of ambiguity

Most of the potential ambiguity in grammars for programming languages
comes

fromexpressionsyntaxandcanbehandledbyexploitingprecedencerulesassh

insection3.4. Anotherclassicalexampleofambiguityisthe“dangling-
else”prob-

lem.



Imperative languages like Pascal or C often let the else-part of a
conditional

be optional, like shown in grammar 3.3. The problem is that it is not clear
how to
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Exp
d

d
Exp + Exp2
d

d

Exp2 Exp2 * Exp3

Exp3 Exp3 4

2 3

Figure3.12: Syntaxtreefor 2+3*4 usinggrammar3.11
parse,forexample,

if p then if g then sl else s2

According to the grammar, the else can equally well match either if.
The usual

convention is that an else matches the closest not previously matched
if, which,

intheexample,willmakethe else matchthesecond if.

How do we make this clear in the grammar? We can treat if, then and
else

asakindofright-
associativeoperators,asthiswouldmakethemgrouptotheright,



making an if-then match the closest else. However, the grammar
transforma-

tions shown in section 3.4 can not directly be applied to grammar 3.3, as
the pro-

ductionsforconditionalsdonothavetherightform.

Instead we use the following observation: When an if and an else
match, all

ifsthatoccurbetweenthesemusthavematching elses.
Thiscaneasilybeproven

byassumingotherwiseandconcludingthatthisleadstoacontradiction.

Hence, we make two nonterminals: One for matched (i.e. with else-part)

conditionals and one for unmatched (i.e. without else-part) conditionals.
The

result is shown in grammar 3.13. This grammar also resolves the
associativity of

semicolon(right)andtheprecedenceof if oversemicolon.
Analternativetorewritinggrammarstoresolveambiguityistouseanambigu-

ous grammar and resolve conflicts by using precedence rules during
parsing. We

shalllookintothisinsection3.16.
Allcasesofambiguitymustbetreatedcarefully: Itisnotenoughthatweelim-

inate ambiguity, we must do so in a way that results in the desired
structure: The

structureofarithmeticexpressionsissignificant,anditmakesadifferencetowh



if an else ismatched.

Suggestedexercises:
3.3(focusingnowonmakingthegrammarunambiguous).
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Stat — Stat2; Stat

Stat — Stat2

Stat2 — Matched

Stat2 — Unmatched

Matched — if Exp then Matched else Matched
Matched — id := Exp

Unmatched — if Exp then Matched else Unmatched
Unmatched — if Exp then Stat2

Grammar3.13: Unambiguousgrammarforstatements

3.6 Syntax analysis

The syntax analysis phase of a compiler will take a string of tokens
produced by

thelexer,andfromthisconstructasyntaxtreeforthestringbyfindingaderivatiol
ofthestringfromthestartsymbolofthegrammar.

This can be done by guessing derivations until the right one is found, but
ran-

dom guessing is hardly an effective method. Even so, some parsing
techniques

are based on “guessing” derivations. However, these make sure, by
looking at the



string, that they will always guess right. These are called predictive
parsing meth-

ods.
Predictiveparsersalwaysbuildthesyntaxtreefromtherootdowntotheleaves

andarehencealsocalled(deterministic)top-downparsers.

Other parsers go the other way: They search for parts of the input string
that

matches right-hand sides of productions and rewrite these to the left-
hand nonter-

minals, at the same time building pieces of the syntax tree. The syntax
tree is

eventually completed when the string has been rewritten (by inverse
derivation) to

the start symbol. Also here, we wish to make sure that we always pick
the “right”

rewrites,sowegetdeterministicparsing. Suchmethodsarecalled bottom-up
pars-

ingmethods.
Wewillinthenextsectionsfirstlookatpredictiveparsingandlateratabottom-

upparsingmethodcalledSLRparsing.

3.7 Predictive parsing
Ifwelookattheleft-derivationinfigure3.6,weseethat,totheleftoftherewritten

nonterminals, there are only terminals. These terminals correspond to a
prefix of

the string that is being parsed. In a parsing situation, this prefix will be



the part

of the input that has already been read. The job of the parser is now to
choose the

productionbywhichtheleftmostunexpandednonterminalshouldberewritten.
Our
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aimistobeabletomakethischoicedeterministicallybasedonthenextunmatche
inputsymbol.

Ifwelookatthethirdlineinfigure3.6,wehavealreadyreadtwo asand(ifthe

input string is the one shown in the bottom line) the next symbol is a b.
Since the

right-handsideoftheproduction
T — aTc

startswithan a,weobviouslycannotusethis. Hence,wecanonlyrewrite T
using

theproduction
T—-R

We are not quite as lucky in the next step. None of the productions for R
start

with a terminal symbol, so we can not immediately choose a production
based on

this. As the grammar (grammar 3.4) is ambiguous, it should not be a
surprise that

we can not always choose uniquely. If we instead use the unambiguous
grammar

(grammar 3.9) we can immediately choose the second production for R.
When all

the bs are read and we are at the following c, we choose the empty
production for



R andmatchtheremaininginputwiththerestofthederivedstring.

If we can always choose a unique production based on the next input
symbol,

weareabletodopredictiveparsingwithoutbacktracking.

3.8 Nullable and FIRST

In simple cases, like the above, all productions for a nonterminal start
with dis-

tinct terminals except at most one production that does not start with a
terminal.

We chose the latter whenever the input symbol did not match any of the
terminal

symbolsstartingtheotherproductions.
Wecanextendthemethodtoworkalsofor

grammars where several productions start with nonterminals. We just
need to be

abletoselectbetweenthembasedontheinputsymbol.
Inotherwords,ifthestrings

theseproductionscanderivebeginwithsymbolsfromdisjointsets,wecheckiftt

input symbol is in one of these sets and choose the corresponding
production if it

is. Ifnot,andthereisanemptyproduction,wechoosethis.
Otherwise,wereporta

syntaxerrormessage.

Hence, we define the function FIRST, which given a sequence of
grammar



symbols (e.g, the right-hand side of a production) returns the set of
symbols with

whichstringsderivedfromthatsequencecanbegin:
Definition3.2 AsymbolcisinFIRST(a)ifandonlyif a = ¢ forsome(possibly

empty)sequence 3 ofgrammarsymbols.
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To calculate FIRST, we need an auxiliary function Nullable, which for a
sequence

a
ofgrammarsymbolsindicateswhetherornotthatsequencecanderivetheempty

string:

Definition3.3 A sequence a of grammar symbols is Nullable (we write this
as

Nullable(a))ifandonlyif a = ¢.

A production N — a is called nullable if Nullable(a). We describe
calculation of

Nullable by case analysis over the possible forms of sequences of
grammar sym-

bols:

Algorithm3.4

Nullable(g) = true

Nullable(a) = false

Nullable(af) = Nullable(a) A Nullable(B)
Nullable(N) = Nullable(a1) Vv ... vV Nullable(an),
wheretheproductionsforN are
N—-a1,..,N— an

where a is a terminal, N is a nonterminal, a and B are sequences of
grammar



symbolsand € representstheemptysequenceofgrammarsymbols.

The equations are quite natural: Any occurrence of a terminal on a right-
hand

side makes Nullable false for that right-hand side, but a nonterminal is
nullable if

anyproductionhasanullableright-handside.

Note that this is a recursive definition since Nullable for a nonterminal is
de-

fined in terms of Nullable for its right-hand sides, which may contain that
same

nonterminal.
Wecansolvethisinmuchthesamewaythatwesolvedsetequations

insection2.6.1.
Wehave,however,nowbooleansinsteadofsetsandseveralequa-

tions instead of one. Still, the method is essentially the same: We have a
set of

booleanequations:

X1 = F1(X1,...,Xn)

Xn = Fn(X1,...,Xn)

We initially assume Xi,...,Xn to be all false. We then, in any order,
calculate the

right-hand sides of the equations and update the variable on the left-
hand side by



the calculated value. We continue until all equations are satisfied. In
appendix A

and section 2.6.1, we required the functions to be monotonic with
respect to sub-

set. Correspondingly, we now require the boolean functions to be
monotonic with

respect to truth: If we make more arguments true, the result will also be
more true
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Right-handside Initialisation Iteration1 Iteration2 Iteration3
R false false true true

aTc false false false false

¢ false true true true

bR false false false false

Nonterminal

T false false true true

R false true true true

Figure3.14: Fixed-pointiterationforcalculationof Nullable

(i.e.,itmaystayunchanged, changefrom false to true,butneverchangefrom
true

to false).

If we look at grammar 3.9, we get these equations for nonterminals and
right-

handsides:

Nullable(T) = Nullable(R) v Nullable(aTc)

Nullable(R) = Nullable(g) v Nullable(bR)

Nullable(R) = Nullable(R)

Nullable(aTc) = Nullable(a) A Nullable(T) A Nullable(c)

Nullable(€) = true



Nullable(bR) = Nullable(b) A Nullable(R)

Inafixed-pointcalculation,weinitiallyassumethat Nullable
isfalseforallnonter-

minals and use this as a basis for calculating Nullable for first the right-
hand sides

and then the nonterminals. We repeat recalculating these until there is no
change

between two iterations. Figure 3.14 shows the fixed-point iteration for the
above

equations. In each iteration, we first evaluate the formulae for the right-
hand sides

andthenusetheresultsofthistoevaluatethenonterminals. Theright-
mostcolumn

showsthefinalresuilt.

Wecancalculate FIRST inasimilarfashionto Nullable:
Algorithm3.5

FIRST(¢g) = 0/

FIRST(a) = {a}

FIRST(a) U FIRST(B) ifNullable(a)

FIRST(ap) =

FIRST(a) ifnotNullable(a)

FIRST(N) = FIRST(a1) U ... U FIRST(an)
wheretheproductionsforN are

N—-oa1,..,N— an
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Right-handside Initialisation Iteration1 Iteration2 Iteration3
R 0/ 0/ {b} {b}

aTc 0/ {a} {a} {a}

g 0/ 0/ 0/ O/

bR 0/ {b} {b} {b}

Nonterminal

T 0/ {a} {a, b} {a, b}

R 0/ {b} {b} {b}

Figure3.15: Fixed-pointiterationforcalculationof FIRST

where a is a terminal, N is a nonterminal, a and B are sequences of
grammar

symbolsand € representstheemptysequenceofgrammarsymbols.

The only nontrivial equation is that for af8. Obviously, anything that can
start

a string derivable from a can also start a string derivable from af.
However, if a

isnullable,aderivationmayproceedas ag = B = - - - ,soanythingin FIRST()
is

alsoin FIRST(ap).
Theset-equationsaresolvedinthesamegeneralwayasthebooleanequations

for



Nullable,butsinceweworkwithsets,weinitaillyassumeeverysettobeempty.
Forgrammar3.9,wegetthefollowingequations:

FIRST(T) = FIRST(R) U FIRST(aTc)

FIRST(R) = FIRST(g) U FIRST(bR)

FIRST(R) = FIRST(R)

FIRST(aTc) = FIRST(a)

FIRST(g) = 0/

FIRST(bR) = FIRST(b)

Thefixed-pointiterationisshowninfigure3.15.

When working with grammars by hand, it is usually quite easy to see for
most

productionsiftheyarenullableandwhattheir FIRST setsare.
Forexample,apro-

duction is not nullable if its right-hand side has a terminal anywhere, and
if the

right-hand side starts with a terminal, the FIRST set consists of only that
symbol.

Sometimes,however,itisnecessarytogothroughthemotionsofsolvingtheequ

tions.
Whenworkingbyhand,itisoftenusefultosimplifytheequationsbeforethe

fixed-pointiteration, e.g.,reduce FIRST(aTc) to {a}.

Suggestedexercises: 3.8(Nullable and FIRST only).
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3.9 Predictive parsing revisited

We are now ready to construct predictive parsers for a wider class of
grammars: If

the right-hand sides of the productions for a nonterminal have disjoint
FIRST sets,

wecanusethenextinputsymboltochooseamongtheproductions.
Insection3.7,wepickedtheemptyproduction(ifany)onanysymbolthatwas

not in the FIRST sets of the non-empty productions for the same
nonterminal. We

canextendthis,soweincaseofnomatching FIRST
setscanselectaproductionif

it is Nullable. The idea is that a Nullable production can derive the empty
string,

sotheinputsymbolneednotbereadbytheproductionitself.

But if there are several Nullable productions, we have no way of
choosing be-

tween them. Hence, we do not allow more than one production for a
nonterminal

tobe Nullable.

We said in section 3.3.1 that our syntax analysis methods will detect
ambigu-

ous grammars. However, this is not true with the method as stated
above: We can



get unique choice of production even for some ambiguous grammars,
including

grammar 3.4. The syntax analysis will in this case just choose one of
several pos-

sible syntax trees for a given input string. In many cases, we do not
consider such

behaviour acceptable. In fact, we would very much like our parser
construction

methodtotellusifwebymistakewriteanambiguousgrammar.

Even worse, the rules for predictive parsing as presented here might
even for

some unambiguous grammars give deterministic choice of production,
but reject

strings that actually belong to the language described by the grammar. If
we, for

example,changethesecondproductioningrammar3.9to

T — aTb

this will not change the choices made by the predictive parser for
nonterminal R.

However, always choosing the last production for R on ab will lead to
erroneous

rejectionofmanystrings,including ab.
Thiskindofbehaviourisclearlyunacceptable. Weshuld,atleast,getawarning

that this might occur, so we can rewrite the grammar or choose another
syntax

analysismethod.



Hence,weaddtoourconstructionofpredictiveparsersatestthatwillrejectall

ambiguous grammars and those unambiguous grammars that can cause
the parser

tofailerroneously.

We have so far simply chosen a nullable production if and only if no
other

choice is possible. This is, however, not always the right thing to do, so
we must

change the rule to say that we choose a production N — a on symbol c if
one of

thetwoconditionsbelowaresatisfied:

1) ¢ € FIRST(a).
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2) a isnullableandthesequence Nc canoccursomewhereinaderivationstart-
ingfromthestartsymbolofthegrammar.

The first rule is obvious, but the second requires a bit of explanation: If a
is nul-

lable, we can construct a syntax tree for it without reading any input, so
it seems

likeanullableproductioncouldbeavalidchoiceregardlessofthenextinputsym-

bol. Not only would this give multiple valid choices of production
whenever there

are both nullable and non-nullable productions for the same nonterminal,
but it is

alsonotalwayscorrecttochoosethenullableproduction:
Predictiveparsingmakes

a leftmost derivation so we always rewrite the leftmost nonterminal N in
the cur-

rent sequence of grammar symbols. So whatever input is not matched by
N must

bematchedbythesequenceofgrammarsymbolsthatoccursafter N
inthecurrent

sequence. If this is not possible, we have made a bad choice when
deriving N. In

particular,if N derivestotheemptysequence,thenextinputsymbol c
shouldbegin

the derivation of the sequence that follows N. So at the very least, the



sequence of

symbols that follow N should have a derivation that begins with c. If we
(using a

differentderivationorder)derivethesymbolsafter N beforederiving
N,weshould,

hence, see the sequence Nc during the derivation. If we don’t, we can not
rewrite

N to the empty sequence without later getting stuck when rewriting the
remaining

sequence.
Sincethederivationorderdoesn’tchangethesyntaxtree,wecanseethat

if the alternative derivation order gets stuck, so will the leftmost
derivation order.

Hence,wecanonlyrewrite N totheemptysequenceifthenextinputsymbol c
can

occur in combination with N in a legal derivation. We will in the next
section see

howwecandeterminethis.
Notethatanullableproduction N — a canvalidlybeselectedif ¢ = FIRST(a).

Even with the restriction on choosing nullable productions, we can still
have

situationswherebothnullableandnon-nullableproductionsarevalidchoices.
This

includes the example above with the modified grammar 3.9 (since Rb can
occur in

a derivation) and all ambiguous grammars that are not detected as being
ambigu-



ous by the original method where we only choose nullable productions if
no other

choiceispossible.

3.10 FOLLOW

To determine when we can select nullable productions during predictive
parsing,

weintroduce FOLLOW setsfornonterminals.

Definition3.6 A terminal symbol a is in FOLLOW(N) if and only if there is
a

derivation from the start symbol S of the grammar such that S = aNap,
where a

and B are(possiblyempty)sequencesofgrammarsymbols.
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In other words, a terminal c is in FOLLOW(N) if ¢ may follow N at some
point in

a derivation. Unlike FIRST(N), this is not a property of the productions for
N, but

oftheproductionsthat(directlyorindirectly)use N ontheirright-handside.
Tocorrectlyhandleend-of-stringconditions,wewanttodetectif S = aN, i.e.,
iftherearederivationswhere N canbefollowedbytheendofinput. Itturnsoutto

beeasytodothisbyaddinganextraproductiontothegrammar:

0
S - S$

where Soisanewnonterminalthatreplaces S
asstartsymboland$isanewterminal

symbol representing the end of input. Hence, in the new grammar, $ will
be in

FOLLOW(N)exactlyif So = aN$whichisthecaseexactlywhen S = aN.

The easiest way to calculate FOLLOW is to generate a collection of set
con-

straints, which are subsequently solved to find the least sets that obey
the con-

straints.
Aproduction
M — aNB

generates the constraint FIRST(B) < FOLLOW(N), since B, obviously, can



follow
N. Furthermore,if Nullable(f8)theproductionalsogeneratestheconstraint

FOLLOW(M) < FOLLOW(N) (note the direction of the inclusion). The
reason

is that, if a symbol c is in FOLLOW(M), then there (by definition) is a
derivation

So = yMcd. Butsince M — aNB and B isnullable,wecancontinuethisby
yMcd =

yaNcd,so c isalsoin FOLLOW(N).

If a right-hand side contains several occurrences of nonterminals, we add
con-

straints for all occurrences, i.e., splitting the right-hand side into
different as, Ns

and Bs. For example, the production A — BcB generates the constraint
{c} &

FOLLOW(B) by splitting after the first B and, by splitting after the last B,
we also

gettheconstraint FOLLOW(A) < FOLLOW(B).
Wesolvetheconstraintsinthefollowingfashion:

We start by assuming empty FOLLOW sets for all nonterminals. We then
han-

dle the constraints of the form FIRST(B) = FOLLOW(N): We compute
FIRST(B)

and add this to FOLLOW(N). Then, we handle the second type of
constraints: For

eachconstraint FOLLOW(M) € FOLLOW(N),weaddallelementsof



FOLLOW(M)
to FOLLOW(N). Weiteratetheselaststepsuntilnofurtherchangeshappen.
Thestepstakentocalculatethefollowsetsofagrammarare,hence:

1. Add a new nonterminal So — S$, where S is the start symbol for the
original

grammar. So isthestartsymbolfortheextendedgrammar.

2. For each nonterminal N, locate all occurrences of N on the right-hand
sides

ofproductions. Foreachoccurrencedothefollowing:
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2.1 Let B be the rest of the right-hand side after the occurrence of N.
Note

that B may be empty. In other words, the production is of the form

M — aNB, where M is a nonterminal (possibly equal to N) and a and

B are (possibly empty) sequences of grammar symbols. Note that if a
right-hand-side contains several occurrences of N, we make a split for
eachoccurrence.

2.2 Let m = FIRST(B). Add the constraint m = FOLLOW(N) to the set of
constraints. If B is empty, you can omit this constraint, as it does not
addanything.

2.3 If Nullable(B), find the nonterminal M at the left-hand side of the pro-
duction and add the constraint FOLLOW(M) < FOLLOW(N). If M =
N,youcanomittheconstraint,asitdoesnotaddanything. Notethatif

B isempty, Nullable(B) istrue.

3. Solvetheconstraintsusingthefollowingsteps:

3.1 Start with empty sets for FOLLOW(N) for all nonterminals N (not in-
cluding So).

3.2 For each constraint of the form m € FOLLOW(N) constructed in step
2.1,addthecontentsof m to FOLLOW(N).

3.3 Iterating until a fixed-point is reached, for each constraint of the form



FOLLOW(M) < FOLLOW(N), add the contents of FOLLOW(M) to
FOLLOW(N).

Wecantakegrammar3.4asanexampleofthis. Wefirstaddtheproduction

0
T-T$

to the grammar to handle end-of-text conditions. The table below shows
the con-

straintsgeneratedbyeachproduction

Production Constraints

To— T$ {$}< FOLLOW(T)

T — RFOLLOW(T) < FOLLOW(R)

T — aTc {c}S FOLLOW(T)

R —

R — RbR {b}< FOLLOW(R), FOLLOW(R) < FOLLOW(R)

In the above table, we have already calculated the required FIRST sets,
so they are

shownasexplicitlistsofterminals. Toinitialisethe FOLLOW
sets,wefirstusethe

constraintsthatinvolvethese FIRST sets:
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FOLLOW(T) 2 {$, c}
FOLLOW(R) 2 {b}

andtheniteratecalculationofthesubsetconstraints.
Theonlynontrivialconstraint

is FOLLOW(T) < FOLLOW(R),soweget

FOLLOW(T) = {$, c}

FOLLOW(R) = {$, c,b}
Nowallconstraintsaresatisfied,sowecanreplacesubsetwithequality:
FOLLOW(T) = {$, c}

FOLLOW(R) = {$, c,b}

If we return to the question of predictive parsing of grammar 3.4, we see
that

for the nonterminal R we should choose the empty production on any
symbol in

FOLLOW(R), i.e., {$, c,b} and choose the non-empty production on the
symbols

in FIRST(RbR), i.e., {b}. Since these sets overlap (on the symbol b), we
can not

uniquely choose a production for R based on the next input symbol.
Hence, the

revised construction of predictive parsers (see below) will reject this
grammar as



possiblyambiguous.

3.11 A larger example

The above examples of calculating FIRST and FOLLOW are rather small,
so we

show a somewhat more substantial example. The following grammar
describes

even-length strings of as and bs that are not of the form ww where w is
any string

of asand bs. Inotherwords,thestringscannotconsistoftwoidenticalhalves.
N — AB

N - BA

A—- a

A—- CAC

B-b

B—- CBC

C-a

C-b
Theideaisthatifthestringdoesnotconsistoftwoidenticalhalves,theremustbe:

pointinthefirststringthathasan a
wheretheequivalentpointinthesecondstring

hasa b orvice-versa. Thegrammerstatesthatoneoftheseisthecase.
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We first note that there are is empty production in the grammar, so no
produc-

tion can be Nullable. So we immediately set up the equations for FIRST
for each

nonterminalandright-handside:
FIRST(N) = FIRST(AB) U FIRST(BA)
FIRST(A) = FIRST(a) U FIRST(C AC)
FIRST(B) = FIRST(b) U FIRST(C BC)
FIRST(C) = FIRST(a) U FIRST(b)
FIRST(AB) = FIRST(A)

FIRST(BA) = FIRST(B)

FIRST(a) = {a}

FIRST(C AC) = FIRST(C)

FIRST(b) = {b}

FIRST(C BC) = FIRST(C)

which we solve by fixed-point iteration. We initially set the FIRST sets for
the

nonterminals to the empty sets, calculate the FIRST sets for right-hand
sides and

thennonterminals,repeatingthelasttwostepsuntilnochangesoccur:

RHS Iteration1 Iteration2 Iteration3



AB 0/ {a} {a, b}

BA 0/ {b} {a, b}

a {a} {a} {a}

C AC 0/ {a, b} {a, b}
b {b} {b} {b}

C BC 0/ {a, b} {a, b}
Nonterminal

N 0/ {a, b} {a, b}

A {a} {a, b} {a, b}

B {b} {a, b} {a, b}

C {a, b} {a, b} {a, b}

Thenextiterationdoesnotaddanything,sothefixed-pointisreached.
Wenowadd

theproduction No — N$andsetuptheconstraintsforcalculating FOLLOW
sets:
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Production Constraints

No — N$ {$}<FOLLOW(N)

N — AB FIRST(B)=FOLLOW(A), FOLLOW(N)<FOLLOW(B)

N — BA FIRST(A)<FOLLOW(B), FOLLOW(N)=FOLLOW(A)

A—- a

A — C AC FIRST(A)<FOLLOW(C), FIRST(C)<FOLLOW(A), FOLLOW(A)=FOLLOW(C)
B-b

B — C BC FIRST(B)=FOLLOW(C), FIRST(C)=FOLLOW(B), FOLLOW(B)<FOLLOW(C)
C—-a

C-b

Wefirstusetheconstraint {$} = FOLLOW(N) andconstraintsoftheform
FIRST(---)

c FOLLOW(---) togettheinitialsets:
FOLLOW(N) < {$}

FOLLOW(A) < {a, b}

FOLLOW(B) < {a, b}

FOLLOW(C) < {a, b}

and then use the constraints of the form FOLLOW(---) € FOLLOW(---). If
we do

thisintop-dwownorder,wegetafteroneiteration:



FOLLOW(N) < {$}

FOLLOW(A) < {a, b, $}

FOLLOW(B) < {a, b, $}

FOLLOW(C) < {a, b, $}
Anotheriterationdoesnotaddanything,sothefinalresultis
FOLLOW(N) = {$}

FOLLOW(A) = {a, b, $}

FOLLOW(B) = {a, b, $}

FOLLOW(C) = {a, b, $}

Suggestedexercises: 3.8(FOLLOW only).

3.12 LL(1) parsing

Wehave,intheprevioussections,lookedathowwecanchooseproductionsbas:

on FIRST and FOLLOW sets, i.e. usingtherulethatwechooseaproduction
N-a

oninputsymbol c if
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- ¢ € FIRST(a),or
- Nullable(a) and ¢ € FOLLOW(N).

If we can always choose a production uniquely by using these rules, this
is called

called LL(1) parsing — the first L indicates the reading direction (left-to-
right), the

secondLindicatesthederivationorder(left)andthe1indicatesthatthereisaone

symbollookahead.
AgrammarthatcanbeparsedusingLL(1)parsingiscalledan

LL(1)grammar.

In the rest of this section, we shall see how we can implement LL(1)
parsers

as programs. We look at two implementation methods: Recursive
descent, where

grammarstructureisdirectlytranslatedintothestructureofaprogram,andatab
basedapproachthatencodesthedecisionprocessinatable.
3.12.1 Recursive descent

As the name indicates, recursive descent uses recursive functions to
implement

predictive parsing. The central idea is that each nonterminal in the
grammar is

implementedbyafunctionintheprogram.



Each such function looks at the next input symbol in order to choose one
of

the productions for the nonterminal, using the criteria shown in the
beginning of

section3.12. Theright-
handsideofthechosenproductionisthenusedforparsing

inthefollowingway:

A terminal on the right-hand side is matched against the next input
symbol. If

theymatch,wemoveontothefollowinginputsymbolandthenextsymbolonthe
righthandside,otherwiseanerrorisreported.

A nonterminal on the right-hand side is handled by calling the
corresponding

function and, after this call returns, continuing with the next symbol on
the right-

handside.
Whentherearenomoresymbolsontheright-handside,thefunctionreturns.

As an example, figure 3.16 shows pseudo-code for a recursive descent
parser

forgrammar3.9. Wehaveconstructedthisprogrambythefollowingprocess:
Wehavefirstaddedaproduction To — T$andcalculated FIRST and FOLLOW
forallproductions.

To has only one production, so the choice is trivial. However, we have
added

a check on the next input symbol anyway, so we can report an error if it



is not in
FIRST(T )o. Thisisshowninthefunction parseT’.
Forthe parseT function,welookattheproductionsfor T. As FIRST(R) = {b},

theproduction T — R ischosenonthesymbol b. Since R isalso
Nullable,wemust

choosethisproductionalsoonsymbolsin FOLLOW(T), i.e., ¢ or$.
FIRST(aTc) =

{a},soweselect T — aTc onan a. Onallothersymbolswereportanerror.
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function parseT’ () =

if next = ‘@’ or next = ‘b’ or next = '$’ then
parseT () ; match(’$’)

else reportError ()

function parseT() =

‘$’ then

if next = ‘b’ or next = ‘¢’ or next
parseR()

else if next = ‘@’ then
match(’a’) ; parseT() ; match(’'c’)

else reportError ()

function parseR() =

if next = ¢’ or next = '$’ then

(* do nothing ¥*)

else if next = ’'b’ then

match(’'b’) ; parseR()

else reportError ()

Figure3.16: Recursivedescentparserforgrammar3.9

For parseR,wemustchoosetheemptyproductiononsymbolsin FOLLOW(R)

(c or $). The production R — bR is chosen on input b. Again, all other



symbols
produceanerror.

The function match takes as argument a symbol, which it tests for
equality

with the next input symbol. If they are equal, the following symbol is read
into

the variable next. We assume next is initialised to the first input symbol
before

parseT’ iscalled.

The program in figure 3.16 only checks if the input is valid. It can easily
be

extendedtoconstructasyntaxtreebylettingtheparsefunctionsreturnthesub-
trees

forthepartsofinputthattheyparse.
3.12.2 Table-driven LL(1) parsing

In table-driven LL(1) parsing, we encode the selection of productions into
a table

insteadofintheprogramtext. Asimplenon-
recursiveprogramusesthistableand

astacktoperformtheparsing.

The table is cross-indexed by nonterminal and terminal and contains for
each

such pair the production (if any) that is chosen for that nonterminal when
that ter-

minal is the next input symbol. This decision is made just as for recursive



descent
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abch

ToTo—-T$To—- TS To—~ T$
TT-aTe T-RT-RT-R
RR—-bRR-R~-

Figure3.17: LL(1)tableforgrammar3.9

parsing: Theproduction N — a isinthetableat(N,a)if a isin FIRST(a)
orifboth

Nullable(a) and a isin FOLLOW(N).
Forgrammar3.9wegetthetableshowninfigure3.17.

The program that uses this table is shown in figure 3.18. It uses a stack,
which

at any time (read from top to bottom) contains the part of the current
derivation

that has not yet been matched to the input. When this eventually
becomes empty,

the parse is finished. If the stack is non-empty, and the top of the stack
contains

a terminal, that terminal is matched against the input and popped from
the stack.

Otherwise,thetopofthestackmustbeanonterminal,whichwecross-
indexinthe

table with the next input symbol. If the table-entry is empty, we report an
error. If



not, we pop the nonterminal from the stack and replace this by the right-
hand side

of the production in the table entry. The list of symbols on the right-hand
side are

pushedsuchthatthefirstofthesewillbeatthetopofthestack.
Asanexample,figure3.19showstheinputandstackateachstepduringparsing

ofthestring aabbbcc$ usingthetableinfigure3.17.
Thetopofthestackistothe

left.
Theprograminfigure3.18,liketheoneinfigure3.16,onlychecksiftheinput

isvalid. It, too, canbeextendedtobuildasyntaxtree.
Thiscanbedonebyletting

each nonterminal on the stack point to its node in the partially built
syntax tree.

When the nonterminal is replaced by one of its right-hand sides, nodes
for the

symbolsontheright-handsideareaddedaschildrentothenode.

3.12.3 Conflicts

When a symbol a allows several choices of production for nonterminal N
we say

thatthereisa conflict onthatsymbolforthatnonterminal.
Conflictsmaybecaused

byambiguousgrammars(indeedallambiguousgrammarswillcauseconflicts)b

there are also unambiguous grammars that cause conflicts. An example
of this is



theunambiguousexpressiongrammar(grammar3.11).
Wewillinthenextsection

see how we can rewrite this grammar to avoid conflicts, but it must be
noted that

thisisnotalwayspossible:
Therearelanguagesforwhichthereexistunambiguous

context-
freegrammarsbutwherenogrammarforthelanguagegeneratesaconflict-

freeLL(1)table. Suchlanguagesaresaidtobenon-LL(1).
Itis,however,important
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stack := empty ; push(T’, stack)

while stack <> empty do

if top(stack) is a terminal then

match (top(stack)) ; pop(stack)

else if table(top(stack) ,next) = empty then
reportError

else

rhs := rightHandSide (table (top(stack) ,next)) ;
pop (stack) ;

pushlist (rhs,stack)

Figure3.18: Programfortable-drivenLL(1)parsing

input stack

aabbbcc$ To

aabbbcecs$ T$

aabbbcc$ aTc$

abbbcc$ Tc$

abbbcc$ aTcc$

bbbcc$ Tcc$

bbbcc$ Rcc$



bbbcc$ bRcc$
bbcc$ Rcc$
bbcc$ bRcc$
bce$ Rec$h
bce$ bRech
cc$ Rcc$

cc$ cch

c$ c$

$$

Figure3.19: Inputandstackduringtable-drivenLL(1)parsing
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tonotethedifferencebetweenanon-LL(1)languageandanon-LL(1)grammar:
A

languagemaywellbeLL(1)eventhoughthegrammarusedtodescribeitisnot.

3.13 Rewriting a grammar for LL(1) parsing

In this section we will look at methods for rewriting grammars such that
they are

more palatable for LL(1) parsing. In particular, we will look at elimination
of left-

recursion andat leftfactorisation.
Itmust,however,benotedthatnotaligrammarscanberewrittentoallowLL(1)
parsing. Inthesecasesstrongerparsingtechniquesmustbeused.

3.13.1 Eliminating left-recursion

As mentioned above, the unambiguous expression grammar (grammar
3.11) is not

LL(1). The reason is that all productions in Exp and Exp2 have the same
FIRST

sets. Overlaplikethiswillalwayshappenwhenthereareleft-
recursiveproductions

in the grammar, as the FIRST set of a left-recursive production will
include the

FIRST setofthenonterminalitselfandhencebeasupersetofthe FIRST
setsofall



the other productions for that nonterminal. To solve this problem, we
must avoid

left-recursioninthegrammar. Westartbylookingatdirectleft-recursion.

When we have a nonterminal with some left-recursive and some
productions

thatarenot, i.e.,

N - Nao1

N - Nam

N - B

N — Bn

where the Bi do not start with N, we observe that this generates all
sequences that

start with one of the Biand continues with any number (inluding 0) of the
aj. In

otherwords,thegrammarisequivalenttotheregularexpression

(B [...IB ) ]...Ja ).

1n1m

We saw in figure 3.1 a method for converting regular expressions into
context-

free grammars can generate the same set of strings. By following this



procedure

andsimplifyingabitafterwards,wegetthisequivalentgrammar:
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Exp — Exp2 Expx

Expx — + Exp2 Expx

Expx — - Exp2 Expx

Expx —

Exp2 — Exp3 Exp2x

Exp2x — * Exp3 Exp2x

Exp2x — / Exp3 Exp2x

Exp2x —

Exp3 — num

Exp3 — ( Exp)

Grammar3.20: Removingleft-recursionfromgrammar3.11

N — B1 N«

N — BnNx

Nx — o1 Nx

Nx — amNx



Nx —
where Nx isanewnonterminalthatgeneratesasequenceof as.
Notethat,sincethe Bi donotstartwith N,thereisnodirectleft-recursioninthe

first n productions. Since N« isanewnonterminal,the qj
cannotstartwiththis,so

thelast m productionscan’thavedirectleft-recursioneither.
Theremay,however,stillbe indirect left-recursionifanyofthe ajarenullable

or the Bican derive something starting with N. We will briefly look at
indirect

left-recursionbelow.

While we have eliminated direct left-recursion, we have also changed the
syn-

tax trees that are built from the strings that are parsed. Hence, after
parsing, the

syntax tree must be re-structured to obtain the structure that the original
grammar

describes. Wewillreturntothisinsection3.17.

As an example of left-recursion removal, we take the unambiguous
expression

grammar3.11. Thishasleftrecursioninboth Exp and
Exp2,soweapplythetrans-

formation to both of these to obtain grammar 3.20. The resulting
grammar 3.20 is

nowLL(1),whichcanbeverifiedbygeneratinganLL(1)tableforit.
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Indirect left-recursion

The transformation shown in section 3.13.1 is only applicable in the
simple case

where there is no indirect left-recursion. Indirect left-recursion can have
several

faces:
1. Therearemutuallyleft-recursiveproductions
N1 — N2a1

N2 — N3o2

Nk-1 — Nkok-1
Nk — N1ak
2. Thereisaproduction N — aNp where a is Nullable.

oranycombinationofthetwo.
Moreprecisely,agrammaris(directlyorindirectly)

left-recursiveifthereisanon-emptyderivationsequence N = Na,
i.e.,ifanonter-

minal derives a sequence of grammar symbols that start by that same
nonterminal.

If there is indirect left-recursion, we must first rewrite the grammar to
make the



left-recursiondirectandthenusethetransformationabove.

Rewriting a grammar to turn indirect left-recursion into direct left-
recursion

can be done systematically, but the process is a bit complicated. We wiill
not go

into this here, as in practice most cases of left-recursion are direct left-
recursion.

Detailscanbefoundin[4].

3.13.2 Left-factorisation
Iftwoproductionsforthesamenonterminalbeginwiththesamesequenceofsyn

bols,theyobviouslyhaveoverlapping FIRST sets.
Asanexample,ingrammar3.3

thetwoproductionsfor i £ haveoverlappingprefixes.
Werewritethisinsuchaway

thattheoverlappingproductionsaremadeintoasingleproductionthatcontains
commonprefixoftheproductionsandusesanewauxiliarynonterminalforthedii

ferent suffixes. See grammar 3.21. In this grammar , we can uniquely
choose ones

oftheproductionsfor Stat basedononeinputtoken.
Formostgrammars,combiningproductionswithcommonprefixwillsolvethe

problem. However, in this particular example the grammar still is not
LL(1): We

cannotuniquelychooseaproductionfortheauxiliarynonterminal
Elsepart,since

else is in FOLLOW(Elsepart) as well as in the FIRST set of the first



production

for Elsepart. This should not be a surprise to us, since, after all, the
grammar

3Wehaveomittedthe productionforse micolon,asthatwouldonlymuddletheissuebyintroduc-

ingmoreambiguity.
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Stat — id := Exp

Stat — if Exp then Stat Elsepart

Elsepart — else Stat

Elsepart —

Grammar3.21: Left-factorisedgrammarforconditionals

is ambiguous and ambiguous grammars can not be LL(1). The equivalent
unam-

biguousgrammar(grammar3.13)cannoteasilyberewrittentoaformsuitablefor

LL(1), so in practice grammar 3.21 is used anyway and the conflict is
handled by

choosingthenon-emptyproductionfor Elsepart wheneverthesymbol else
isen-

countered, as this gives the desired behaviour of letting an else match
the nearest

if.
Wecanachievethisbyremovingtheemptyproductionfromthetableentryfor

Elsepart/else,soonlythenon-emptyproduction Elsepart — else Stat
remains.

VeryfewlL(1)conflictscausedbyambiguitycanberemovedinthisway,how-

ever,withoutalsochangingthelanguagerecognizedbythegrammar.
Forexample,

operator precedence ambiguity can not be resolved by deleting



conflicting entries

intheLL(1)table.

3.13.3 Construction of LL(1) parsers summarized

1. Eliminateambiguity

2. Eliminateleft-recursion

3. Performleftfactorisationwhererequired

4. Addanextrastartproduction So — S$tothegrammar.

5. Calculate FIRST foreveryproductionand FOLLOW foreverynonterminal.
6. Fornonterminal N andinputsymbol c,chooseproduction N — a when:
- ¢ € FIRST(a),or

- Nullable(a) and ¢ € FOLLOW(N).
Thischoiceisencodedeitherinatableorarecursive-descentprogram.

Suggestedexercises: 3.14.
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3.14 SLR parsing

A problem with LL(1) parsing is that most grammars need extensive
rewriting to

get them into a form that allows unique choice of production. Even
though this

rewriting can, to a large extent, be automated, there are still a large
number of

grammarsthatcannotbeautomaticallytransformedintoLL(1)grammars.

LR parsers is a class of bottom-up methods for parsing that accept a
much

larger class of grammars than LL(1) parsing, though still not all
grammars. The

main advantage of LR parsing is that less rewriting is required to get a
grammar

inacceptableformforLRparsingthanisthecaseforLL(1)parsing.
Furthermore,

as we shall see in section 3.16, LR parsers allow external declaration of
operator

precedencesforresolvingambiguity,insteadofrequiringthegrammarsthemse
tobeunambiguous.

We will look at a simple form of LR-parsing called SLR parsing. The
letters

“SLR” stand for “Simple”, “Left” and “Right”. “Left” indicates that the input



is
readfromlefttorightandthe*“Right”’indicatesthatarightmostderivationisbuilt.

LR parsers are table-driven bottom-up parsers and use two kinds of
“actions”

involvingtheinputstreamandastack:
shift: Asymbolisreadfromtheinputandpushedonthestack.

reduce: The top N elements of the stack hold symbols identical to the N
symbols

on the right-hand side of a specified production. These N symbols are by
the reduce action replaced by the nonterminal at the left-hand side of the
specifiedproduction. ContrarytoLLparsers,thestackholdstheright-hand-
sidesymbolssuch thatthe last symbolon theright-handsideis atthetopof
thestack.

If the input text does not conform to the grammar, there will at some
point during

theparsingbenoapplicableactionsandtheparserwillstopwithanerrormessagt
Otherwise,theparserwillreadthroughalltheinputandleaveasingleelement(the
startsymbolofthegrammar)onthestack.

LR parsers are also called shift-reduce parsers. As with LL(1), our aim is
to

makethechoiceofactiondependonlyonthenextinputsymbolandthesymbolon

topofthestack.
Toachievethis,weconstructaDFA.Conceptually,thisDF Areads



the contents of the stack, starting from the bottom. If the DFA is in an
accepting

state when it reaches the top of the stack, the correct action is reduction
by a pro-

duction that is determined by the next input symbol and a mark on the
accepting

DFAstate. IftheDFAisnotinanacceptingstatewhenitreachesthestacktop,the

correct action is a shift on one of the symbols for which there is an
outgoing edge

from the DFA state. Hence, at every step, the DFA reads the stack from
bottom

to top and the action is determined by looking at the DFA state and the
next input

symbol.
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Letting the DFA read the entire stack at every action is, however, not
very

efficientso,instead,westorewitheachstackelementthestateoftheDF Awhenit

readsthiselement. Thisway,
wedonotneedtostartfromthebottomofthestack,

but can start from the current stack top starting the DFA in the stored
state instead

ofinitsinitialstate.

When the DFA has indicated a shift, the course of action is easy: We get
the

statefromthetopofthestackandfollowthetransitionmarkedwiththenextinput
symboltofindthenextDF Astate, andwestoreboththesymbolandthenewstate
onthestack.

If the DFA indicated a reduce, we pop the symbols corresponding to the
right-

handsideoftheproductionoffthestack.
WethenreadtheDFAstatefromthenew

stack top. This DFA state should have a transition on the nonterminal
that is the

left-hand side of the production, so we store both the nonterminal and
the state at

theendofthetransitiononthestack.

Withtheseoptimisations,theDF Aonlyhastoinspectaterminalornonterminal



once, at the time it is pushed on the stack. At all other times, it just
needs to read

the DFA state that is stored on the top of the stack. We, actually, do not
need to

store the current input symbol or nonterminal once we have made a
transition on

it, as no future transitions will depend on it — the stored DFA state is
enough. So

wecanleteachstackelementjustcontaintheDF Astateinsteadofboththesymbo

and the state. We still use the DFA to determine the next action, but it
now only

needs to look at the current state (stored at the top of the stack) and the
next input

symbol(atashiftaction)ornonterminal(atareduceaction).

We represent the DFA as a table, where we cross-index a DFA state with
a

symbol(terminalornonterminal)andfindoneofthefollowingactions:
shiftn: Readnextinputsymbolandpushstate n onthestack.

gon: Pushstate n onthestack.

reducep: Reducewiththeproductionnumbered p.

accept: Parsinghascompletedsuccessfully..

error: Asyntaxerrorhasbeendetected.

Note that the current state is always found at the top of the stack. Shift
and reduce

actions are used when a state is cross-indexed with a terminal symbol.



Go actions

are used when a state is cross-indexed with a nonterminal. A Go action
can occur

onlyimmediatelyafterareduce,butwecannotinthetablecombinethe go
actions

with the reduce actions, as the destination state of a go action depends
on the state

atthetopofthestack after theright-
handsideofthereducedproductionispopped

off: Areduce in the current state is immediately followed by a go in the
state that

isfoundwhenthestackispopped.

An example SLR table is shown in figure 3.22. The table has been
produced
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abc$TR

0s3s4r3r3 glg2

1a

2r1r1

3s3s4r3r3g5g2

4s4r3r3 g6

5s7

6rdr4

7r2r2

Figure3.22: SLRtableforgrammar3.9

from grammar 3.9 by the method shown below in section 3.15. The
actions have

beenabbreviatedtotheirfirstlettersand error isshownasablankentry.

The algorithm for parsing a string using the table is shown in figure 3.23.
The

shown algorithm just determines if a string is in the language generated
by the

grammar. It can, however, easily be extended to build a syntax tree: Each
stack

element holds (in addition to the state number) a portion of a syntax tree.
When



performing a reduce action, a new (partial) syntax tree is built by using
the non-

terminal from the reduced production as root and the syntax trees stored
at the

popped-off stack elements as children. The new tree and the new state
are then

pushed(asasinglestackelement).

Figure3.24showsanexampleofparsingthestring aabbbcc usingthetablein

figure 3.22. The sequences of numbers in the “stack” column represent
the stack

contents with the stack bottom shown to the left and the stack top to the
right. At

eachstep,welookatthenextinputsymbol(attheleftendofthestringintheinput
column)andthestateatthetopofthestack(attherightendofthesequenceinthe

stack column). We look up the pair of input symbol and state in the table
and find

anaction,whichisshownintheactioncolumn.
Whentheshownactionisareduce

action,wealsoshowthereductionused(inparentheses)andafterasemicolonal

thegoactionthatisperformedafterthereduction.

3.15 Constructing SLR parse tables

AnSLRparsetablehasaDFAasitscore.
ConstructingthisDF Afromthegrammar

is similar to constructing a DFA from a regular expression, as shown in
chapter 2:



WefirstconstructanNFAusingtechniquessimilartothoseinsection2.4andther
convertthisintoaDF Ausingtheconstructionshowninsection2.6.
BeforeweconstructtheNFA,weextendthegrammarwithanewstartingpro-

duction. Doingthistogrammar3.9yieldsgrammar3.25.
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stack := empty ; push(0,stack) ; read(next)
loop

case table[top(stack) ,next] of

shift s: push(s,stack) ;

read (next)

reduce p: n := the left-hand side of production p ;

r := the number of symbols

on the right-hand side of p ;
Pop r elements from the stack ;
push (s, stack)

where table[top(stack),n] = go s
accept: terminate with success
error: reportError

endloop
Figure3.23: AlgorithmforSLRparsing
input stack action

aabbbcec$ 0s3

abbbcc$ 03 s3

bbbcc$ 033 s4

bbcec$ 0334 s4

beces$ 03344 s4



cc$ 033444 r3(R —);9g6

cc$ 0334446 r4(R — bR);g6
cc$ 033446 r4(R — bR);g6
cc$ 03346 r4(R — bR);g2
cc$ 0332 ri(T — R);g5

cc$S 0335s7

c$ 03357 r2(T — aTc);g5
c$ 035s7

$ 0357 r2(T — aTc);g1

$ 01 accept

Figure3.24: ExampleSLRparsing
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0:To— T

1: T — R

22T — aTc

3R —

4R — bR

Grammar3.25: ExamplegrammarforSLR-tableconstruction

Production NFA

0
0ETEn

T—-TAB

EREn

T—-RCD

2

EaETECEn
T—-aTec EFGH
3

E In

R—)



EDbE REn
R—-DbRJKL

Figure3.26: NFAsfortheproductionsingrammar3.25
ThenextstepistomakeanNFAforeachproduction. Thisisdoneexactlylike

in section 2.4, treating both terminals and nonterminals as alphabet
symbols. The

accepting state of each NFA is labelled with the number of the
corresponding pro-

duction. The result is shown in figure 3.26. Note that we have used the
optimised

constructionfor € (theemptyproduction)asshowninfigure2.6.

The NFAs in figure 3.26 make transitions both on terminals and
nonterminals.

Transitionsbyterminalcorrespondsto shift
actionsandtransitionsonnonterminals

correspond to go actions. A go action happens after a reduction,
whereby some

elements of the stack (corresponding to the right-hand side of a
production) are

replacedbyanonterminal(correspondingtotheleft-
handsideofthatproduction).

However, before we can reduce on a nonterminal, the symbols that form
the right-

handsidemustbeonthestack.
Soweprepareforalatertransitiononanonterminal

by allowing transitions that, eventually, will leave the symbols forming



right-hand

side of the production on the stack, so we can reduce these to the
nonterminal and

thenmakeatransitioninthis.
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state epsilon-transitions

AC,E

ClJ

F C,E

KILJ

Figure3.27: Epsilon-transitionsaddedtofigure3.26
So,wheneveratransitionbyanonterminalispossible,wealsoallowtransitions

onthesequencesofsymbolsontheright-
handsidesoftheproductionsforthatnon-

terminal.
WeachievethisbyaddingepsilontransitionstotheNFAsinfigure3.26:

Whenever there is a transition from state s to state t on a nonterminal N,
we add

epsilontransitionsfrom s totheinitialstatesofalltheNFAsforproductionswith
N

ontheleft-handside.
Addingtheepsilontransitionsasarrowsinfigure3.26would

produce a very cluttered picture, so instead we note the transitions in a
separate

table, shown in figure 3.27. But this is for presentation purposes only:
The transi-

tionshavethesamemeaningregardlessofwhethertheyareshowninthepicture:



theDFAorinthetable.

Together with these epsilon-transitions, the NFAs in figure 3.26 form a
single,

combined NFA. This NFA has the starting state A (the starting state of
the NFA

for the added start production) and an accepting state for each
production in the

grammar. We must now convert this NFA into a DFA using the subset
construc-

tion shown in section 2.5. Instead of showing the resulting DFA
graphically, we

constructatablewheretransitionsonterminalsareshownas shift
actionsandtran-

sitions on nonterminals as go actions. This will make the table look
similar to fig-

ure3.22,exceptthatno reduce or accept actionsarepresentyet.
Figure3.28shows

the DFA constructed from the NFA made by adding epsilon-transitions in
3.27 to

figure3.26. ThesetsofNFAstatesthatformeachDFAstateisshowninthesecond

columnofthetableinfigure3.28. Wewillneedthesebelowforadding reduce
and

accept actions, but once this is done, we will not need them anymore, so
we can

removethemfromthefinaltable.

To add reduce and accept actions, we first need to compute the
FOLLOW sets



foreachnonterminal,asdescribedinsection3.10. Forpurposeofcalculating
FOL-

LOW, we add yet another extra start production: Too — To$, to handle
end-of-text

conditionsasdescribedinsection3.10. Thisgivesusthefollowingresult:
FOLLOW(To) = {$}

FOLLOW(T) = {c,$}

FOLLOW(R) = {c,$}

We then add reduce actions by the following rule: If a DFA state s
contains the

acceptingNFAstateforaproduction p : N — a,weadd reducep asactionto s
on
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DFA NFA Transitions

state statesa b ¢ TR

0 AC,E,I,J s3s4g1g2

1B

2D

3F,C,E,IJ s3s4g59g2

4 K,l,J s4 g6

5G s7

6L

7H

Figure3.28: SLRDFAforgrammar3.9

allsymbolsin FOLLOW(N).
Reductiononproduction0(theextrastartproduction

thatwasaddedbeforeconstructingtheNFA)iswrittenas accept.
Infigure3.28,state0containsNFAstatel,whichacceptsproduction3. Hence,

we add r3 as actions at the symbols ¢ and $ (as these are in
FOLLOW(R)). State

1 contains NFA state B, which accepts production 0. We add this at the
symbol $

(FOLLOW(T )o). As noted above, this is written as accept (abbreviated to
“a”). In



the same way, we add reduce actions to state 3, 4, 6 and 7. The result is
shown in

figure3.22.
Figure3.29summarisestheSLRconstruction.
3.15.1 Conflicts in SLR parse-tables

When reduce actions are added to SLR parse-tables, we might add one
to a place

where there is already a shift action, or we may add reduce actions for
several

differentproductionstothesameplace.
Wheneitherofthishappens,wenolonger

have a unique choice of action, i.e., we have a conflict. The first situation
is called

a shift-reduce conflict and the other case a reduce-reduce conflict. Both
may occur

inthesameplace.

Conflicts are often caused by ambiguous grammars, but (as is the case
for LL-

parsers) even some non-ambiguous grammars may generate conflicts. If
a conflict

is caused by an ambiguous grammatr, it is usually (but not always)
possible to find

anequivalentunambiguousgrammar.
Methodsforeliminatingambiguityweredis-

cussedinsections3.4and3.5.
Alternatively,operatorprecedencedeclarationsmay



beusedtodisambiguateanambiguousgrammar,asweshallseeinsection3.16.
ButevenunambiguousgrammarsmayinsomecasesgenerateconflictsinSLR-

tables. In some cases, it is still possible to rewrite the grammar to get
around

the problem, but in a few cases the language simply is not SLR. Rewriting
an
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1. Addtheproduction So — S,where S isthestartsymbolofthegrammar.

2. MakeanNFAfortheright-handsideofeachproduction.

3. IfanNFAstate s hasanoutgoingtransitiononanonterminal N,addepsilon-

transitions from s to the starting states of the NFAs for the right-hand
sides

oftheproductionsfor N.

4. Convert the combined NFA to a DFA. Use the starting state of the NFA
for

theproductionaddedinstep1asthestartingstateforthecombinedNFA.

5. Build a table cross-indexed by the DFA states and grammar symbols
(ter-

minals including $ and nonterminals). Add shift actions for transitions on
terminalsand go actionsfortransitionsonnonterminals.

6. Calculate FOLLOW foreachnonterminal.
Forthispurpose,weaddonemore

startproduction: Soo — So$.

7. When a DFA state contains an accepting NFA state marked with
production

number p,wherethenonterminalfor p is N,findthesymbolsin FOLLOW(N)
andadda reducep actionintheDF Astateatallthesesymbols. Ifproduction

p istheproductionaddedinstep1,addan accept actioninsteadofa reducep



action.
Figure3.29: SummaryofSLRparse-tableconstruction

unambiguousgrammartoeliminateconflictsissomewhatofanart.
Investigationof

the NFA states that form the problematic DFA state will often help
identifying the

exact nature of the problem, which is the first step towards solving it.
Sometimes,

changingaproductionfromleft-recursivetoright-
recursivemayhelp,eventhough

left-recursioningeneralisnotaproblemforSLR-parsers,asitisforLL(1)-
parsers.

Suggestedexercises: 3.16.

3.16 Using precedence rules in LR parse tables

Wesawinsection3.13.2,thattheconflictarisingfromthedangling-
elseambiguity

couldberemovedbyremovingoneoftheentriesintheLL(1)parsetable. Resolv-

ing ambiguity by deleting conflicting actions can also be done in SLR-
tables. In

general, there are more cases where this can be done successfully for
SLR-parsers

thanforLL(1)-parsers.
Inparticular,ambiguityinexpressiongrammarslikegram-
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mar3.2canbeeliminatedthiswayinanSLRtable,butnotinanLL(1)table. Most

LR-
parsergeneratorsallowdeclarationsofprecedenceandassociativityfortokens

used as infix-operators. These declarations are then used to eliminate
conflicts in

theparsetables.
Thereareseveraladvantagestothisapproach:

- Ambiguous expression grammars are more compact and easier to read
than

unambiguousgrammarsinthestyleofsection3.4.1.

- The parse tables constructed from ambiguous grammars are often
smaller

thantablesproducedfromequivalentunambiguousgrammars.

- Parsing using ambiguous grammars is (slightly) faster, as fewer
reductions

oftheform Exp2 — Exp3 etc. arerequired.

Using precedence rules to eliminate conflicts is very simple. Grammar 3.2
will

generateseveralconflicts:
1) Aconflictbetweenshiftingon + andreducingbytheproduction
Exp — Exp+EXxp.

2) Aconflictbetweenshiftingon + andreducingbytheproduction



Exp — Exp*Exp.
3) Aconflictbetweenshiftingon * andreducingbytheproduction
Exp — Exp+Exp.
4) Aconflictbetweenshiftingon * andreducingbytheproduction
Exp — Exp*Exp.

Andseveralmoreofsimilarnatureinvolving - and /,foratotalof16conflicts.
Let

us take each of the four conflicts above in turn and see how precedence
rules can

be used to eliminate them. We use the rules that + and * are both left-
associative

andthat * bindsmorestronglythan +.

1) This conflict arises from expressions like a+b+c. After having read
a+b, the

nextinputsymbolisa +. Wecannoweitherchoosetoreduce a+b,grouping

around the first addition before the second, or shift on the plus, which
will

later lead to b+c being reduced and hence grouping around the second
addi-

tion before the first. Since the rules give that + is left-associative, we
prefer

thefirstoftheseoptionsand,hence,eliminatetheshift-actionfromthetable

andkeepthereduce-action.
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2) The offending expressions here have the form a*b+c. Since the rules
make

multiplication bind stronger than addition, we, again, prefer reduction
over

shifting.

3) Inexpressionsoftheform a+b*c,therules,again,makemultiplicationbind
stronger,sowedoashifttoavoidgroupingaroundthe + operatorand,hence,
eliminatethereduce-actionfromthetable.

4) This case is identical to case 1, where an operator that by the rules is
left-

associativeconflictswithitself. We,likeincase1,handlethisbyeliminating
theshift.
Ingeneral,eliminationofconflictsbyoperatorprecedencedeclarationscanbesi
marisedintothefollowingrules:

a) Iftheconflictisbetweentwooperatorsofdifferentpriority,eliminatetheac-
tionwiththelowestpriorityoperatorinfavouroftheactionwiththehighest
priority. Theoperatorassociatedwithareduce-actionistheoperatorusedin
theproductionthatisreduced.

b) If the conflict is between operators of the same priority, the
associativity

(which must be the same, as noted in section 3.4.1) of the operators is



used:
If the operators are left-associative, the shift-action is eliminated and the
reduce-action retained. If the operators are right-associative, the reduce-

action is eliminated and the shift-action retained. If the operators are
non-

associative,bothactionsareeliminated.
c) Ifthereareseveraloperatorswithdeclaredprecedenceintheproductionthat

is used in a reduce-action, the last of these is used to determine the
prece-

denceofthereduce-action.4

Prefixandpostfixoperatorscanbehandledsimilarly.
Associativityonlyappliesto

infixoperators,soonlytheprecedenceofprefixandpostfixoperatorsmatters.

Note that only shift-reduce conflicts are eliminated by the above rules.
Some

parsergeneratorsallowalsoreduce-
reduceconflictstobeeliminatedbyprecedence

rules (in which case the production with the highest-precedence operator
is pre-

ferred),butthisisnotasobviouslyusefulastheabove.

The dangling-else ambiguity (section 3.5) can also be eliminated using
prece-

dence rules. If we have read if Exp then Stat and the next symbol is a
else,

we want to shift on else, so the else will be associated with the then.



If we,

instead, reduced on the production Stat — if Exp then Stat, we would
lose this

association. Giving else a higher precedence than then or giving them
the same

4Usingseveraloperatorswithdeclaredprioritiesinthesame productionshouldbedonewithcare.
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precedence and making them right-associative will ensure that a shift is
made on

else whenweneedit.

Not all conflicts should be eliminated by precedence rules. If you blindly
add

precedence rules until no conflicts are reported, you risk disallowing also
legal

strings,sotheparserwillacceptonlyasubsetoftheintendedlanguage.
Normally,

youshouldonlyuseprecedencedeclarationstospecifyoperatorhierarchies,ur
youhaveanalysedtheparseractionscarefullyandfoundthatthereisnoundesir:
consequencesofaddingtheprecedencerules.

Suggestedexercises: 3.18.

3.17 Using LR-parser generators

MostLR-
parsergeneratorsuseanextendedversionoftheSLRconstructioncalled

LALR(1). The “LA” in the abbreviation is short for “lookahead” and the
(1) indi-

catesthatthelookaheadisonesymbol,i.e.,thenextinputsymbol.

We have chosen to present the SLR construction instead of the LALR(1)
con-

structionforseveralreasons:



- ltissimpler.
- Inpractice,LALR(1)handlesonlyafewmoregrammarsthanSLR.

- When a grammar is in the SLR class, the parse-table produced by an
SLR

parser generator is identical to the table produced by an LALR(1) parser
generator.
- UnderstandingofSLRprinciplesissufficienttoknowhowtohandleagram-

mar rejected by a LALR(1) parser generator by adding precedence
declara-

tionsorbyrewritingthegrammar.

In short, knowledge of SLR parsing is sufficient when using LALR(1)
parser gen-

erators.

MostLR-parsergeneratorsorganisetheirinputinseveralsections:

- Declarationsoftheterminalsandnonterminalsused.

- Declarationofthestartsymbolofthegrammar.

- Declarationsofoperatorprecedence.

- Theproductionsofthegrammar.

- Declarationofvariousauxiliaryfunctionsanddata-typesusedintheactions

(seebelow).
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3.17.1 Declarations and actions

Each nonterminal and terminal is declared and associated with a data-
type. For a

terminal,thedata-
typeisusedtoholdthevaluesthatareassociatedwiththetokens

that come from the lexer, e.g., the values of numbers or names of
identifiers. For

a nonterminal, the type is used for the values that are built for the
nonterminals

duringparsing(atreduce-actions).

While, conceptually, parsing a string produces a syntax tree for that
string,

parser generators usually allow more control over what is actually
produced. This

is done by assigning an action to each production. The action is a piece
of pro-

gram text that is used to calculate the value of a production that is being
reduced

by using the values associated with the symbols on the right-hand side.
For ex-

ample, by putting appropriate actions on each production, the numerical
value of

an expression may be calculated as the result of parsing the expression.
Indeed,



compilerscanbemadesuchthatthevalueproducedduringparsingisthecompil
codeofaprogram. Forallbutthesimplestcompilersitis,however,bettertobuild

some kind of syntax representation during parsing and then later operate
on this

representation.

3.17.2 Abstract syntax

The syntax trees described in section 3.3.1 are not always optimally
suitable for

compilation. They contain a lot of redundant information: Parentheses,
keywords

used for grouping purposes only, and so on. They also reflect structures
in the

grammar that are only introduced to eliminate ambiguity or to get the
grammar

accepted by a parser generator (such as left-factorisation or elimination
of left-

recursion). Hence, abstractsyntax iscommonlyused.
Abstractsyntaxkeepstheessenceofthestructureofthetextbutomitstheirrele-

vantdetails. An abstractsyntaxtree
isatreestructurewhereeachnodecorresponds

to one or more nodes in the (concrete) syntax tree. For example, the
concrete syn-

tax tree shown in figure 3.12 may be represented by the following
abstract syntax

tree:



PlusExp
d
d
NumExp(2) MulExp
d
d

NumExp(3) NumExp(4)

Herethenames PlusExp, MulExp and NumExp maybeconstructorsinadata-
type,

theymaybeelementsfromanenumeratedtypeusedastagsinaunion-
typeorthey
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maybenamesofsubclassesofan Exp class.
Thenamesindicatewhichproduction

ischosen,sothereisnoneedtokeepthesubtreesthatareimpliedbythechoiceof

production,suchasthesubtreefromfigure3.12thatholdsthesymbol +.
Likewise,

the sequence of nodes Exp, Exp2, Exp3, 2 at the left of figure 3.12 are
combined

to a single node NumExp(2) that includes both the choice of productions
for Exp,

Exp2 and Exp3 and the value of the terminal node. In short, each node in
the

abstractsyntaxtreecorrespondstooneormorenodesintheconcretesyntaxtre
A designer of a compiler or interpreter has much freedom in the choice of

abstractsyntax.
Someuseabstractsyntaxthatretainallofthestructureofthecon-

crete syntax trees plus additional positioning information used for error-
reporting.

Otherspreferabstractsyntaxthatcontainsonlytheinformationnecessaryforc

pilation or interpretation, skipping parentheses and other (for compilation
or inter-

pretation)irrelevantstructure,likewedidabove.

Exactly how the abstract syntax tree is represented and built depends on
the



parser generator used. Normally, the action assigned to a production can
access

thevaluesoftheterminalsandnonterminalsontheright-
handsideofaproduction

throughspeciallynamedvariables(oftencalled $1, $2, etc.)
andproducesthevalue

for the node corresponding to the left-hand-side either by assigning it to
a special

variable($0)orlettingitbethevalueofanactionexpression.

The data structures used for building abstract syntax trees depend on
the lan-

guage. Moststaticallytypedfunctionallanguagessupporttree-
structureddatatypes

with named constructors. In such languages, it is natural to represent
abstract syn-

taxbyonedatatypepersyntacticcategory(e.g., Exp
above)andoneconstructorfor

eachinstanceofthesyntacticcategory(e.g., PlusExp, NumExp and MulExp
above).

In Pascal, each syntactic category can be represented by a variant
record type and

each instance as a variant of that. In C, a syntactic category can be
represented

byaunionofstructs,eachstructrepresentinganinstanceofthesyntacticcategc

andtheunioncoveringallpossibleinstances. Inobject-
orientedlanguagessuchas



Java,asyntacticcategorycanberepresentedasanabstractclassorinterfacewl
eachinstanceinasyntacticcategoryisaconcreteclassthatimplementstheabst
classorinterface.

In most cases, it is fairly simple to build abstract syntax using the actions
for

theproductionsinthegrammar.
Itbecomescomplexonlywhentheabstractsyntax

treemusthaveastructurethatdiffersnontriviallyfromtheconcretesyntaxtree.

One example of this is if left-recursion has been eliminated for the
purpose of

making an LL(1) parser. The preferred abstract syntax tree will in most
cases be

similartotheconcretesyntaxtreeoftheoriginalleft-
recursivegrammarratherthan

thatofthetransformedgrammar. Asanexample,theleft-recursivegrammar
E — E + num

E - num
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getstransformedbyleft-recursioneliminationinto
E — numEo

Eo — +numEo

Eo —

Which yields a completely different syntax tree. We can use the actions
assigned

totheproductionsinthetransformedgrammartobuildanabstractsyntaxtreeth
reflectsthestructureintheoriginalgrammar.

In the transformed grammar, Eo should return an abstract syntax tree
with a

hole. The intention is that this hole will eventually be filled by another
abstract

syntaxtree:
- Thesecondproductionfor Eo returnsjustahole.

- In the first production for Eo, the + and hum terminals are used to
produce

a tree for a plus-expression (i.e., a PlusExp node) with a hole in place of

the first subtree. This tree is used to fill the hole in the tree returned by
the

recursive use of Eo, so the abstract syntax tree is essentially built
outside-in.

Theresultisanewtreewithahole.

- In the production for E, the hole in the tree returned by the Eo



nonterminal
is filled by a NumExp node with the number that is the value of the num
terminal.

The best way of building trees with holes depends on the type of
language used to

implement the actions. Let us first look at the case where a functional
language is

used.
Theactionsshownbelowfortheoriginalgrammarwillbuildanabstractsyntax
treesimilartotheoneshowninthebeginningofthissection.

E — E+ num { PlusExp ($1,NumExp ($3)) }

E — num { NumExp ($1) }

We now want to make actions for the transformed grammar that will
produce the

sameabstractsyntaxtreesasthiswill.

In functional languages, an abstract syntax tree with a hole can be
represented

by a function. The function takes as argument what should be put into
the hole

and returns a syntax tree where the hole is filled with this argument. The
hole is

represented by the argument variable of the function. We can write this
as actions

tothetransformedgrammar:



E — numEo{ $2 (NumExp ($1)) }
Eo — +numEo{ Ax. $3 (PlusExp (x,NumExp ($2))) }

Eo—- {Ax.x }
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where Ax.e isanamelessfunctionthattakes x
asargumentandreturnsthevalueof

theexpression e. Theemptyproductionreturnstheidentityfunction,
whichworks

like a top-level hole. The non-empty production for Eo applies the
function $3

returned by the Eo on the right-hand side to a subtree, hence filling the
hole in $3

by this subtree. The subtree itself has a hole x, which is filled when
applying the

functionreturnedbytheright-handside. Theproductionfor E
appliesthefunction

$2 returned by Eo to a subtree that has no holes and, hence, returns a
tree with no

holes.

In SML, Ax.e is written as fn x => e, in Haskellas \x -> e and in
Scheme

as (lambda (x) e).
Theimperativeversionoftheactionsintheoriginalgrammaris
E—-E+num{$0 = PlusExp($1,NumExp ($3)) }

E - num{$0 = NumExp ($1) }

Inthissetting, NumExp and PlusExp
arenotconstructorsbutfunctionsthatallocate

and build node and return pointers to these. Unnamed functions of the



kind used

in the above solution for functional languages can not be built in most
imperative

languages,soholesmustbeanexplicitpartofthedata-
typethatisusedtorepresent

abstract syntax. These holes will be overwritten when the values are
supplied. Eo

will, hence, return a record holding both an abstract syntax tree (in a
field named

tree)andapointertotheholethatshouldbeoverwritten(inafieldnamed hole).
Asactions(usingC-stylenotation),thisbecomes

E — numEo{ $2->hole = NumExp ($1) ;

$0 = $2.tree }

Eo — +numEo{ $0.hole = makeHole() ;

$3->hole = PlusExp($0.hole,NumExp ($2)) ;

$0.tree = $3.tree }

Eo — { $0.hole = makeHole() ;

$0.tree = $0.hole }

This may look bad, but left-recursion removal is rarely needed when
using LR-

parsergenerators.
Analternativeapproachistolettheparserbuildanintermediate(semi-abstract)

syntax tree from the transformed grammar, and then let a separate pass
restructure



the intermediate syntax tree to produce the intended abstract syntax.
Some LL(1)

parser generators can remove left-recursion automatically and will
afterwards re-

structurethesyntaxtreesoitfitstheoriginalgrammar.
3.17.3 Conflict handling in parser generators

For all but the simplest grammars, the user of a parser generator should
expect

conflictstobereportedwhenthegrammarisfirstpresentedtotheparsergenerat
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NFA-state Textualrepresentation

AT -> . T

BT ->T .
CT -> . R
DT -> R .

ET -> . aTc
FT -> a . Tc
GT -> aT . ¢
HT -> aTc .
IR -> .

JR -> . bR

KR ->b . R
LR -> bR .

Figure3.30: TextualrepresentationofNFAstates

These conflicts can be caused by ambiguity or by the limitations of the
parsing

method. In any case, the conflicts can normally be eliminated by rewriting
the

grammarorbyaddingprecedencedeclarations.



Most parser generators can provide information that is useful to locate
where

inthegrammartheproblemsare.
Whenaparsergeneratorreportsconflicts,itwill

tellinwhichstateinthetabletheseoccur.
Thisstatecanbewrittenoutina(barely)

human-readable form as a set of NFA-states. Since most parser
generators rely on

pure ASCII, they can not actually draw the NFAs as diagrams. Instead,
they rely

on the fact that each state in the NFA corresponds to a position in a
production in

thegrammar. Ifwe,forexample,lookattheNFAstatesinfigure3.26,thesewould
bewrittenasshowninfigure3.30. Notethata‘.’ isusedtoindicatethepositionof

the state in the production. State 4 of the table in figure 3.28 will hence
be written

as

R ->Db R
R ->

R -> . bR

The set of NFA states, combined with information about on which
symbols a con-

flictoccurs,canbeusedtofindaremedy;, e.g.
byaddingprecedencedeclarations.

If all efforts to get a grammar through a parser generator fails, a practical
so-



lution may be to change the grammar so it accepts a larger language
than the in-

tended language and then post-process the syntax tree to reject “false
positives”.

This elimination can be done at the same time as type-checking (which,
too, may

rejectprograms).
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Some languages allow programs to declare precedence and associativity
for

user-definedoperators.
Thiscanmakeitdifficulttohandleprecedenceduringpars-

ing, as the precedences are not known when the parser is generated. A
typical

solutionistoparsealloperatorsusingthesameprecedenceandthenrestructure

syntaxtreeafterwards. Seeexercise3.20forotherapproaches.

3.18 Properties of context-free languages

In section 2.10, we described some properties of regular languages.
Context-free

languagessharesome,butnotall,ofthese.

For regular languages, deterministic (finite) automata cover exactly the
same

class of languages as nondeterministic automata. This is not the case for
context-

free languages: Nondeterministic stack automata do indeed cover all
context-free

languages,butdeterministicstackautomatacoveronlyastrictsubset.
Thesubsetof

context-free languages that can be recognised by deterministic stack
automata are

called deterministic context-free languages. Deterministic context-free



languages

canberecognisedbyLRparsers.
Wehavenotedthatthebasiclimitationofregularlanguagesisfiniteness: Afi-
niteautomatoncannotcountunboundedlyandhencecannotkeeptrackofmatcl

ing parentheses or similar properties. Context-free languages are
capable of such

counting,essentiallyusingthestackforthispurpose.
Evenso,therearelimitations:

A context-free language can only keep count of one thing at a time, so
while it is

possible (even trivial) to describe the language {anbn| n > 0} by a
context-free

grammar, the language {anbncn| n > 0} is not a context-free language.
The in-

formation kept on the stack follows a strict LIFO order, which further
restricts the

languagesthatcanbedescribed.
Itis,forexample,trivialtorepresentthelanguage

of palindromes (strings that read the same forwards and backwards) by a
context-

free grammar, but the language of strings that can be constructed by
repeating a

stringtwiceisnotcontext-free.

Context-freelanguagesare,asregularlanguages,closedunderunion:
ltiseasy

to construct a grammar for the union of two languages given grammars



for each

of these. Context-free languages are also closed under prefix, suffix,
subsequence

and reversal. Indeed, the language consisting of all subsequences of a
context-free

languageisactuallyregular. However,context-freelanguagesare not
closedunder

intersection or complement. For example, the languages {anbncm| m,n >
0} and

{ambncn | m,n > 0} arebothcontext-freewhiletheirintersection {anbncn| n >
0}

is not, and the complement of the language described by the grammar in
sec-

tion3.11isnotacontext-freelanguage.
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3.19 Further reading

Context-
freegrammarswerefirstproposedasanotationfordescribingnaturallan-

guages (e.g., English or French) by the linguist Noam Chomsky [14], who
defined

this as one of three grammar notations for this purpose. The qualifier
“context-

free”distinguishesthisnotationfromtheothertwogrammarnotations,whichwi

called “context-sensitive” and “unconstrained”. In context-free
grammars, deriva-

tion of a nonterminal is independent of the context in which the terminal
occurs,

whereas the context can restrict the set of derivations in a context-
sensitive gram-

mar. Unrestricted grammars can use the full power of a universal
computer, so

theserepresentallcomputablelanguages.
Context-freegrammarsareactuallytooweaktodescribenaturallanguages,but

were adopted for defining the Algol60 programming language [16]. Since
then,

variants of this notation has been used for defining or describing almost
all pro-

gramminglanguages.



Some languages have been designed with specific parsing methods in
mind:

Pascal [20] has been designed for LL(1) parsing while C [25] was
originally de-

signedtofitLALR(1)parsing,butthispropertywaslostinsubsequentversionso
thelanguage.

Most parser generators are based on LALR(1) parsing, but a few use
LL(1)

parsing. AnexampleofthisisSANTLR(http://www.antlr.org/).
“TheDragonBook”[4]tellsmoreaboutparsingmethodsthanthepresentbook.
Severaltextbooks, e.g.,[19]describepropertiesofcontext-freelanguages.

The methods presented here for rewriting grammars based on operator
prece-

dence uses only infix operators. If prefix or postfix operators have higher
prece-

dence than all infix operators, the method presented here will work (with
trivial

modifications), but if there are infix operators that have higher
precedence than

some prefix or postfix operators, it breaks down. A method for handling
arbitrary

precedencesofinfix,prefixandpostfixoperatorsispresentedin[1].

Exercises

Exercise 3.1



Figures 3.7 and 3.8 show two different syntax trees for the string
aabbbcc us-

ing grammar 3.4. Draw a third, different syntax tree for aabbbcc using
the same

grammarandshowtheleft-derivationthatcorrespondstothissyntaxtree.
Exercise 3.2

Drawthesyntaxtreeforthestring aabbbcc usinggrammar3.9.
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Exercise 3.3

Write an unambiguous grammar for the language of balanced
parentheses, i.e. the

languagethatcontains(amongother)thesequences
£ (i.e. theemptystring)
()

(())

()

(O(0)
butnoneofthefollowing
(

)

)(

()

00)

Exercise 3.4
Writegrammarsforeachofthefollowinglanguages:

a) Allsequencesof asand bsthatcontainthesamenumberof asand bs(inany

order).



b) Allsequencesof asand bsthatcontainstrictlymore asthan bs.
c) Allsequencesof asand bsthatcontainadifferentnumberof asand bs.

d) Allsequencesof asand bsthatcontaintwiceasmany asas bs.

Exercise 3.5

We extend the language of balanced parentheses from exercise 3.3 with
two sym-

bols: [ and ]. [ corresponds to exactly two normal opening
parentheses and ]

corresponds to exactly two normal closing parentheses. A string of
mixed paren-

theses is legal if and only if the string produced by replacing [ by ((
and ] by))

isabalancedparenthesessequence. Examplesoflegalstringsare
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£

00

((]

[]

[) (]

[(1)

a) Writeagrammarthatrecognisesthislanguage.

b) Drawthesyntaxtreesfor [) (1 and [(]).

Exercise 3.6

Showthatthegrammar

A- —-A

A-A-id

A - id

isambiguousbyfindingastringthathastwodifferentsyntaxtrees.
Nowmaketwodifferentunambiguousgrammarsforthesamelanguage:

a) Onewhereprefixminusbindsstrongerthaninfixminus.

b) Onewhereinfixminusbindsstrongerthanprefixminus.
Showthesyntaxtreesusingthenewgrammarsforthestringyouusedtoproveth

originalgrammarambiguous.



Exercise 3.7

Ingrammar3.2,replacetheoperators — and / by < and.:.
Thesehavethefollowing

precedencerules:

< isnon-associativeandbindslesstightlythan + butmoretightlythan:.

: isright-associativeandbindslesstightlythananyotheroperator.
Writeanunambiguousgrammarforthismodifiedgrammarusingthemethodshc
insection3.4.1. Showthesyntaxtreefor2:3 < 4+5:6x 7usingtheunambiguous

grammar.
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Exercise 3.8

Extendgrammar3.13withtheproductions

Exp — id

Matched —

thencalculate Nullable and FIRST foreveryproductioninthegrammar.

Add an extra start production as described in section 3.10 and calculate
FOL-

LOW foreverynonterminalinthegrammar.
Exercise 3.9

Calculate Nullable, FIRST and FOLLOW forthenonterminals A and B
inthegram-

mar
A — BAa
A —

B — bBc
B - AA

Remember to extend the grammar with an extra start production when
calculating

FOLLOW.

Exercise 3.10



Eliminateleft-recursionfromgrammar3.2.

Exercise 3.11

Calculate Nullable and FIRST foreveryproductioningrammar3.20.
Exercise 3.12

Addanewstartproduction Expo —
Exp$tothegrammarproducedinexercise3.10

andcalculate FOLLOW forallnonterminalsintheresultinggrammar.
Exercise 3.13

MakealLL(1)parser-tableforthegrammarproducedinexercise3.12.
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Exercise 3.14
Considerthefollowinggrammarforpostfixexpressions:

E - EE +

E — EE x

E — num

a) Eliminateleft-recursioninthegrammar.

b) Doleft-factorisationofthegrammarproducedinquestiona.

c) Calculate Nullable, FIRST foreveryproductionand FOLLOW
foreverynon-

terminalinthegrammarproducedinquestionb.

d) MakealLL(1)parse-tableforthegrammarproducedinquestionb.

Exercise 3.15
Extendgrammar3.11withanewstartproductionasshowninsection3.15andcal

culate FOLLOW foreverynonterminal.
Remembertoaddanextrastartproduction

forthepurposeofcalculating FOLLOW asdescribedinsection3.10.
Exercise 3.16
MakeNFAs(asinfigure3.26)fortheproductionsingrammar3.11(afterextending

itasshowninsection3.15)andshowtheepsilon-transitionsasinfigure3.27.
Con-



vert the combined NFA into an SLR DFA like the one in figure 3.28.
Finally, add

reduceandacceptactionsbasedonthe FOLLOW
setscalculatedinexercise3.15.

Exercise 3.17

Extend grammar 3.2 with a new start production as shown in section 3.15
and cal-

culate FOLLOW foreverynonterminal.
Remembertoaddanextrastartproduction

forthepurposeofcalculating FOLLOW asdescribedinsection3.10.

Exercise 3.18
MakeNFAs(asinfigure3.26)fortheproductionsingrammar3.2(afterextendingi

asshowninsection3.15)andshowtheepsilon-transitionsasinfigure3.27.
Convert

thecombinedNFAintoanSLRDFAliketheoneinfigure3.28. Addreduceactions

based on the FOLLOW sets calculated in exercise 3.17. Eliminate the
conflicts in

thetablebyusingoperatorprecedencerulesasdescribedinsection3.16.
Compare

thesizeofthetabletothatfromexercise3.16.
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Exercise 3.19

Considerthegrammar

T-T->T

T-T*T

T — int

where -> isconsideredasingleterminalsymbol.

a) Addanewstartproductionasshowninsection3.15.

b) Calculate FOLLOW(T).Remembertoaddanextrastartproduction.
c) ConstructanSLRparser-tableforthegrammar.

d) Eliminateconflictsusingthefollowingprecedencerules:
- * bindstighterthan ->.

- * jsleft-associative.

- => isright-associative.

Exercise 3.20

In section 3.17.3 it is mentioned that user-defined operator precedences
in pro-

gramming languages can be handled by parsing all operators with a
single fixed

precedence and associativity and then using a separate pass to
restructure the syn-



taxtreetoreflectthedeclaredprecedences.
Belowaretwoothermethodsthathave

beenusedforthispurpose:

a) An ambiguous grammar is used and conflicts exist in the SLR table.
When-

ever a conflict arises during parsing, the parser consults a table of
prece-

dencestoresolvethisconflict. Theprecedencetableisextendedwhenevera
precedencedeclarationisread.

b) A terminal symbol is made for every possible precedence and
associativity

combination. A conflict-free parse table is made either by writing an
unam-

biguous grammar or by eliminating conflicts in the usual way. The lexical
analyserusesatableofprecedencestoassignthecorrectterminalsymbolto
eachoperatoritreads.

Compare all three methods. What are the advantages and disadvantages
of each

method?.
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Exercise 3.21

Considerthegrammar

A — aAa

A — bAb

A -

a) Describethelanguagethatthegrammardefines.

b) Isthegrammarambiguous? Justifyyouranswer.

c) ConstructaSLRparsetableforthegrammar.

d) Cantheconflictsinthetablebeeliminated?

Exercise 3.22
Thefollowingambiguousgrammardescribesbooleanexpressions:

B — true

B — false

B-BVvB

B-BAB

B--B

B—- (B)

a) Giventhatnegation(=)bindstighterthanconjunction(A)whichbindstighter
than disjunction (V) and that conjunction and disjunction are both right-

associative,rewritethegrammartobeunambiguous.



b) Write a grammar that accepts only true boolean expressions. Hint: Use
the answer from question a) and add an additional nonterminal F for false

booleanexpressions.
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Chapter 4
Scopes and Symbol Tables

4.1 Introduction

Animportantconceptinprogramminglanguagesistheabilityto name
objectssuch

asvariables,functionsandtypes. Eachsuchnamedobjectwillhavea
declaration,

wherethenameisdefinedasasynonymfortheobject. Thisiscalled binding.
Each

namewillalsohaveanumberof uses,wherethenameisusedasareferencetothe
objecttowhichitisbound.

Often, the declaration of a name has a limited scope: a portion of the
program

where the name will be visible. Such declarations are called local
declarations,

whereas a declaration that makes the declared name visible in the entire
program

is called global. It may happen that the same name is declared in several
nested

scopes. In this case, it is normal that the declaration closest to a use of
the name

will be the one that defines that particular use. In this context closest is
related to

the syntax tree of the program: The scope of a declaration will be a sub-
tree of



the syntax tree and nested declarations will give rise to scopes that are
nested sub-

trees. The closest declaration of a name is hence the declaration
corresponding to

thesmallestsub-treethatenclosestheuseofthename.
Asanexample,lookatthis

Cstatementblock:
{

int x = 1;

int y = 2;

{

double x = 3.14159265358979;
y += (int)=x;

}

y += x;

}

113
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The two lines immediately after the first opening brace declare integer
variables x

and y with scope until the closing brace in the last line. A new scope is
started by

thesecondopeningbraceandafloating-pointvariable x
withaninitialvalueclose

to 1 is declared. This will have scope until the first closing brace, so the
original x

variable is not visible until the inner scope ends. The assignment y +=
(int) x;

will add 3 to y, so its new value is 5. In the next assignmenty += x;, we
have

exited the inner scope, so the original x is restored. The assignment will,
hence,

add1to y,whichwillhavethefinalvalue6.

Scoping based on the structure of the syntax tree, as shown in the
example, is

called static or lexical binding and is the most common scoping rule in
modern

programminglanguages.
Weuwillintherestofthischapter(indeed,therestofthis

book) assume that static binding is used. A few languages have dynamic
binding,

where the declaration that was most recently encountered during
execution of the



program defines the current use of the name. By its nature, dynamic
binding can

not be resolved at compile-time, so the techniques that in the rest of this
chapter

are described as being used in a compiler will have to be used at run-time
if the

languageusesdynamicbinding.

A compiler will need to keep track of names and the objects these are
bound

to, so that any use of a name will be attributed correctly to its
declaration. This is

typicallydoneusinga symboltable (or environment,asitissometimescalled).

4.2 Symbol tables

A symbol table is a table that binds names to information. We need a
number of

operationsonsymboltablestoaccomplishthis:

- Weneedan empty symboltable,inwhichnonameisdefined.

- Weneedtobeableto bind anametoapieceofinformation. Incasethename
isalreadydefinedinthesymboltable,thenewbindingtakesprecedenceover
theold.

- Weneedtobeableto lookup anameinasymboltabletofindtheinformation
thenameisboundto. Ifthenameisnotdefinedinthesymboltable,weneed
tobetoldthat.

- Weneedtobeableto enter anewscope.



- Weneedtobeableto exit ascope,reestablishingthesymboltabletowhatit

wasbeforethescopewasentered.
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4.2.1 Implementation of symbol tables

There are many ways to implement symbol tables, but the most important
distinc-

tion between these is how scopes are handled. This may be done using a
per-

sistent (or functional) data structure, or it may be done using an
imperative (or

destructively-updated)datastructure.

A persistent data structure has the property that no operation on the
structure

will destroy it. Conceptually, a new modified copy is made of the data
structure

whenever an operation updates it, hence preserving the old structure
unchanged.

Thismeansthatitistrivialtoreestablishtheoldsymboltablewhenexitingascope

as it has been preserved by the persistent nature of the data structure. In
practice,

onlyasmallportionofthedatastructureiscopiedwhenasymboltableisupdated,
mostissharedwiththepreviousversion.
Intheimperativeapproach,onlyonecopyofthesymboltableexists,soexplicit

actions are required to store the information needed to restore the
symbol table to

a previous state. This can be done by using an auxiliary stack. When an
update



is made, the old binding of a name that is overwritten is recorded
(pushed) on the

auxiliary stack. When a new scope is entered, a marker is pushed on the
auxiliary

stack. When the scope is exited, the bindings on the auxiliary stack
(down to the

marker) are used to reestablish the old symbol table. The bindings and
the marker

arepoppedofftheauxiliarystackintheprocess,returningtheauxiliarystacktott
stateitwasinbeforethescopewasentered.
Below,wewilllookatsimpleimplementationsofbothapproachesanddiscuss

how more advanced approaches can overcome some of the efficiency
problems

withthesimpleapproaches.
4.2.2 Simple persistent symbol tables

In functional languages like SML, Scheme or Haskell, persistent data
structures

are the norm rather than the exception (which is why persistent data
structures are

sometimes called functional data structures). For example, when a new
element is

added to the front of a list or an element is taken off the front of the list,
the old

list still exists and can be used elsewhere. A list is a natural way to
implement

a symbol table in a functional language: A binding is a pair of a name and



its

associated information, and a symbol table is a list of such pairs. The
operations

areimplementedinthefollowingway:
empty: Anemptysymboltableisanemptylist.
binding: Anewbinding(name/informationpair)isadded(consed)tothefrontof

thelist.
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lookup: The list is searched until a pair with a matching name is found.
The

information paired with the name is then returned. If the end of the list is
reached,anindicationthatthishappenedisreturnedinstead. Thisindication
canbemadebyraisinganexceptionorbylettingthelookupfunctionreturn

a special value representing “not found”. This requires a type that can
hold

bothnormalinformationandandthisspecialvalue, i.e.,asum-type.
enter: Theoldlistisremembered, i.e.,areferenceismadetoit.
exit: Theoldlistisrecalled, i.e.,theabovereferenceisused.

The latter two operations are not really explicit operations, as the
variable used to

hold the symbol table before entering a new scope will still hold the same
symbol

tableafterthescopeisexited.
Soallthatisneededisavariabletohold(areference

to)thesymboltable.

As new bindings are added to the front of the list and the list is searched
from

the front to the back, bindings in inner scopes will automatically take
precedence

overbindingsinouterscopes.

Anotherfunctionalapproachtosymboltablesisusingfunctions: Asymbolta-



bleisquitenaturallyseenasafunctionfromnamestoinformation.
Theoperations

are.

empty: An empty symbol table is a function that returns an error
indication (or

raisesanexception)nomatterwhatitsargumentis.

binding: Adding a binding of the name n to the information i in a
symbol table

t is done by defining a new symbol-table function toin terms t and the
new

binding. When to iscalledwithaname n1 asargument, itcompares nl1 to n.
Iftheyareequal, to returnstheinformation i. Otherwise, to calls t with n1 as
argumentandreturnstheresultthatthiscallyields. InStandardML,wecan
defineabindingfunctionthisway:

bind (n,i,t) = £fn nl => if nl=n then i else t nl

lookup: Thesymbol-tablefunctioniscalledwiththenameasargument.

enter: Theoldfunctionisremembered(referenced).

exit: Theoldfunctionisrecalled(byusingareference).

Again,thelattertwooperationsaremostlyimplicit.
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4.2.3 A simple imperative symbol table

Imperative symbol tables are natural to use if the compiler is written in an
imper-

ative language. A simple imperative symbol table can be implemented as
a stack,

whichworksinawaysimilartothelist-basedfunctionalimplementation:
empty: Anemptysymboltableisanemptystack.
binding: Anewbinding(name/informationpair)ispushedontopofthestack.

lookup: Thestackissearchedtop-to-bottomuntilamatchingnameisfound.
The

informationpairedwiththenameisthenreturned. Ifthebottomofthestack
isreached,weinsteadreturnanerror-indication.
enter: Wepushamarkeronthetopofthestack.

exit: We pop bindings from the stack until a marker is found. This is also
popped

fromthestack.

Note that since the symbol tabe is itself a stack, we don’t need the
auxiliary stack

mentionedinsection4.2.1.

This is not quite a persistent data structure, as leaving a scope will
destroy its

symboltable.



Forsimplelanguages,thiswon’tmatter,asascopeisn’tneededagain

afteritisexited.
Butlanguagefeaturessuchasclasses,modulesandlexicalclosures

canrequiresymboltablestopersistaftertheirscopeisexited.
Inthesecases,areal

persistentsymboltablemustbeused,ortheneededpartsofthesymboltablemus
becopiedandstoredforlaterretrievalbeforeexitingascope.
4.2.4 Efficiency issues

While all of the above implementations are simple, they all share the
same effi-

ciencyproblem: Lookupisdonebylinearsearch,sotheworst-
casetimeforlookup

isproportionaltothesizeofthesymboltable. Thisismostlyaprobleminrelation

to libraries: It is quite common for a program to use libraries that define
literally

hundredsofnames.

A common solution to this problem is hashing: Names are hashed
(processed)

into integers, which are used to index an array. Each array element is
then a linear

list of the bindings of names that share the same hash code. Given a
large enough

hash table, these lists will typically be very short, so lookup time is
basically con-

stant.



Using hash tables complicates entering and exiting scopes somewhat.
While

eachelementofthehashtableisalistthatcanbehandledlikeinthesimplecases,

doing this for all the array-elements at every entry and exit imposes a
major over-

head. Instead, it is typical for imperative implementations to use a single
auxiliary
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stack (as described in section 4.2.1) to record all updates to the table so
they can

be undone in time proportional to the number of updates that were done
in the lo-

cal scope. Functional implementations typically use persistent hash-
tables, which

eliminatestheproblem.

4.2.5 Shared or separate name spaces

In some languages (like Pascal) a variable and a function in the same
scope may

have the same name, as the context of use will make it clear whether a
variable or

afunctionisused. Wesaythatfunctionsandvariableshave
separatenamespaces,

which means that defining a name in one space doesn’t affect the same
name in

the other space. In other languages (e.g. C or SML) the context can not
(easily)

distinguish variables from functions. Hence, declaring a local variable
might hide

afunctiondeclaredinanouterscopeorviceversa. Theselanguageshavea
shared

namespace forvariablesandfunctions.

Name spaces may be shared or separate for all the kinds of names that



can

appear in a program, e.g., variables, functions, types, exceptions,
constructors,

classes,fieldselectors etc. Whichnamespacesaresharedislanguage-
dependent.

Separatenamespacesareeasilyimplementedusingonesymboltablepername

space,whereassharednamespacesnaturallyshareasinglesymboltable.
However,

it is sometimes convenient to use a single symbol table even if there are
separate

namespaces. Thiscanbedonefairlyeasilybyaddingname-
spaceindicatorstothe

names. A name-space indicator can be a textual prefix to the name or it
may be a

tag that is paired with the name. In either case, a lookup in the symbol
table must

matchboththenameandthename-
spaceindicatorofthesymbolthatislookedup

withthenameandthename-spaceindicatoroftheentryinthetable.

Suggestedexercises: 4.1.

4.3 Further reading

Mostalgorithms-and-data-
structurestextbooksincludedescriptionsofmethodsfor

hashing strings and implementing hash tables. A description of efficient
persistent



datastructuresforfunctionallanguagescanbefoundin[37].

Exercises

Exercise 4.1

Pick some programming language that you know well and determine
which of the

following objects share name spaces: Variables, functions, procedures
and types.
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If there are more kinds of named objects (labels, data constructors,
modules, etc.)

inthelanguage,includetheseintheinvestigation.
Exercise 4.2

Implement, in a programming language of your choice, data structures
and opera-

tions(empty,binding,lookup,enterandexit)forsimplesymboltables.
Exercise 4.3

Insomeprogramminglanguages,identifiersarecase-insensitiveso, e.g.,
size and

Size refer to the same identifier. Describe how symbol tables can be
made case-

insensitive.
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Chapter 5

Interpretation

5.1 Introduction

After lexing and parsing, we have the abstract syntax tree of a program
as a data

structureinmemory.
Butaprogramneedstobeexecuted,andwehavenotyetdealt

withthatissue.
Thesimplestwaytoexecuteaprogramis interpretation. Interpretationisdone

byaprogramcalledan
interpreter,whichtakestheabstractsyntaxtreeofaprogram

and executes it by inspecting the syntax tree to see what needs to be
done. This is

similar to how a human evaluates a mathematical expression: We insert
the values

of variables in the expression and evaluate it bit by bit, starting with the
innermost

parenthesesandmovingoutuntilwehavetheresultoftheexpression.
Wecanthen

repeattheprocesswithothervaluesforthevariables.

There are some differences, however. Where a human being will copy the
text

oftheformulawithvariablesreplacedbyvaluesandthenwriteasequenceofmoré

andmorereducedcopiesofaformulauntilitisreducedtoasinglevalue,aninter-



preter will keep the formula (or, rather, the abstract syntax tree of an
expression)

unchanged and use a symbol table to keep track of the values of
variables. Instead

ofreducingaformula,theinterpreterisafunctionthattakesanabstractsyntaxtr
andasymboltableasargumentsandreturnsthevalueoftheexpressionrepresei

by the abstract syntax tree. The function can call itself recursively on
parts of the

abstract syntax tree to find the values of subexpressions, and when it
evaluates a

variable,itcanlookitsvalueupinthesymboltable.

This process can be extended to also handle statements and
declarations, but

thebasicideaisthesame:
Afunctiontakestheabstractsyntaxtreeoftheprogram

and, possibly, some extra information about the context (such as a
symbol table or

the input to the program) and returns the output of the program. Some
input and

outputmaybedoneassideeffectsbytheinterpreter.

We will in this chapter assume that the symbol tables are persistent, so
no ex-

121
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plicitactionisrequiredtorestorethesymboltablefortheouterscopewhenexitin

an inner scope. In the main text of the chapter, we don’t need to preserve
symbol

tables for inner scopes once these are exited (so a stack-like behaviour
is fine), but

inoneoftheexerciseswewillneedthis.

5.2 The structure of an interpreter

An intepreter will typically consist of one function per syntactic category.
Each

function will take as arguments an abstract syntax tree from the
syntactic category

and,possibly,extraargumentssuchassymboltables.
Eachfunctionwillreturnone

or more results, which may be the value of an expression or an updated
symbol

table.

The functions can be implemented in any language that we already have
an

implementation of. This implementation can also be an interpreter, or it
can be a

compiler that compiles to some other language. Eventually, we will need
to either

have an interpreter written in machine language or a compiler that



compiles to

machinelanguage. Chapter13willdiscusshowthiscanbedone.
Forthemoment,

we just write the interpreter functions in a notation reminiscent of a high-
level

programming language and assume an implementation exists.
Additionally, we

want to avoid being specific about how abstract syntax is represented,
so we will

useanotationthatlookslikeconcretesyntaxtorepresentabstractsyntax.

5.3 A small example language

Wewilluseasmall(somewhatcontrived)languagetoshowtheprinciplesofinter-

pretation. The language is a first-order functional language with
recursive defini-

tions. Thesyntaxisgiveningrammar5.1.
Theshowngrammarisclearlyambigu-

ous, but we assume that any ambiguities have been resolved during
parsing, so we

haveanunambiguousabstractsyntaxtree.
Intheexamplelanguage,aprogramisalistoffunctiondeclarations. Thefunc-

tions are all mutually recursive, and no function may be declared more
than once.

Each function declares its result type and the types and names of its
arguments.

There may not be repetitions in the list of parameters for a function.



Functions

and variables have separate name spaces. The body of a function is an
expression,

which may be an integer constant, a variable name, a sum-expression, a
compari-

son, a conditional, a function call or an expression with a local
declaration. Com-

parisonisdefinedbothonbooleansandintegers,butadditiononlyonintegers.

A program must contain a function called main, which has one integer
argu-

ment and which returns an integer. Execution of the program is by calling
this

function with the input (which must be an integer). The result of this
function call
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Program — Funs

Funs — Fun

Funs — FunFuns

Fun — Typeld ( Typelds ) = Exp
Typeld — int id

Typeld — bool id

Typelds — Typeld

Typelds — Typeld , Typelds

Exp — num

Exp — id

Exp — Exp + Exp

Exp — Exp = Exp

Exp — if Exp then Exp else Exp
Exp — id ( Exps )

Exp — let id= Exp in Exp

Exps — Exp

Exps — Exp , Exps

Grammar5.1: Examplelanguageforinterpretation
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istheoutputoftheprogram.

5.4 An interpreter for the example language

An interpreter for this language must take the abstract syntax tree of the
program

and an integer (the input to the program) and return another integer (the
output of

the program). Since values can be both integers or booleans, the
interpreter uses

a value type that contains both integers and booleans (and enough
information to

tell them apart). We will not go into detail about how such a type can be
defined

but simply assume that there are operations for testing if a value is a
boolean or

an integer and operating on values known to be integers or booleans. If
we during

interpretation find that we have to, say, add a boolean to an integer, we
stop the

interpretation with an error message. We do this by letting the interpreter
call a

functioncalled error().
Wewillstartbyshowinghowwecanevaluate(interpret)expressions,andthen

extendthistohandlethewholeprogram.



5.4.1 Evaluating expressions
Whenweevaluteexpressions,weneed,inadditiontotheabstractsyntaxtreeoftl

expression, also a symbol table vtable that binds variables to their
values. Addi-

tionally,weneedtobeabletohandlefunctioncalls,sowealsoneedasymboltable

ftable that binds function names to the abstract syntax trees of their
declarations.

Theresultofevaluatinganexpressionisthevalueoftheexpression.

For terminals (variable names and numeric constants) with attributes, we
as-

sume that there are predefined functions for extracting these. Hence, id
has an

associated function getname, that extracts the name of the identifier.
Similarly,

num hasafunction getvalue,thatreturnsthevalueofthenumber.
Figure5.2showsafunction Evalexp,thattakesanexpression Exp andsymbol

tables vtable and ftable and returns a value, which may be either an
integer or a

boolean. Also shown is a function Evalexps, that evaluates a list of
expressions to

alistofvalues. Wealsouseafunction Callrun thathandlesfunctioncalls.
Wewill

returntothislater.
The main part of Evalexp is a case-expression that identifies which kind of

expression the top node of the abstract syntax tree represents. The



patterns are

shown as concrete syntax, but you should think of it as pattern matching
on the

abstract syntax. The box to the right of a pattern shows the actions
needed to

evaluate the expression. These actions can refer to parts of the pattern
on the left.

An action is a sequence of definitions of local variables followed by an
expression

(in the interpreter) that evaluates to the result of the expression that was
given (in

abstractsyntax)asargumentto Evalexp.
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Evalexp(Exp,vtable, ftable)= case Exp of
num getvalue(num)

id v = lookup(vtable,getname(id))

if v=unbound

then error()

else v

Exp1+ Exp2vi1= Evalexp(Exp1,vtable, ftable)
v2 = Evalexp(Exp2,vtable, ftable)

if vt andv2 areintegers

then v1+ v2

else error()

Exp1= Exp2v1= Evalexp(Exp1,vtable, ftable)
v2 = Evalexp(Exp2,vtable, ftable)

if v1 andv2 arebothintegersorbothbooleans
then ifv1 = v2then true else false

else error()

if Exp1v1= Evalexp(Exp1,vtable, ftable)
then Exp2if viisaboolean

else Exp3then if vi=true



then Evalexp(Exp2,vtable, ftable)

else Evalexp(Exp3,vtable, ftable)

else error()

id ( Exps ) def = lookup( ftable,getname(id))
if def = unbound

then error()

else

args = Evalexps(Exps,vtable, ftable)
Callrun(def, args, ftable)

let id = Exp1v1= Evalexp(Exp1,vtable, ftable)
in Exp vtableo = bind(vtable,getname(id),v )
21

Eval (Exp ,vtableo, ftable)

Exp 2

Evalexps(Exps,vtable, ftable)= case Exps of
Exp [Evalexp(Exp,vtable, ftable)]

Exp , Exps Evalexp(Exp,vtable, ftable)

:: Evalexps(Exps,vtable, ftable)

Figure5.2: Evaluatingexpressions
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Wewillbrieflyexplaineachofthecaseshandledby Evalexp.

- The value of a number is found as the value attribute to the node in the
abstractsyntaxtree.

- The value of a variable is found by looking its name up in the symbol
table

for variables. If the variable is not found in the symbol table, the lookup-

function returns the special value unbound. When this happens, an error
is

reportedandtheinterpretationstops. Otherwise,itreturnsthevaluereturned
by lookup.

- At a plus-expression, both arguments are evaluated, then it is checked
that

they are both intergers. If they are, we return the sum of the two values.
Otherwise,wereportanerror(andstop).

- Comparison requires that the arguments have the same type. If that is
the

case,wecomparethevalues,otherwisewereportanerror.

- In a conditional expression, the condition must be a boolean. If it is, we
checkifitis true. Ifso,weevaluatethethen-branch,otherwise,weevaluate
theelse-branch. Iftheconditinisnotaboolean,wereportanerror.

- Atafunctioncall,thefunctionnameislookedupinthefunctionenvironment



tofinditsdefinition. Ifthefunctionisnotfoundintheenvironment,wereport

an error. Otherwise, we evaluate the arguments by calling Evalexps and
call

Callrun tofindtheresultofthecall.
- A let-expressiondeclaresanewvariablewithaninitialvaluedefinedbyan

expression. The expression is evaluated and the symbol table for
variables

is extended using the function bind to bind the variable to the value. The

extended table is used when evaluating the body-expression, which
defines

thevalueofthewholeexpression.

Evalexps buildsalistofthevaluesoftheexpressionsintheexpressionlist.
Theno-

tationistakenfromSML:Alistiswritteninsquarebracketswithcommasbetween
theelements. Theoperator::addsanelementtothefrontofalist.
Suggestedexercises: 5.1.

5.4.2 Interpreting function calls

Afunctiondeclarationexplicitlydeclaresthetypesofthearguments.
Whenafunc-

tion is called, it must be checked that the number of arguments is the
same as the

declarednumber,andthatthevaluesoftheargumentsmatchthedeclaredtypes.
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Callrun(Fun, args, ftable)= case Fun of

Typeld ( Typelds ) = Exp ( f ,to)= GetTypeld(Typeld)
vtable = BindTypelds(Typelds, args)

v1 = Evalexp(Exp,vtable, ftable)

if v1isoftype to

then v1

else error()

GetTypeld(Typeld)= case Typeld of

int id (getname(id), int)

bool id (getname(id), bool)

BindTypelds(Typelds, args)= case (Typelds, args) of
(Typeld, (x,t)= GetTypeld(Typeld)

[V]) if v isoftype t

then bind(emptytable,x,v)

else error()

(Typeld , Typelds, (x,t)= GetTypeld(Typeld)

(v :: vs)) vtable = BindTypelds(Typelds, vs)

if lookup(vtable,x)= unbound and v isoftype t

then bind(vtable,x,v)



else error()

error()

Figure5.3: Evaluatingafunctioncall
Ifthisisthecase,webuildasymboltablethatbindstheparametervariablesto

thevaluesoftheargumentsandusethisinevaluatingthebodyofthefunction.
The

valueofthebodymustmatchthedeclaredresulttypeofthefunction.

Callrun is also given a symbol table for functions, which is passed to the
Evalexp whenevaluatingthebody.

CallrFun isshowninfigure5.3,alongwiththefunctionsfor Typeld and Typelds,

which it uses. The function GetTypeld just returns a pair of the declared
name and

type, and BindTypelds checks the declared type against a value and builds
a symbol

table that binds the name to the value if they match (and report an error
if they do

not). BindsTypelds also checks if all parameters have different names by
seeing if

the current name is already bound. emptytable is an empty symbol table.
Look-

inganynameupintheemptysymboltablereturns unbound.
Theunderscoreused

in the last rule for BindTypelds is a wildcard pattern that matches anything,
so this

rule is used when the number of arguments do not match the number of



declared

parameters.
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Runprogram(Program, input)= case Program of
Funs ftable = Buildftable(Funs)

def = lookup( ftable, main)

if def = unbound

then error()

else

Callrun(def, [input], ftable)

Buildftable(Funs)= case Funs of

Fun f = Getfname(Fun)

bind(emptytable, f ,Fun)

FunFuns f = Getfname(Fun)

ftable = Buildftable(Funs)

if lookup( ftable, f )= unbound

then bind( ftable, f ,Fun)

else error()

Getfname(Fun)= case Fun of

Typeld ( Typelds ) = Exp ( f ,to)= GetTypeld(Typeld)
f

Figure5.4: Interpretingaprogram



5.4.3 Interpreting a program

Running a program is done by calling the main function with a single
argument

that is the input to the program. So we build the symbol table for
functions, look

up main in this and call CallFun with the resulting definition and an
argument list

containingjusttheinput.

Hence, RunpProgram, which runs the whole program, calls a function
Buildftable

that builds the symbol table for functions. This, in turn, uses a function
Getfname

thatfindsthenameofafunction. Allthesefunctionsareshowninfigure5.4.
Thiscompletestheinterpreterforoursmallexamplelanguage.

Suggestedexercises: 5.5.

5.5 Advantages and disadvantages of interpretation

Interpretation is often the simplest way of executing a program once you
have its

abstract syntax tree. However, it is also a relatively slow way to do so.
When we

perform an operation in the interpreted program, the interpreter must
first inspect
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the abstract syntax tree to see what operation it needs to perform, then it
must

checkthatthetypesoftheargumentstotheoperationmatchtherequirementsof

operation,andonlythencanitperformtheoperation.
Additionally,eachvaluemust

include sufficient information to identify its type, so after doing, say, an
addition,

wemustaddtypeinformationtotheresultingnumber.
Itshouldbeclearfromthisthatwespendmuchmoretimeonfiguringoutwhat
todoandifitisO.K.todoitthanonactuallydoingit.
Togetfasterexecution,weusetheobservationthataprogramthatonlyexecutes

each part of the program once will finish quite quickly. In other words,
any time-

consuming program will contain parts that are executed many times. The
idea is

thatwecandotheinspectionoftheabstractsyntaxtreeandthetypecheckingon«

for each part and only repeat the actual operations that are performed in
this part.

Since performing the operations is a small fraction of the total time, we
can get a

substantialspeedupbydoingthis.

Thisisthebasicideabehind statictypechecking and compilation.



Statictypecheckingcheckstheprogramforpotentialmismatchesbetweenthe

typesofvaluesandtherequirementsofoperations.
ltdoessoforthewholeprogram

regardless of whether all parts will actually be executed, so it may report
errors

even if an interpretation of the program would finish without errors. So
static type

checking puts extra limitations on programs but reduces the time needed
to check

errors and, as a bonus, reports potential problems before a program is
executed,

which can help when debugging a program. We look at static type
checking in

chapter®6.
ltdoes,however,needsometimetodothecheckingbeforewecanstart

executing the program, so the time from doing an edit in a program to
executing it

willincrease.
Compilationgetsridoftheabstractsyntaxtreeofthesourceprogrambytrans-

lating it into a target program (in a language that we already have an
implementa-

tionof)thatonlyperformstheoperationsinthesourceprogram.
Usually,thetarget

languageisalow-levellanguagesuchasmachinecode.
Likestaticchecking,com-

pilationmustcompletebeforeexecutioncanbegin,soitaddsdelaybetweenediti



aprogramandrunningit.

Usually, static checking and compilation go hand in hand, but there are
com-

pilers for languages with dynamic (run-time) type checking and
interpreters for

staticallytypedlanguages.

Some implementations combine interpretation and compilation: The first
few

times a function is called, it is interpreted, but if it is called sufficiently
often, it is

compiled and all subsequent calls to the function will execute the
compiled code.

This is often called just-in-time compilation, though this term was
originally used

for just postponing comilation of a function until the first time it is called,
hence

reducingthedelayfromeditingaprogramtoitsexecutionbutatthecostofadding

smallerdelaysduringexecution.
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5.6 Further reading

A step-by-step construction of an interpreter for a LISP-like language is
shown

in [41]. A survey of programming language constructs (also for LISP-like
lan-

guages)andtheirinterpretationisshownin[2].

Exercises

Exercise 5.1

We extend the language from section 5.3 with boolean operators. We add
the fol-

lowingproductionstogrammar5.1:
Exp — not Exp
Exp — Exp and Exp

When evaluating not e, we first evaulate e to a value v that is checked to
be a

boolean. [fitis,wereturn = v,where - islogicalnegation.

Whenevaluating e1 and e2,wefirstevaulate e1and e2tovalues v1and v2
that

are both checked to be booleans. If they are, we return v1 A v2, where A
is logical

conjunction.



Extend the interpretation function in figure 5.2 to handle these new
construc-

tionsasdescribedabove.
Exercise 5.2
Addtheproductions
Exp — floatconst
Typeld — float id

togrammar5.1. Thisintroducesfloating-pointhnumberstothelanguage.
Theoper-

ator + is overloaded so it can do integer addition or floating-point
addition, and =

isextendedsoitcanalsocomparefloatingpointhnumbersforequality.

a) Extend the interpretation functions in figures 5.2-5.4 to handle these
exten-

sions.

b) We now add implicit conversion of integers to floats to the language,
using

the rules: Whenever an operator has one integer argument and one
floating-

point argument, the integer is converted to a float. Extend the
interpretation

functionsfromquestiona)abovetohandlethis.
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Exercise 5.3

The language defined in section 5.3 declares types of parameters and
results of

functions. The interpreter in section 5.4 adds explicit type information to
every

value, and checks this before doing any operations on values. So, we
could omit

typedeclarationsandrelysolelyonthetypeinformationinvalues.

Replace in grammar 5.1 Typeld by id and rewrite the interpretation
functions

in figure 5.3 so they omit checking types of parameters and results, but
still check

thatthenumberofargumentsmatchthedeclarationandthatnoparametername
repeated.
Exercise 5.4

In the language defined in section 5.3, variables bound in let-
expressions have

no declared type, so it is possible to write a program where the same
let-bound

variablesometimesisboundtoanintegerandatothertimestoabooleanvalue.

Writeanexampleofsuchaprogram.

Exercise 5.5



Weextendthelanguagefromsection5.3withfunctionalvalues.
Theserequirelexi-

calclosures,soweassumesymboltablesarefullypersistent.
Weaddthefollowing

productionstogrammar5.1:

Typeld — fun id

Exp — ExpExp

Exp — £n id => Exp
ThenotationistakenfromStandardML.

Evaluating £n x => e inanenvironment vtable producesafunctionalvalue f

When f is applied to an argument v, it is checked that v is an integer. If
this is the

case, e is evaluated in vtable extended with a binding that binds x to v.
We then

check if the result w of this evaluation is an integer, and if so use it as
the result of

thefunctionapplication.
When evaluating e1 e2, we evaluate e1to a functional value f and e2to an
integer v andthenapply f to v asdescribedabove.

Extend the interpreter from figure 5.3 to handle these new constructions
as

described above. Represent a lexical closures as a pair of (the abstract
syntax of)

anexpressionandanenvironment.
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Chapter 6
Type Checking

6.1 Introduction

Lexingandparsingwillrejectmanytextsasnotbeingcorrectprograms.
However,

many languages have well-formedness requirements that can not be
handled ex-

clusively by the techniques seen so far. These requirements can, for
example, be

static type correctness or a requirement that pattern-matching or case-
statements

areexhaustive.

These properties are most often not context-free, i.e., they can not be
checked

by membership of a context-free language. Consequently, they are
checked by a

phasethat(conceptually)comesaftersyntaxanalysis(thoughitmaybeinterlea:

with it). These checks may happen in a phase that does nothing else, or
they may

be combined with the actual execution or translation to another
langauge. Often,

the translator may exploit or depend on type information, which makes it
natural



to combine calculation of types with the actual translation. In the chapter
5, we

coveredtype-checkingduringexecution,whichisnormallycalled
dynamictyping.

We will in this chapter assume that type checking and related checks are
donein a

phaseprevioustoexecutionortranslation(i.e.,statictyping),andsimilarlyassui

thatanyinformationgatheredbythisphaseisavailableinsubsequentphases.

6.2 The design space of types

Wehavealreadydiscussedthedifferencebetweenstaticanddynamictypings,
i.e.,

iftypechecksaremadebeforeorduringexecutionofaprogram.
Additionally,we

candistinguish weakly and strongly typedlanguages.

Strong typing means that the language implementation ensures that
whenever

an operation is performed, the arguments to the operation are of a type
that the

operationisdefinedfor,soyou,forexample,donottrytoconcatenateastringanc

133
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Figure6.1: Thedesignspaceoftypes

a floating-point number. This is independent of whether this is ensured
statically

(priortoexecution)ordynamically(duringexecution).

Incontrast,aweaklytypedlanguagegivesnoguaranteethatoperationsareper-



formed on arguments that make sense for the operation. The
archetypical weakly

typed language is machine code: Operations are just performed with no
checks,

and if there is any concept of type at the machine level, it is fairly limited:
Regis-

tersmaybedividedintointeger,floatingpointand(possibly)addressregisters,z

memory is (if at all) divided into only code and data. Weakly typed
languages are

mostly used for system programming, where you need to manipulate
move, copy,

encryptorcompressdatawithoutregardtowhatthedatarepresents.

Many languages combine both strong and weak typing or both static and
dy-

namictyping:
Sometypesarecheckedbeforeexecutionandotherduringexecution,

andsometypesarenotcheckedatall.
Forexample,Cisastaticallytypedlanguage

(since no checks are performed during execution), but not all types are
checked.

For example, you can store an integer in a union-typed variable and read
it back

as a pointer or floating-point number. Another example is Javascript: If
you try to

multiplytwostrings,theinterpreterwillseeifthestringscontainsequencesofdic

its and, if so, “read” the strings as a numbers and multiply these. This is
a kind of



weaktyping,asthemultiplicationoperationisappliedtoarguments(strings)whe

multiplicationdoesnotmakesense.
Butinsteadof,likemachinecode,blindlytry-

ing to multiply the machine representations of the strings as if they were
numbers,

Javascript performs a dynamic check and conversion to make the values
conform

totheoperation. Iwillstillcallthisbehaviourweaktyping,asthereisnothingthat

indicates that converting strings to numbers before multiplication makes
any more

sense than just multiplying the machine representations of the strings.
The main

point is that the language, instead of reporting a possible problem,
silently does
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somethingthatprobablymakesnosense.
Figure6.1showsadiagramofthedesignspaceofstaticvs.dynamicandweak

vs.strongtyping,placingsomewell-
knownprogramminglanguagesinthisdesign

space. Note that the design space is shown as a triangle: If you never
check types,

you do so neither statically nor dynamically, so at the weak end of the
weak vs.

strongspectrum,thedistinctionbetweenstaticanddynamicismeaningless.

6.3 Attributes

The checking phase operates on the abstract syntax tree of the program
and may

make several passes over this. Typically, each pass is a recursive walk
over the

syntax tree, gathering information or using information gathered in
earlier passes.

Such information is often called attributes of the syntax tree. Typically,
we distin-

guishbetweentwotypesofattributes: Synthesisedattributes
arepassedupwardsin

the syntax tree, from the leaves up to the root. Inherited attributes are,
conversely,

passed downwards in the syntax tree. Note, however, that information



that is syn-

thesised in one subtree may be inherited by another subtree or, in a later
pass, by

the same subtree. An example of this is a symbol table: This is
synthesised by a

declaration and inherited by the scope of the declaration. When
declarations are

recursive,thescopemaybethesamesyntaxtreeasthedeclarationitself,inwhicl

case one pass over this tree will build the symbol table as a synthesised
attribute

whileasecondpasswilluseitasaninheritedattribute.

Typically, each syntactic category (represented by a type in the data
structure

for the abstract syntax tree or by a group of related nonterminals in the
grammar)

will have its own set of attributes. When we write a checker as a set of
mutually

recursive functions, there will be one or more such functions for each
syntactical

category.
Eachofthesefunctionswilltakeinheritedattributes(includingthesyntax

treeitself)asargumentsandreturnsynthesisedattributesasresults.
Wewill,inthischapter,focusontypechecking,andonlybrieflymentionother

properties that can be checked. The methods used for type checking can
in most

caseseasilybemodifiedtohandlesuchotherchecks.



Wewillusethelanguageinsection5.3asanexampleforstatictypechecking.

6.4 Environments for type checking

In order to type check the program, we need symbol tables that bind
variables and

functions to their types. Since there are separate name spaces for
variables and

functions, we will use two symbol tables, one for variables and one for
functions.

A variable is bound to one of the two types int or bool. A function is
bound

to its type, which consists of the types of its arguments and the type of
its result.
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Function types are written as a parenthesised list of the argument types,
an arrow

andtheresulttype, e.g., (int,bool) — int
forafunctiontakingtwoparameters

(oftype int and bool,respectively)andreturninganinteger.

We will assume that symbol tables are persistent, so no explicit action is
re-

quired to restore the symbol table for the outer scope when exiting an
inner scope.

Wedon’tneedtopreservesymboltablesforinnerscopesoncetheseareexited(s

astack-likebehaviourisfine).

6.5 Type checking expressions

When we type check expressions, the symbol tables for variables and
functions

are inherited attributes. The type (int or bool) of the expression is
returned as

a synthesised attribute. To make the presentation independent of any
specific data

structureforabstractsyntax,wewill(likeinchapter5)letthetypecheckerfunctio

useanotationsimilartotheconcretesyntaxforpattern-matchingpurposes.
Butyou

shouldstillthinkofitasabstractsyntax,soallissuesofambiguity, etc.,
havebeen



resolved.

For terminals (variable names and numeric constants) with attributes, we
as-

sume that there are predefined functions for extracting these. Hence, id
has an

associated function getname, that extracts the name of the identifier.
Similarly,

num has a function getvalue, that returns the value of the number. The
latter is

not required for static type checking, but we used it in chapter 5 and we
will use it

againinchapter7.

For each nonterminal, we define one or more functions that take an
abstract

syntax subtree and inherited attributes as arguments and return the
synthesised at-

tributes.
Infigure6.2,weshowthetype-checkingfunctionforexpressions. Thefunction

for type checking expressions is called Checkexp. The symbol table for
variables

is given by the parameter vtable, and the symbol table for functions by
the param-

eter ftable. The function error reports a type error. To allow the type
checker to

continueandreportmorethanoneerror,welettheerror-
reportingfunctionreturn.1



After reporting a type error, the type checker can make a guess at what
the type

should have been and return this guess, allowing type checking to
continue for the

rest of the program. This guess might, however, be wrong, which can
cause spuri-

ous type errors to be reported later on. Hence, all but the first type error
message

shouldbetakenwithagrainofsalit.
Wewillbrieflyexplaineachofthecaseshandledby CheckEexp.

- Anumberhastype int.

1Unlikeinchapter5,wherethe error functionstopsexecution.



6.5. TYPECHECKINGEXPRESSIONS 137
Checkexp(Exp,vtable, ftable)= case Exp of
num int

id t = lookup(vtable,getname(id))

if t = unbound

then error(); int

else t

Exp1+ Exp2t1= Checkexp(Exp1,vtable, ftable)
t2 = Checkexp(Exp2,vtable, ftable)

if t1=int andt2= int

then int

else error(); int

Exp1= Exp2t1= Checkexp(Exp1,vtable, ftable)
t2 = Checkexp(Exp2,vtable, ftable)

if t1=t2

then bool

else error(); bool

if Exp1t1= Checkexp(Exp1,vtable, ftable)
then Exp2t2= Checkexp(Exp2,vtable, ftable)

else Exp3t3= Checkexp(Exp3,vtable, ftable)



if t1=bool andtz=t3

then t2

else error(); t2

id ( Exps ) t = lookup( ftable,getname(id))

if t = unbound

then error(); int

else

((t1,...,tn) — to)=1

[to,...,to] = Check (Exps,vtable, ftable)

1 m Exps

ifm=nandt=to,...,t=to

11nn

then to

else error(); to

let id = Exp1t1= Checkexp(Exp1,vtable, ftable)
in Exp vtableo = bind(vtable,getname(id),t )
21

Check (Exp ,vtableo, ftable)

Exp 2

CheckExps(Exps,vtable, ftable)= case Exps of

Exp [Checkexp(Exp,vtable, ftable)]



Exp , Exps Checkexp(Exp,vtable, ftable)
:: CheckExps(Exps,vtable, ftable)

Figure6.2: Typecheckingofexpressions
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- Thetypeofavariableisfoundbylookingitsnameupinthesymboltablefor
variables. Ifthevariableisnotfoundinthesymboltable,thelookup-function

returns the special value unbound. When this happens, an error is
reported

and the type checker arbitrarily guesses that the type is int. Otherwise,
it

returnsthetypereturnedby lookup.

- A plus-expression requires both arguments to be integers and has an
integer

result.

- Comparison requires that the arguments have the same type. In either
case,

theresultisaboolean.

- In a conditional expression, the condition must be of type bool and
the two

branches must have identical types. The result of a condition is the value
of

one of the branches, so it has the same type as these. If the branches
have

different types, the type checker reports an error and arbitrarily chooses
the

typeofthe then-branchasitsguessforthetypeofthewholeexpression.

- Atafunctioncall,thefunctionnameislookedupinthefunctionenvironment



tofindthenumberandtypesoftheargumentsaswellasthereturntype. The
numberofargumentstothecallmustcoincidewiththeexpectednumberand

their types must match the declared types. The resulting type is the
return-

type of the function. If the function name is not found in ftable, an error
is

reportedandthetypecheckerarbitrarilyguessestheresulttypetobe int.

- A let-expression declares a new variable, the type of which is that of
the

expression that defines the value of the variable. The symbol table for
vari-

ables is extended using the function bind, and the extended table is used
for

checking the body-expression and finding its type, which in turn is the
type

ofthewholeexpression. A let-expressioncannotinitselfbethecauseofa
typeerror(thoughitspartsmay),sonotestingisdone.

Since Checkexp mentionsthenonterminal Exps anditsrelatedtype-
checkingfunc-

tion Checkexps,wehaveincluded CheckExps infigure6.2.

Checkexps builds a list of the types of the expressions in the expression
list.

The notation is taken from SML.: A list is written in square brackets with
commas

betweentheelements. Theoperator::addsanelementtothefrontofalist.



Suggestedexercises: 6.1.

6.6 Type checking of function declarations

Afunctiondeclarationexplicitlydeclaresthetypesofthearguments.
Thisinforma-

tionisusedtobuildasymboltableforvariables,whichisusedwhentypechecking
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CheckFun(Fun, ftable)= case Fun of

Typeld ( Typelds ) = Exp ( f ,to)= GetTypeld(Typeld)
vtable = CheckTypelds(Typelds)

t1 = Checkexp(Exp,vtable, ftable)

if to 6= t1

then error()

GetTypeld(Typeld)= case Typeld of

int id (getname(id), int)

bool id (gethame(id), bool)
CheckTypelds(Typelds)= case Typelds of
Typeld (x,t)= GetTypeld(Typeld)
bind(emptytable,x,t)

Typeld , Typelds (x,t)= GetTypeld(Typeld)
vtable = CheckTypelds(Typelds)

if lookup(vtable,x)= unbound

then bind(vtable,x,t)

else error(); vtable

Figure6.3: Typecheckingafunctiondeclaration

the body of the function. The type of the body must match the declared



result

type of the function. The type check function for functions, CheckFun,
has as in-

herited attribute the symbol table for functions, which is passed down to
the type

check function for expressions. CheckFun returns no information, it just
checks

for internal errors. Checkrun is shown in figure 6.3, along with the
functions for

Typeld and Typelds, which it uses. The function GetTypeld just returns a
pair

of the declared name and type, and CheckTypelds builds a symbol table
from such

pairs. CheckTypelds also checks if all parameters have different names.
emptytable

isanemptysymboltable. Lookinganynameupintheemptysymboltablereturns

unbound.

6.7 Type checking a program

A program is a list of functions and is deemed type correct if all the
functions are

type correct, and there are no two function definitions defining the same
function

name. Additionally,theremustbeafunctioncalled main
withoneintegerargument

andintegerresult.



Since all functions are mutually recursive, each of these must be type
checked

usingasymboltablewhereallfunctionsareboundtotheirtype.
Thisrequirestwo
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passes over the list of functions: One to build the symbol table and one
to check

the function definitions using this table. Hence, we need two functions
operating

over Funs and two functions operating over Fun. We have already seen
one of

the latter, Checkrun. The other, GetrFun, returns the pair of the function’s
declared

name and type, which consists of the types of the arguments and the
type of the

result. ltusesanauxiliaryfunction GetTtypes tofindthetypesofthearguments.
The

twofunctionsforthesyntacticcategory Funs are
GetFuns,whichbuildsthesymbol

tableandchecksforduplicatedefinitions,and Checkruns,whichcalls
CheckFun for

all functions. These functions and the main function Checkprogram, which
ties the

looseends,areshowninfigure6.4.
Thiscompletestypecheckingofoursmallexamplelanguage.

Suggestedexercises: 6.5.

6.8 Advanced type checking

Our example language is very simple and obviously does not cover all



aspects of

type checking. A few examples of other features and brief explanations
of how

theycanbehandledarelistedbelow.
Assignments. Whenavariableisgivenavaluebyanassignment,itmustbeveri-
tiedthatthetypeofthevalueisthesameasthedeclaredtypeofthevariable. Some

compilers may check if a variable is potentially used before it is given a
value, or

if a variable is not used after its assignment. While not exactly type
errors, such

behaviourislikelytobeundesirable.
Testingforsuchbehaviourdoes,however,re-

quiresomewhatmorecomplicatedanalysisthanthesimpletypecheckingprese
inthischapter,asitreliesonnon-structuralinformation.

Data structures. A data structure may define a value with several
components

(e.g.,a struct, tuple or
record),oravaluethatmaybeofdifferenttypesatdifferent

times(e.g.,a union, variant or sum).
Totypechecksuchstructures,thetypechecker

must be able to represent their types. Hence, the type checker may need
a data

structure that describes complex types. This may be similar to the data
structure

usedfortheabstractsyntaxtreesofdeclarations.
Operationsthatbuildortakeapart



structured data need to be tested for correctness. If each operation on
structured

data has well-defined types for its arguments and a type for its resulit,
this can be

doneinawaysimilartohowfunctioncallsaretested.

Overloading.
Overloadingmeansthatthesamenameisusedforseveraldifferent

operations over several different types. We saw a simple example of this
in the



6.8. ADVANCEDTYPECHECKING 141
CheckpProgram(Program)= case Program of
Funs ftable = GetFuns(Funs)
Checkruns(Funs, ftable)

if lookup( ftable, main) =(6 int) — int
then error()

GetFuns(Funs)= case Funs of

Fun ( f ,t)= GetFun(Fun)

bind(emptytable, f ,t)

FunFuns ( f ,t)= GetFun(Fun)

ftable = GetFuns(Funs)

if lookup( ftable, f )= unbound

then bind( ftable, f ,t)

else error(); ftable

GetFun(Fun)= case Fun of

Typeld ( Typelds ) = Exp ( f ,to)= GetTypeld(Typeld)
[t1,...,tn]= GetTypes(Typelds)

( f,(t1,...,tn) — to)

GetTypes(Typelds)= case Typelds of

Typeld (x,t)= GetTypeld(Typeld)



[t]

Typeld Typelds (x1,t1)= GetTypeld(Typeld)
[t2,...,tn]= GetTypes(Typelds)

[t1,t2,...,tn]

CheckFuns(Funs, ftable)= case Funs of
Fun Checkrun(Fun, ftable)

FunFuns CheckFun(Fun, ftable)
Checkruns(Funs, ftable)

Figure6.4: Typecheckingaprogram



142 CHAPTERG. TYPECHECKING

example language, where = was used both for comparing integers and
booleans.

Inmanylanguages,arithmeticoperatorslike + and —
aredefinedbothoverintegers

andfloatingpointhumbers,andpossiblyothertypesaswell.
Iftheseoperatorsare

predefined, and there is only a finite number of cases they cover, all the
possible

casesmaybetriedinturn,justlikeinourexample.
This,however,requiresthatthedifferentinstancesoftheoperatorhavedisjoint

argument types. If, for example, there is a function read that reads a
value from

a text stream and this is defined to read either integers or floating point
numbers,

the argument (the text stream) alone can not be used to select the right
operator.

Hence,thetypecheckermustpasstheexpectedtypeofeachexpressiondownas
inheritedattribute,sothis(possiblyincombinationwiththetypesoftheargumen
canbeusedtopickthecorrectinstanceoftheoverloadedoperator.

It may not always be possible to send down an expected type due to lack
of

information. In our example language, this is the case for the arguments
to = (as

thesemaybeeither int or bool)andthefirstexpressionina let-
expression(since



the variable bound in the 1let-expression is not declared to be a specific
type). If

the type checker for this or some other reason is unable to pick a unique
operator,

it may report “unresolved overloading” as a type error, or it may pick a
default

instance.

Type conversion. A language may have operators for converting a value
of one

type to a value of another type, e.g. an integer to a floating point number.
Some-

times these operators are explicit in the program and hence easy to
check. How-

ever, many languages allow implicit conversion of integers to floats, such
that, for

example, 3 + 3.12 is well-typed with the implicit assumption that the
integer 3 is

converted to a float before the addition. This can be handled as follows:
If the

type checker discovers that the arguments to an operator do not have
the correct

type, it can try to convert one or both arguments to see if this helps. If
there is a

small number of predefined legal conversions, this is no major problem.
However,

a combination of user-defined overloaded operators and user-defined
types with



conversions can make the type-checking process quite difficult, as the
information

needed to choose correctly may not be available at compile-time. This is
typically

thecaseinobject-
orientedlanguages,wheremethodselectionisoftendoneatrun-

time. Wewillnotgointodetailsofhowthiscanbedone.

Polymorphism / Generic types. Some languages allow a function to be
poly-

morphic or generic, that is, to be defined over a large class of similar
types, e.g.

over all arrays no matter what the types of the elements are. A function
can ex-

plicitly declare which parts of the type is generic/polymorphic or this can
be im-

plicit (see below). The type checker can insert the actual types at every
use of the

generic/polymorphic function to create instances of the
generic/polymorphic type.
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This mechanism is different from overloading as the instances will be
related by a

common generic type and because a polymorphic/generic function can
be instan-

tiated by any type, not just by a limited list of declared alternatives as is
the case

withoverloading.

Implicit types. Some languages (like Standard ML and Haskell) require
pro-

grams to be well-typed, but do not require explicit type declarations for
variables

orfunctions. Forsuchtowork,a typeinference algorithmisused.
Atypeinference

algorithm gathers information about uses of functions and variables and
uses this

information to infer the types of these. If there are inconsistent uses of a
variable,

atypeerrorisreported.

Suggestedexercises: 6.2.

6.9 Further reading

Overloading of operators and functions is described in section 6.5 of [5].
Section

6.7ofsamedescribeshowpolymorphismcanbehandled.



Some theory and a more detailed algorithm for inferring types in a
language

withimplicittypesandpolymorphismcanbefoundin[32].

Exercises

Exercise 6.1

We extend the language from section 5.3 with boolean operators as
described in

exercised.1.
Extendthetype-checkfunctioninfigure6.2tohandlethesenewconstructions
asdescribedabove.

Exercise 6.2

Weextendthelanguagefrom section 5.3withfloating-
pointhumbersasdescribed

inexerciseb.2.

a) Extend the type checking functions in figures 6.2-6.4 to handle these
exten-

sions.

b) We now add implicit conversion of integers to floats to the language,
using

the rules: Whenever an operator has one integer argument and one
floating-

point argument, the integer is converted to a float. Similarly, if a
condition
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expression (if-then-else) has one integer branch and one floating-
point

branch, the integer branch is converted to floating-point. Extend the type

checkingfunctionsfromquestiona)abovetohandlethis.

Exercise 6.3

The type check function in figure 6.2 tries to guess the correct type when
there

is a type error. In some cases, the guess is arbitrarily chosen to be int,
which

may lead to spurious type errors later on. A way around this is to have an
extra

type: unknown, which is only used during type checking. If there is a type
error

and there is no basis for guessing a correct type, unknown is returned
(the error is

still reported, though). If an argument to an operator is of type unknown,
the type

checker should not report this as a type error but continue as if the type
is correct.

The use of an unknown argument to an operator may make the result
unknown as

well,sothesecanbepropagatedarbitrarilyfar.

Changefigure6.2tousethe unknown typeasdescribedabove.



Exercise 6.4
Welookatasimplelanguagewithanexceptionmechanism:
S — throw id

S - Scatch id= 8

S—-Sor S

S — other

A throw statementthrowsanamedexception.
Thisiscaughtbythenearestenclos-

ing catch statement(i.e.,wherethe throw statementisintheleftsub-
statementof

the catch statement) using the same name, whereby the statement after
the arrow

in the catch statement is executed. An or statement is a non-
deterministic choice

between the two statements, so either one can be executed. other is a
statement

thatdonotthrowanyexceptions.

We want the type checker to ensure that all possible exceptions are
caught and

that no catch statement is superfluous, i.e., that the exception it
catches can, in

fact,bethrownbyitsleftsub-statement.

Write type-check functions that implement these checks. Hint: Let the
type of



astatementbethesetofpossibleexceptionsitcanthrow.
Exercise 6.5

Inexercise5.5,weextendedtheexamplelanguagewithclosuresandimplemente

theseintheinterpreter.
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Extend the type-checking functions in figures 6.2-6.4 to statically type
check

thesameextensions.

Hint: Checkafunctiondefinitionwhenitisdeclared.
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Chapter 7

Intermediate-Code Generation

7.1 Introduction

The final goal of a compiler is to get programs written in a high-level
language

to run on a computer. This means that, eventually, the program will have
to be

expressed as machine code which can run on the computer. This does
not mean

that we need to translate directly from the high-level abstract syntax to
machine

code. Many compilers use a medium-level language as a stepping-stone
between

thehigh-levellanguageandtheverylow-levelmachinecode. Suchstepping-
stone

languagesarecalled intermediatecode.

Apart from structuring the compiler into smaller jobs, using an
intermediate

languagehasotheradvantages:

- If the compiler needs to generate code for several different machine-
archi-

tectures,onlyonetranslationtointermediatecodeisneeded. Onlythetrans-
lationfromintermediatecodetomachinelanguage(i.e.,the back-end)needs

tobewritteninseveralversions.



- If several high-level languages need to be compiled, only the
translation to

intermediate code need to be written for each language. They can all
share

theback-end, i.e.,thetranslationfromintermediatecodetomachinecode.

- Instead of translating the intermediate language to machine code, it
can be

interpreted by a small program written in machine code or a language for
whichacompilerorinterpreteralreadyexists.
Theadvantageofusinganintermediatelanguageismostobviousifmanylangua

are to be compiled to many machines. If translation is done directly, the
number

ofcompilersisequaltotheproductofthenumberoflanguagesandthenumberof

machines. Ifacommonintermediatelanguageisused,onefront-
end(i.e.,compiler

147
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to intermediate code) is needed for every language and one back-end
(interpreter

or code generator) is needed for each machine, making the total number
of front-

ends and back-ends equal to the sum of the number of languages and
the number

ofmachines.
Ifaninterpreterforanintermediatelanguageiswritteninalanguageforwhich

there already exist implementations for the target machines, the same
interpreter

can be interpreted or compiled for each machine. This way, there is no
need to

writeaseparateback-endforeachmachine.
Theadvantagesofthisapproachare:

- Noactualback-endneedstobewrittenforeachnewmachine,aslongasthe
machine i equipped with an interpreter or compiler for the implementation
languageoftheinterpreterfortheintermediatelanguage.

- A compiled program can be distributed in a single intermediate form for
all

machines,asopposedtoshippingseparatebinariesforeachmachine.
- Theintermediateformmaybemorecompactthanmachinecode. Thissaves

space both in distribution and on the machine that executes the
programs

(though the latter is somewhat offset by requiring the interpreter to be



kept
inmemoryduringexecution).

Thedisadvantageisspeed:
Interpretingtheintermediateformwillinmostcasesbe

alotslowerthanexecutingtranslatedcodedirectly.
Nevertheless,theapproachhas

seensomesuccess, e.g.,withJava.

Some of the speed penalty can be eliminated by translating the
intermediate

codetomachinecodeimmediatelybeforeorduringexecutionoftheprogram.
This

hybrid form is called just-in-time compilation and is often used for
executing the

intermediatecodeforJava.
Wewillinthisbook,however,focusmainlyonusingtheintermediatecodefor

traditional compilation, where the intermediate form will be translated to
machine

codebyatheback-endofthecompiler.

7.2 Choosing an intermediate language
Anintermediatelanguageshould,ideally,havethefollowingproperties:

- It should be easy to translate from a high-level language to the
intermedi-

ate language. This should be the case for a wide range of different
source

languages.



- It should be easy to translate from the intermediate language to
machine

code. Thisshouldbetrueforawiderangeofdifferenttargetarchitectures.
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- Theintermediateformatshouldbesuitableforoptimisations.

The first two of these properties can be somewhat hard to reconcile. A
language

thatisintendedastargetfortranslationfromahigh-
levellanguageshouldbefairly

close to this. However, this may be hard to achieve for more than a small
number

of similar languages. Furthermore, a high-level intermediate language
puts more

burden on the back-ends. A low-level intermediate language may make it
easy to

writeback-ends,butputsmoreburdenonthefront-ends. Alow-
levelintermediate

language, also, maynot fitall machinesequally well, thoughthis isusually
lessof

a problem than the similar problem for front-ends, as machines typically
are more

similarthanhigh-levellanguages.

A solution that may reduce the translation burden, though it does not
address

the other problems, is to have two intermediate levels: One, which is
fairly high-

level, is used for the front-ends and the other, which is fairly low-level, is
used for



the back-ends. A single shared translator is then used to translate
between these

twointermediateformats.

When the intermediate format is shared between many compilers, it
makes

sense to do as many optimisations as possible on the intermediate
format. This

way, the (often substantial) effort of writing good optimisations is done
only once

insteadofineverycompiler.
Anotherthingtoconsiderwhenchoosinganintermediatelanguageisthe*“gran-

ularity”: Should an operation in the intermediate language correspond to
a large

amountofworkortoasmallamountofwork?

The first of these approaches is often used when the intermediate
language is

interpreted,astheoverheadofdecodinginstructionsisamortisedovermoreact

work,butitcanalsobeusedforcompiling. Inthiscase,eachintermediate-
codeop-

eration is typically translated into a sequence of machine-code
instructions. When

coarse-
grainedintermediatecodeisused,thereistypicallyafairlylargenumberof

differentintermediate-codeoperations.

Theoppositeapproachistoleteachintermediate-codeoperationbeassmallas



possible. This means that each intermediate-code operation is typically
translated

intoasinglemachine-codeinstructionorthatseveralintermediate-
codeoperations

canbecombinedintoonemachine-codeoperation.
Thelattercan,tosomedegree,

be automated as each machine-code instruction can be described as a
sequence of

intermediate-code instructions. When intermediate-code is translated to
machine-

code, the code generator can look for sequences that match machine-
code opera-

tions. By assigning cost to each machine-code operation, this can be
turned into

a combinatorial optimisation problem, where the least-cost solution is
found. We

willreturntothisinchapter8.
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Program — [ Instructions ]

Instructions — Instruction

Instructions — Instruction , Instructions

Instruction — LABEL labelid

Instruction — id := Atom

Instruction — id := unop Atom

Instruction — id := idbinop Atom

Instruction — id := M[Atom]

Instruction — M[Atom] := id

Instruction — GOTO labelid

Instruction — IF idrelop Atom THEN labelid ELSE labelid
Instruction — id := CALL functionid(Args)

Atom - id

Atom — num

Args — id

Args — id, Args

Grammar7.1: Theintermediatelanguage

7.3 The intermediate language

In this chapter we have chosen a fairly low-level fine-grained intermediate



lan-
guage,asitisbestsuitedtoconveythetechniqueswewanttocover.

We will not treat translation of function calls until chapter 10, so a
“program”

in our intermediate language will, for the time being, correspond to the
body of a

function or procedure in a real program. For the same reason, function
calls are

initiallytreatedasprimitiveoperationsintheintermediatelanguage.

The grammar for the intermediate language is shown in grammar 7.1. A
pro-

gramisasequenceofinstructions. Theinstructionsare:

- Alabel. Thishasnoeffectbutservesonlytomarkthepositionintheprogram
asatargetforjumps.

- Anassignmentofanatomicexpression(constantorvariable)toavariable.

- A unary operator applied toan atomic expression, withthe result stored
ina

variable.
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- A binary operator applied to a variable and an atomic expression, with
the

resultstoredinavariable.

- A transfer from memory to a variable. The memory location is an
atomic

expression.

- A transfer from a variable to memory. The memory location is an
atomic

expression.
- Ajumptoalabel.
- Aconditionalselectionbetweenjumpstotwolabels. Theconditionisfound

by comparing a variable with an atomic expression by using a relational
op-

erator(=, =6 , <, >, < or >).
- A function call. The arguments to the function call are variables and the

result is assigned to a variable. This instruction is used even if there is
no

actualresult(i.e,ifaprocedureiscalledinsteadofafunction),inwhichcase
theresultvariableisadummyvariable.
Anatomicexpressioniseitheravariableoraconstant.

We have not specified the set of unary and binary operations, but we
expect

thesetoincludenormalintegerarithmeticandbitwiselogicaloperations.



We assume that all values are integers. Adding floating-point numbers
and

otherprimitivetypesisnotdifficult,though.

7.4 Syntax-directed translation

Wewillgeneratecodeusingtranslationfunctionsforeachsyntacticcategory,si

ilarly to the functions we used for interpretation and type checking. We
generate

codeforasyntacticconstructindependentlyoftheconstructsaroundit,excepti

the parameters of a translation function may hold information about the
context

(such as symbol tables) and the result of a translation function may (in
addition to

thegeneratedcode)holdinformationabouthowthegeneratedcodeinterfacesw

its context (such as which variables it uses). Since the translation closely
follows

thesyntacticstructureoftheprogram,itiscalled syntax-directedtransiation.
Giventhattranslationofasyntacticconstructismostlyindependentofthesur-
roundingandenclosedsyntacticconstructs,wemightmissopportunitiestoexg

synergies between these and, hence, generate less than optimal code.
We will try

toremedythisinlaterchaptersbyusingvariousoptimisationtechniques.



152 CHAPTER?7. INTERMEDIATE-CODEGENERATION
Exp — num

Exp — id

Exp — unop Exp

Exp — Exp binop Exp

Exp — id(Exps)

Exps — Exp

Exps — Exp , Exps

Grammar7.2: Asimpleexpressionlanguage

7.5 Generating code from expressions

Grammar 7.2 shows a simple language of expressions, which we will use
as our

initial example for translation. Again, we have let the set of unary and
binary

operators be unspecified but assume that the intermediate language
includes all

thoseusedbytheexpressionlanguage. Weassumethatthereisafunction
transop

that translates the name of an operator in the expression language into
the name

of the corresponding operator in the intermediate language. The tokens
unop and

binop



havethenamesoftheactualoperatorsasattributes,accessedbythefunction
getopname.

When writing a compiler, we must decide what needs to be done at
compile-

time and what needs to be done at run-time. Ideally, as much as possible
should

be done at compile-time, but some things need to be postponed until run-
time, as

theyneedtheactualvaluesofvariables, etc.,whicharenotknownatcompile-
time.

When we, below, explain the workings of the translation functions, we
might use

phrasing like “the expression is evaluated and the result stored in the
variable”.

This describes actions that are performed at run-time by the code that is
generated

at compile-time. At times, the textual description may not be 100% clear
as to

whathappensatwhichtime,butthenotationusedinthetranslationfunctionsma

this clear: Intermediate-language code is executed at run-time, the rest is
done at

compile time. Intermediate-langauge instructions may refer to values
(constants

and register names) that are generated at compile time. When
instructions have

operands that are written in italics, these operands are variables in the
compiler



that contain compile-time values that are inserted into the generated
code. For

example, if place holds the variable name t14 and v holds the value 42,
then the

codetemplate [place := v] willgeneratethecode [t14 := 42]

When we want to translate the expression language to the intermediate
lan-

guage, the main complication is that the expression language is tree-
structured
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while the intermediate language is flat, requiring the result of every
operation to

be stored in a variable and every (non-constant) argument to be in one.
We use

a function newvar to generate new variable names in the intermediate
language.

Whenever newvar iscalled,itreturnsapreviouslyunusedvariablename.

We will describe translation of expressions by a translation function
using a

notationsimilartothenotationweusedfortype-checkingfunctionsinchapter6.
Someattributesforthetranslationfunctionareobvious: Itmustreturnthecode

as a synthesised attribute. Furthermore, it must translate variables and
functions

usedintheexpressionlanguagetothenamesthesecorrespondtointheinterme

ate language. This can be done by symbol tables vtable and ftable that
bind vari-

able and function names in the expression language into the
corresponding names

in the intermediate language. The symbol tables are passed as inherited
attributes

to the translation function. In addition to these attributes, the translation
function

must use attributes to decide where to put the values of sub-
expressions. This can



bedoneintwoways:

1) The location of the values of a sub-expression can be passed up as a
synthe-

sised attribute to the parent expression, which decides on a position for
its

ownvalue.
2) Theparentexpressioncandecidewhereitwantstofindthevaluesofitssub-
expressionsandpassthisinformationdowntotheseasinheritedattributes.

Neitheroftheseisobviouslysuperiortotheother.
Method1hasaslightadvantage

whengeneratingcodeforavariableaccess,asitdoesnothavetogenerateanyco

butcansimplyreturnthe nameofthevariablethatholdsthevalue. This,
however,

only works under the assumption that the variable is not updated before
the value

is used by the parent expression. If expressions can have side effects,
this is not

always the case, as the C expression “x+ (x=3)" shows. Our expression
language

does not have assignment, but it does have function calls, which may
have side

effects.

Method 2 does not have this problem: Since the value of the expression
is

created immediately before the assignment is executed, there is no risk
of other



sideeffectsbetweenthesetwopointsintime.
Method2alsohasaslightadvantage

when we later extend the language to have assignment statements, as we
can then

generatecodethatcalculatestheexpressionresultdirectlyintothedesiredvari:
insteadofhavingtocopyitfromatemporaryvariable.

Hence, we will choose method 2 for our translation function TransExp,
which

isshowninfigure7.3.

The inherited attribute place is the intermediate-language variable that
the re-

sultoftheexpressionmustbestoredin.
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Transexp(Exp,vtable, ftable, place)= case Exp of
num v = getvalue(num)

[place := v]

id x = lookup(vtable,getname(id))

[place := x]

unop Exp1 place1 = newvar()

code1 = Transexp(Exp1,vtable, ftable, place1)

op = transop(getopname(unop))

code1++[place := op place1]

Exp1 binop Exp2 place1= newvar()

place2 = newvar()

code1 = Transexp(Exp1,vtable, ftable, place1)
code2 = Transexp(Exp2,vtable, ftable, place2)

op = transop(getopname(binop))
code1++code2++[place := place1 op placez]
id(Exps) (code1,[at1,...,an])

= Transexps(Exps,vtable, ftable)

fname = lookup( ftable,getname(id))

code1++[place := CALL fname(a1,...,an)]



Transexps(Exps,vtable, ftable)= case Exps of
Exp place = newvar()

code1 = Transexp(Exp,vtable, ftable, place)
(code1,[place])

Exp , Exps place = newvar()

code1 = Transexp(Exp,vtable, ftable, place)
(code2,args)= Transexps(Exps,vtable, ftable)
codes3 = code1++code2

args1= place :: args

(codes,args1)

Figure7.3: Translatinganexpression
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If the expression is just a number, the value of that number is stored in
the

place.
Iftheexpressionisavariable,theintermediate-languageequivalentofthisvari-
ableisfoundin vtable andanassignmentcopiesitintotheintended place.
Aunaryoperationistranslatedbyfirstgeneratinganewintermediate-language

variable to hold the value of the argument of the operation. Then the
argument is

translated using the newly generated variable for the place attribute. We
then use

an unop
operationintheintermediatelanguagetoassigntheresulttotheinherited

place. Theoperator ++ concatenatestwolistsofinstructions.

Abinaryoperationistranslatedinasimilarway. Twonewintermediate-
language

variablesaregeneratedtoholdthevaluesofthearguments,thenthearguments:

translated and finally a binary operation in the intermediate language
assigns the

finalresulttotheinherited place.

A function call is translated by first translating the arguments, using the
auxil-

iaryfunction TransExps.
Thenafunctioncallisgeneratedusingtheargumentvari-

ables returned by Transexps, with the result assigned to the inherited



place. The

nameofthefunctionislooked-upin ftable
tofindthecorrespondingintermediate-

languagename.

TransExps
generatescodeforeachargumentexpression,storingtheresultsinto

newvariables.
Thesevariablesarereturnedalongwiththecode,sotheycanbeput

intotheargumentlistofthecallinstruction.

7.5.1 Examples of translation
Translationofexpressionsisalwaysrelativetosymboltablesandaplaceforstor

the result. In the examples below, we assume a variable symbol table that
binds x,

y and z to v0, vl and v2, respectively and a function table that binds £
to f.The

placefortheresultis t0 andweassumethatcallsto newvar()
return,insequence,

thevariables t1, t2, t3,....

We start by the simple expression x-3. This is a binop-expression, so
the first

we do is to call newvar() twice, giving place1 the value t1 and place2the
value

t2. Wethencall Transexp recursivelywiththeexpression x.
Whentranslatingthis,

we first look up x in the variable symbol table, yielding v0, and then



return the

code [t1 :=vO0]. Back in the translation of the subtraction expression,
we assign

this code to code1 and once more call Transexp recursively, this time with
the

expression 3. This is translated to the code [t2 := 3], which we assign to
codez2.

Thefinalresultisproducedby code1++code2++[t0 := t1 — t2] whichyields
[tl :=

v0, t2 =3, t0 = tl1 — t2]. Wehavetranslatedthesource-
languageoperator - to

theintermediate-languageoperator -.

The resulting code looks quite suboptimal, and could, indeed, be
shortened to

[tO :=v0 — 3]. When we generate intermediate code, we want, for
simplicity, to
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Stat — Stat ; Stat

Stat — id := Exp

Stat — if Cond then Stat

Stat — if Cond then Stat else Stat

Stat — while Cond do Stat

Stat — repeat Stat until Cond

Cond — Exp relop Exp

Grammar7.4: Statementlanguage

treateachsubexpressionindependentlyofitscontext.
Thismayleadtosuperfluous

assignments. We will look at ways of getting rid of these when we treat
machine

codegenerationandregisterallocationinchapters8and9.

A more complex expression is 3+f (x-y, z) . Using the same assumptions
as

above,thisyieldsthecode

tl =3
t4 :=vO0
t5 =vl

t3 (=t4 — t5



t6 =v2
t2 := CALL _f£(t3,t6)
t0 :=tl1 + t2

We have, for readability, laid the code out on separate lines rather than
using a

comma-separatedlist. Theindentationindicatesthedepthofcallsto Transexp
that

producedthecodeineachline.

Suggestedexercises: 7.1.

7.6 Translating statements

We now extend the expression language in figure 7.2 with statements.
The exten-

sionsareshowningrammar7.4.

When translating statements, we will need the symbol table for variables
(for

translating assignment), and since statements contain expressions, we
also need

ftable sowecanpassitonto Transexp.
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Just like we use newvar to generate new unused variables, we use a
similar

function newlabel togeneratenewunusedlabels.
Thetranslationfunctionforstate-

mentsisshowninfigure7.5.
ltusesanauxiliarytranslationfunctionforconditions

showninfigure7.6.

A sequence of two statements are translated by putting the code for
these in

sequence.

Anassignmentistranslatedbytranslatingtheright-hand-
sideexpressionusing

theleft-hand-sidevariableastargetlocation(place).

When translating statements that use conditions, we use an auxiliary
function

Transcond. Transcond translates the arguments to the condition and
generates an

IF-THEN-ELSE
instructionusingthesamerelationaloperatorasthecondition. The

targetlabelsofthisinstructionareinheritedattributesto Transcond.

An if-then statement is translated by first generating two labels: One

for the

then-branchandoneforthecodefollowingthe i f-then statement.
Thecondition



is translated by Transcond, which is given the two labels as attributes.
When (at

run-time) the condition is true, the first of these are selected, and when
false, the

second is chosen. Hence, when the condition is true, the then-branch is
executed

followedbythecodeafterthe i f-then statement.
Whentheconditionisfalse,we

jump directly to the code following the i f-then statement, hence
bypassing the

then-branch.

An if-then-else statement is treated similarly, but now the condition
must

choose between jumping to the then-branch or the else-branch. At the
end of

the then-branch, a jump bypasses the code for the else-branch by
jumping to the

labelattheend. Hence,thereisneedforthreelabels: Oneforthe then-
branch,one

forthe else-branchandoneforthecodefollowingthe if-then-else
statement.

If the condition in a while-do loop is true, the body must be executed,
oth-

erwise the body is by-passed and the code after the loop is executed.
Hence, the

conditionistranslatedwithattributesthatprovidethelabelforthestartofthebod



and the label for the code after the loop. When the body of the loop has
been exe-

cuted,theconditionmustbere-testedforfurtherpassesthroughtheloop.
Hence,a

jump is made to the start of the code for the condition. A total of three
labels are

thus required: One for the start of the loop, one for the loop body and
one for the

endoftheloop.

A repeat-until loopisslightlysimpler.
Thebodyprecedesthecondition,so

there is always at least one pass through the loop. If the condition is
true, the loop

isterminatedandwecontinuewiththecodeaftertheloop.
Iftheconditionisfalse,

we jump to the start of the loop. Hence, only two labels are needed: One
for the

startoftheloopandoneforthecodeaftertheloop.

Suggestedexercises: 7.2.
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Transstat(Stat,vtable, ftable)= case Stat of

Stat1; Stat2 code1 = Transstat(Stat1,vtable, ftable)
codez2 = Transstat(Stat2,vtable, ftable)
code1++code2

id := Exp place = lookup(vtable,getname(id))
Transexp(Exp,vtable, ftable, place)

if Cond label1 = newlabel()

then Stat1label2= newlabel()

code1= Transcond(Cond,label1,label2,vtable, ftable)
code2 = Transstat(Stat1,vtable, ftable)
code1++[LABEL label1]++code2

++[LABEL label2]

if Cond label1 = newlabel()

then Stat1label2= newlabel()

else Stat2label3 = newlabel()

code1 = Transcond(Cond,label1,label2,vtable, ftable)
codez = Transstat(Stat1,vtable, ftable)

codes = Transstat(Stat2,vtable, ftable)

code1++[LABEL label1]++code2



++[GOTO label3, LABEL label2]

++code3++[LABEL labels]

while Cond label1 = newlabel()

do Stat1labelz = newlabel()

label3 = newlabel()

code1 = Transcond(Cond,labelz,labels,vtable, ftable)
codez = Transstat(Stat1,vtable, ftable)

[LABEL label1]++code1
++[LABEL label2]++code2
++[GOTO label1, LABEL label3]
repeat Stat1label1 = newlabel()
until Cond labelz = newlabel()

code1 = Transstat(Stat1,vtable, ftable)
code2 = Transcond(Cond,labelz,label1,vtable, ftable)

[LABEL label1]++code1
++code2++[LABEL label2]

Figure7.5: Translationofstatements
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Transcond(Cond,labelt,labelf ,vtable, ftable)= case Cond of
Exp1relop Exp2t1= newvar()

t2= newvar()

code1 = Transexp(Exp1,vtable, ftable,t1)

codez = Transexp(Exp2,vtable, ftable,t2)

op = transop(getopname(relop))

code1++code2++[IF t1opt2 THEN labeltELSE labelf]

Figure7.6: Translationofsimpleconditions

7.7 Logical operators

Logicalconjunction,disjunctionandnegationareoftenavailableforconditions,

wecanwrite, e.g., X =y or y = z,where or isalogicaldisjunctionoperator.
There

aretypicallytwowaystotreatlogicaloperatorsinprogramminglanguages:

1) Logicaloperatorsaresimilartoarithmeticoperators:
Theargumentsareeval-

uatedandtheoperatorisappliedtofindtheresult.

2) Thesecondoperandofalogicaloperatorisnotevaluatedifthefirstoperand
is sufficient to determine the result. This means that a logical and will not
evaluateitssecondoperandifthefirstevaluatesto false,andalogical or will

notevaluatethesecondoperandifthefirstis true.



The first variant is typically implemented by using bitwise logical
operators and

uses 0to represent false and anonzero value (typically1 or —1)
torepresent true.

InC,thereisnoseparatebooleantype. Theintegeriisusedforlogicaltruth1 and

0 for falsehood. Bitwise logical operators & (bitwise and) and | (bitwise
or) are

used to implement the corresponding logical operations. Logical negation
is not

handledbybitwisenegation,asthebitwisenegationof1isnot0.
Instead,aspecial

logical negation operator ! is used that maps any non-zero value to 0
and 0 to 1.

Weassumeanequivalentoperatorisavailableintheintermediatelanguage.
Thesecondvariantiscalled sequentiallogicaloperators. InC,thesearecalled
&& (logical and)and | | (logical or).

Adding non-sequential logical operators to our language is not too
difficult.

Sincewehavenotsaidexactlywhichbinaryandunaryoperatorsexistintheinter-
mediatelanguage,wecansimplyassumetheseincluderelationaloperators,bitv

logicaloperationsandlogicalnegation.
Wecannowsimplyallowanyexpression2

asaconditionbyaddingtheproduction
1Actually,anynon-zerovalueistreatedaslogicaltruth.

2lfitisofbooleantype,whichweassumehasbeenverifiedbythetypechecker.
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Cond — Exp

togrammar?7.4.
Wethenextendthetranslationfunctionforconditionsasfollows:

Transcond(Cond,labelt,labelf ,vtable, ftable)= case Cond of
Exp1relop Exp2t1= newvar()

t2= newvar()

code1 = Transexp(Exp1,vtable, ftable,t1)

codez = Transexp(Exp2,vtable, ftable,t2)

op = transop(getopname(relop))

codet1++code2++[IF t1opt2 THEN labeltELSE labelf]

Exp t = newvar()

code1 = Transexp(Exp,vtable, ftable,t)

code1++[IF t =6 0 THEN labeltELSE labelf]

Weneedtoconvertthenumericalvaluereturnedby Transexp
intoachoicebetween

twolabels,sowegeneratean IF instructionthatdoesjustthat.
Theruleforrelationaloperatorsisnowactuallysuperfluous,asthecaseithan-

dles is covered by the second rule (since relational operators are
assumed to be

includedinthesetofbinaryarithmeticoperators). However,
wecanconsideritan



optimisation, as the code it generates is shorter than the equivalent code
generated

bythesecondrule.
Itwillalsobenaturaltokeepitseparatewhenweaddsequential

logicaloperators.
7.7.1 Sequential logical operators

WewillusethesamenamesforsequentiallogicaloperatorsasC, i.e., &&
forlogical

and, | | for logical or and ! for logical negation. The extended language
is shown

in figure 7.7. Note that we allow an expression to be a condition as well
as a

conditiontobeanexpression.
Thisgrammarishighlyambiguous(notleastbecause

binop overlaps relop).
Asbefore,weassumesuchambiguitytoberesolvedbythe

parserbeforecodegeneration. Wealsoassumethatthelastproductionsof
Exp and

Cond areusedaslittleaspossible,asthiswillyieldthebestcode.

The revised translation functions for Exp and Cond are shown in figure
7.8.

Onlythenewcasesfor Exp areshown.
Asexpressions, true and false arethenumbers1andO.

A condition Cond is translated into code that chooses between two
labels.



When we want to use a condition as an expression, we must convert this
choice

into a number. We do this by first assuming that the condition is false
and hence

assignOtothetargetlocation.
Wethen,iftheconditionistrue,jumptocodethatas-

signs1tothetargetlocation.
Iftheconditionisfalse,wejumparoundthiscode,so
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Exp — num

Exp — id

Exp — unop Exp

Exp — Exp binop Exp
Exp — id(Exps)

Exp — true

Exp — false

Exp — Cond

Exps — Exp

Exps — Exp , Exps
Cond — Exp relop Exp
Cond — true

Cond — false

Cond — ! Cond

Cond — Cond && Cond
Cond — Cond || Cond
Cond — Exp

Grammar7.7: Examplelanguagewithlogicaloperators
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Transexp(Exp,vtable, ftable, place)= case Exp of

true [place := 1]

false [place := 0]

Cond label1 = newlabel()

labelz = newlabel()

code1 = Transcond(Cond,label1,label2,vtable, ftable)
[place := 0]++code1

++[LABEL label1, place := 1]

++[LABEL label2]
Transcond(Cond,labelt,labelf ,vtable, ftable)= case Cond of
Exp1 relopExp2 t1 = newvar()

t2= newvar()

code1 = Transexp(Exp1,vtable, ftable,t1)

codez = Transexp(Exp2,vtable, ftable,t2)

op = transop(getopname(relop))
code1++code2++[IF t1opt2 THEN labelt ELSE labelf]

true [GOTO labelt]



false [GOTO labelf]

! Cond1 Transcond(Cond1,labelf,labelt,vtable, ftable)
Cond1 && Cond2argz = newlabel()
code1=Transcond(Cond1,argz,labelf ,vtable, ftable)
code2=Transcond(Condz,labelt,labelf ,vtable, ftable)
code1++[LABEL argz]++code2

Cond1 | | Condz2argz= newlabel()
code1=Transcond(Cond1,labelt,argz,vtable, ftable)
code2=Transcond(Condz,labelt,labelf ,vtable, ftable)
code1++[LABEL argz2]++code2

Exp t = newvar()

code1 = Transexp(Exp,vtable, ftable,t)

code1++[IF t =6 0 THEN labeltELSE labelf]

Figure7.8: Translationofsequentiallogicaloperators
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thevalueremainso0.
Wecouldequallywellhavedonethingstheotherwayaround,

i.e., first assign 1 to the target location and modify this to 0 when the
condition is

false.

It gets a bit more interesting in Transcond, where we translate conditions.
We

have already seen how comparisons and expressions are translated, so
we move

directlytothenewcases.

The constant true condition just generates a jump to the label for true
condi-

tions,and,similarly, false generatesajumptothelabelforfalseconditions.

Logical negation generates no code by itself, it just swaps the attribute-
labels

for true and false when translating its argument. This negates the effect
of the

argumentcondition.
Sequentiallogical and istranslatedasfollows: Thecodeforthefirstoperandis

translatedsuchthatifitisfalse,thesecondconditionisnottested.
Thisisdoneby

jumping straight to the label for false conditions when the first operand is
false. If



thefirstoperandistrue,ajumptothecodeforthesecondoperandismade.
Thisis

handled by using the appropriate labels as arguments to the call to
Transcond. The

call to Transcond for the second operand uses the original labels for true
and false.

Hence,bothconditionshavetobetrueforthecombinedconditiontobetrue.
Sequential or issimilar: Ifthefirstoperandistrue,wejumpdirectlytothelabel
fortrueconditionswithouttestingthesecondoperand,butifitisfalse,wejumpto

thecodeforthesecondoperand.
Again,thesecondoperandusestheoriginallabels

fortrueandfalse.

Note that the translation functions now work even if binop and unop do
not

contain relational operators or logical negation, as we can just choose
the last rule

forexpressionswheneverthe binop rulesdonotmatch.
However,wecannotinthe

same way omit non-sequential (e.g., bitwise) and and or, as these have a
different

effect(i.e.,theyalwaysevaluatebotharguments).

We have, in the above, used two different nonterminals for conditions
and ex-

pressions, with some overlap between these and consequently ambiguity
in the

grammar.



Itispossibletoresolvethisambiguitybyrewritingthegrammarandget

two non-overlapping syntactic categories in the abstract syntax. Another
solution

is to join the two nonterminals into one, e.g., Exp and use two different
transla-

tion functions for this: Whenever an expression is translated, the
translation func-

tion most appropriate for the context is chosen. For example, if-then-
else will

choose a translation function similar to Transcond while assignment will
choose a

onesimilartothecurrent Transexp.

Suggestedexercises: 7.3.
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7.8 Advanced control statements

We have, so far, shown translation of simple conditional statements and
loops, but

somelanguageshavemoreadvancedcontrolfeatures.
Wewillbrieflydiscusshow

suchcanbeimplemented.

Goto and labels. Labels are stored in a symbol table that binds each to a
corre-

spondinglabelintheintermediatelanguage. Ajumptoalabelwillgeneratea
GOTO

statement to the corresponding intermediate-language label. Unless
labels are de-

claredbeforeuse,anextrapassmaybeneededtobuildthesymboltablebeforeth

actualtranslation. Alternatively,anintermediate-
languagelabelcanbechosenand

anentryinthesymboltablebecreatedatthefirstoccurrenceofthelabelevenifit

is in a jump rather than a declaration. Subsequent jumps or declarations
of that la-

belwillusetheintermediate-
languagelabelthatwaschosenatthefirstoccurrence.

By setting a mark in the symbol-table entry when the label is declared, it
can be

checkedthatalllabelsaredeclaredexactlyonce.



Thescopeoflabelscanbecontrolledbythesymboltable,solabelscanbelocal
toaprocedureorblock.

Break/exit. Some languages allow exiting loops from the middle of the
loop-

body by a break or exit statement. To handle these, the translation
function for

statements must have an extra inherited parameter which is the label that
a break

or exit statement must jump to. This attribute is changed whenever a
new loop is

entered. Before thefirst loopis entered, thisattribute isundefined.
Thetranslation

function should check for this, so it can report an error if a break or
exit occurs

outside loops. This should, rightly, be done during type-checking (see
chapter 6),

though.

C’s continue statement, which jumps to the start of the current loop,
can be

handledsimilarly.

Case-statements. A case-statement evaluates an expression and selects
one of

several branches (statements) based on the value of the expression. In
most lan-

guages, the case-statement will be exited at the end of each of these
statements.



In this case, the case-statement can be translated as an assignment that
stores the

valueoftheexpressionfollowedbyanested if-then-else
statement,whereeach

branchofthe case-statementbecomesa then-branchofoneofthe if-
then-else

statements(or,incaseofthedefaultbranch,thefinal else-branch).

In C, the default is that all case-branches following the selected branch
are

executed unless the case-expression (called switch in C) is explicitly
terminated

witha break statement(seeabove)attheendofthebranch. Inthiscase,the
case-

statement can still be translated to a nested i f-then-else, but the
branches of
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thesearenow GoTO’stothecodeforeach case-branch.
Thecodeforthebranchesis

placedinsequenceafterthenested if-then-else,with break handledby
GOTO’S

asdescribedabove.
Hence,ifnoexplicitjumpismade,onebranchwillfallthrough

tothenext.

7.9 Translating structured data

So far, the only values we have used are integers and booleans.
However, most

programming languages provide floating-point numbers and structured
values like

arrays, records (structs), unions, lists or tree-structures. We will now
look at how

thesecanbetranslated. Wewiillfirstlookatfloats,thenatone-
dimensionalarrays,

multi-dimensionalarraysandfinallyotherdatastructures.
7.9.1 Floating-point values

Floating-
pointvaluesare,inacomputer,typicallystoredinadifferentsetofregis-

ters than integers. Apart from this, they are treated the same way we
treat integer

values: We use temporary variables to store intermediate expression
results and



assumetheintermediatelanguagehasbinaryoperatorsforfloating-
pointhumbers.

The register allocator will have to make sure that the temporary variables
used for

tfloating-pointvaluesaremappedtofloating-pointregisters. Forthisreason,itmay
beagoodideatolettheintermediatecodeindicatewhichtemporaryvariableshol

floats. This can be done by giving them special names or by using a symbol
table

toholdtypeinformation.
7.9.2 Arrays

We extend our example language with one-dimensional arrays by adding
the fol-

lowingproductions:
Exp — Index

Stat — Index := Exp
Index — id[Exp]

Index is an array element, which can be used the same way as a variable,
either as

anexpressionorastheleftpartofanassignmentstatement.
Wewillinitiallyassumethatarraysarezero-based(i.e.. thelowestindexis0).

Arrays can be allocated statically, i.e., at compile-time, or dynamically,
i.e., at

run-time. Inthefirstcase,the baseaddress
ofthearray(theaddressatwhichindex



0 is stored) is a compile-time constant. In the latter case, a variable will
contain

the base address of the array. In either case, we assume that the symbol
table for

variablesbindsanarraynametotheconstantorvariablethatholdsitsbaseaddre
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Transexp(Exp,vtable, ftable, place)= case Exp of
Index (code1,address)= Transindex(Index,vtable, ftable)
code1++[place := M[address]]

Transstat(Stat,vtable, ftable)= case Stat of

Index := Exp (code1,address)=Transindex(Index,vtable, ftable)
t = newvar()

code2 = Transexp(Exp,vtable, ftable,t)
code1++code2++[M[address] := t]
Transindex(Index,vtable, ftable)= case Index of
id[Exp] base = lookup(vtable,getname(id))

t = newvar()

code1 = Transexp(Exp,vtable, ftable,t)

code2= code1++[t :=t x 4,t :=t + base]

(code2,t)

Figure7.9: Translationforone-dimensionalarrays

Most modern computers are byte-addressed, while integers typically are
32 or

64 bits long. This means that the index used to access array elements
must be

multiplied by the size of the elements (measured in bytes), e.g., 4 or 8, to



find the

actualoffsetfromthebaseaddress.
Inthetranslationshowninfigure7.9,weuse4

forthesizeofintegers.
Weshowonlythenewpartsofthetranslationfunctionsfor

Exp and Stat.

We use a translation function Transindex for array elements. This returns
a

pair consisting of the code that evaluates the address of the array
element and the

variable that holds this address. When an array element is used in an
expression,

thecontentsoftheaddressistransferredtothetargetvariableusingamemory-
load

instruction. Whenan arrayelementis usedonthe left-handsideof
anassignment,

the right-hand side is evaluated, and the value of this is stored at the
address using

amemory-storeinstruction.

The address of an array element is calculated by multiplying the index by
the

size of the elements and adding this to the base address of the array.
Note that

base
canbeeitheravariableoraconstant(dependingonhowthearrayisallocated,

see below), but since both are allowed as the second operator to a binop
in the



intermediatelanguage,thisisnoproblem.

Allocatingarrays

So far, we have only hinted at how arrays are allocated. As mentioned,
one pos-

sibility is static allocation, where the base-address and the size of the
array are
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knownatcompile-time.
Thecompiler,typically,hasalargeaddressspacewhereit

can allocate statically allocated objects. When it does so, the new object
is simply

allocatedaftertheendofthepreviouslyallocatedobjects.

Dynamic allocation can be done in several ways. One is allocation local to
a

procedureorfunction,
suchthatthearrayisallocatedwhenthefunctionisentered

and deallocated when it is exited. This typically means that the array is
allocated

on a stack and popped from the stack when the procedure is exited. If
the sizes of

locallyallocatedarraysarefixedatcompile-
time,theirbaseaddressesareconstant

offsets from the stack top (or from the frame pointer, see chapter 10)
and can be

calculatedfromthisateveryarray-lookup.
However,thisdoesnotworkifthesizes

of these arrays are given at run-time. In this case, we need to use a
variable to

hold the base address of each array. The address is calculated when the
array is

allocated and then stored in the corresponding variable. This can
subsequently be



usedasdescribedin Transindex above. Atcompile-time,thearray-
namewillinthe

symboltablebeboundtothevariablethatatruntimewillholdthebase-address.
Dynamicallocationcanalsobedoneglobally,sothearraywillsurviveuntilthe

end of the program or until it is explicitly deallocated. In this case, there
must be

a global address space available for run-time allocation. Often, this is
handled by

theoperatingsystemwhichhandlesmemory-
allocationrequestsfromallprograms

thatarerunningatanygiventime. Suchallocationmayfailduetolackofmemory,
inwhichcasetheprogrammustterminatewithanerrororreleasememoryenoug

elsewhere to make room. The allocation can also be controlled by the
program

itself, which initially asks the operating system for a large amount of
memory and

then administrates this itself. This can make allocation of arrays faster
than if an

operating system call is needed every time an array is allocated.
Furthermore, it

can allow the program to use garbage collection to automatically reclaim
arrays

thatarenolongerinuse.
Thesedifferentallocationtechniquesaredescribedinmoredetailinchapter12.

Multi-dimensionalarrays



Multi-dimensional arrays can be laid out in memory in two ways: row-
major and

column-major. The difference is best illustrated by two-dimensional
arrays, as

shown i Figure 7.10. A two-dimensional array is addressed by two
indices, e.g.,

(using C-style notation) as a[i] [j]. The first index, i, indicates the row
of the

element and the second index, j, indicates the column. The first row of
the array

is,hence,theelements a[0] [0], a[0][1], a[0]1[2],
...andthefirstcolumnis

a[o][0], a[l][0O], a[2][O0], ....3
Inrow-majorform,thearrayislaidoutonerowatatimeandincolumn-major

3Notethatthecoordinatesystem,followingcomputer-sciencetradition,isrotated90- clockwise

comparedtomathe maticaltradition.
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1stcolumn 2ndcolumn 3rdcolumn ---
1strow a[0] [0] a[0][1] a[0][2]
2ndrow a[1][0] a[l]l[1] a[l][2]

3rdrow a[2] [0] a[2][1] a[2][2]

Figure7.10: Atwo-dimensionalarray

formitislaidoutonecolumnatatime. Ina3x2array,theorderingforrow-major
is

a[0][0], a[O][1], a[1][O0], all][1], a[2][0], al[2][1]
Forcolumn-majortheorderingis

a[0][0], a[l]([0], a[2][0], a[O][1], a[1][1], al2][1]

Ifthesizeofanelementis size andthesizesofthedimensionsinan n-
dimensional

array are dimo,dim1,...,dimn-2,dimn-1, then in row-major format an
element at

index [io][i1]...[in-2][in-1] hastheaddress
base +((...(i0 * dim1 + i1) * dim2... + in-2) * dimn-1+ in-1) * size
Incolumn-majorformattheaddressis

base +((...(in-1 * dimn-2+ in-2) * dimn-3... +i1) x dimo+ i0) * size



Notethatcolumn-
majorformatcorrespondstoreversingtheorderoftheindicesof

a row-major array. i.e., replacing io and dimo by in-1 and dimn-1, i1 and
dim1 by

in—-2 and dimn-2,andsoon.
Weextendthegrammarforarray-elementstoaccommodatemulti-dimensional
arrays:

Index — id[Exp]

Index — Index[Exp]

andextendthetranslationfunctionsasshowninfigure7.11.
Thistranslationisfor

row-majorarrays. Weleavecolumn-majorarraysasanexercise.

Withtheseextensions,thesymboltablemustreturnboththebase-
addressofthe

arrayandalistofthesizesofthedimensions. Likethebase-
address,thedimension

sizescaneitherbecompile-timeconstantsorvariablesthatatrun-
timewillholdthe

sizes. Weuseanauxiliarytranslationfunction Calcindex
tocalculatethepositionof
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Transexp(Exp,vtable, ftable, place)= case Exp of

Index (code1,address)= Transindex(Index,vtable, ftable)
code1++[place := M[address]]

Transstat(Stat,vtable, ftable)= case Stat of

Index := Exp (code1,address)= Transindex(Index,vtable, ftable)
t = newvar()

code2 = Transexp(Exp2,vtable, ftable,t)
code1++code2++[M[address] := t]

Transindex(Index,vtable, ftable)=

(code1,t,base,[])= Calcindex(Index,vtable, ftable)

code2= code1++[t :=t x 4,t :=t + base]

(code2,t)

Calcindex(Index,vtable, ftable)= case Index of

id[Exp] (base,dims)= lookup(vtable,getname(id))

t = newvar()

code = Transexp(Exp,vtable, ftable,t)

(code,t,base,tail(dims))

Index[Exp] (code1,t1,base,dims)= Calcindex(Index,vtable, ftable)

dim1 = head(dims)



t2= newvar()

code2 = Transexp(Exp,vtable, ftable,t2)

codes = code1++code2++[t1 := t1 x dim1,t1:= t1 +t2]
(codes,t1,base,tail(dims))

Figure7.11: Translationofmulti-dimensionalarrays
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anelement. In Transindex
wemultiplythispositionbytheelementsizeandaddthe

baseaddress. Asbefore,weassumethesizeofelementsis4.
Insomecases,thesizesofthedimensionsofanarrayarenotstoredinseparate

variables, but in memory next to the space allocated for the elements of
the array.

This uses fewer variables (which may be an issue when these need to be
allocated

to registers, see chapter 9) and makes it easier to return an array as the
result of

an expression or function, as only the base-address needs to be
returned. The size

informationisnormallystoredjustbeforethebase-
addressso,forexample,thesize

of the first dimension can be at address base — 4, the size of the second
dimension

at base — 8 and so on. Hence, the base-address will always point to the
first ele-

ment of the array no matter how many dimensions the array has. If this
strategy

is used, the necessary dimension-sizes must be loaded into variables
when an in-

dexiscalculated.
Sincethisaddsseveralextra(somewhatcostly)loads,optimising



compilersoftentrytore-usethevaluesofpreviousloads,
e.g.,bydoingtheloading

onceoutsidealoopandreferringtovariablesholdingthevaluesinsidetheloop.
Indexchecks

The translations shown so far do not test if an index is within the bounds
of the

array. Index checks are fairly easy to generate: Each index must be
compared to

the size of (the dimension of) the array and if the index is too big, a jump
to some

error-producing code is made. If the comparison is made on unsigned
numbers, a

negative index will look like a very large index. Hence, a single
conditional jump

isinsertedateveryindexcalculation.
Thisisstillfairlyexpensive,butvariousmethodscanbeusedtoeliminatesome

of these tests. For example, if the array-lookup occurs within a for-loop,
the

bounds of the loop-counter may guarantee that array accesses using this
variable

willbewithinbounds.
Ingeneral,itispossibletomakeananalysisthatfindscases

wheretheindex-
checkconditionissubsumedbyprevioustests,suchastheexittest

for a loop, the test in an if-then-else statement or previous index
checks. See



section11.4fordetails.
Non-zero-basedarrays

We have assumed our arrays to be zero-based, i.e., that the indices start
from 0.

Some languages allow indices to be arbitrary intervals, e.g., —10 to 10 or
10 to

20. If such are used, the starting-index must be subtracted from each
index when

the address is calculated. In a one-dimensional array with known size and
base-

address, the starting-index can be subtracted (at compile-time) from
base-address

instead. In a multi-dimensional array with known dimensions, the
starting-indices

can be multiplied by the sizes of the dimensions and added together to
form a
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singleconstantthatissubtractedfromthebase-
addressinsteadofsubtractingeach

starting-indexfromeachindex.

7.9.3 Strings

Strings are usually implemented in a fashion similar to one-dimensional
arrays.

In some languages (e.g. C or pre-ISO-standard Pascal), strings are just
arrays of

characters.

However, strings often differ from arrays in that the length is not static,
but

can vary at run-time. This leads to an implementation similar to the kind
of arrays

where the length is stored in memory, as explained in section 7.9.2.
Another dif-

ference is that the size of a character is typically one byte (unless 16-bit
Unicode

characters are used), so the index calculation does not multiply the index
by the

size(asthisis1).

Operationsonstrings,
e.g.,concatenationandsubstringextraction,aretypically

implementedbycallinglibraryfunctions.



7.9.4 Records/structs and unions

Records(structs)havemanypropertiesincommonwitharrays.
Theyaretypically

allocated in a similar way (with a similar choice of possible allocation
strategies),

and the fields of a record are typically accessed by adding an offset to
the base-

addressoftherecord. Thedifferencesare:
- Thetypes(andhencesizes)ofthefieldsmaybedifferent.

- The field-selector is known at compile-time, so the offset from the base
ad-

dresscanbecalculatedatthistime.

The offset for a field is simply the sum of the sizes of all fields that occur
before

it. Forarecord-variable,thesymboltableforvariablesmustholdthebase-
address

and the offsets for each field in the record. The symbol table for types
must hold

the offsets for every record type, such that these can be inserted into
the symbol

tableforvariableswhenarecordofthistypeisdeclared.
Inaunion(sum)type,thefieldsarenotconsecutive,butarestoredatthesame

address, i.e., the base-address of the union. The size of an union is the
maximum

ofthesizesofitsfields.



Insomelanguages,uniontypesincludea tag,whichidentifieswhichvariantof

the union is stored in the variable. This tag is stored as a separate field
before the

union-fields. Some languages (e.g. Standard ML) enforce that the tag is
tested

when the union is accessed, others (e.g. Pascal) leave this as an option
to the

programmer.
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Suggestedexercises: 7.8.

7.10 Translating declarations

Inthetranslationfunctionsusedinthischapter,wehaveseveraltimesrequiredtt

“The symbol table must contain ...”. It is the job of the compiler to ensure
that

the symbol tables contain the information necessary for translation.
When a name

(variable, label, type, etc.) isdeclared, thecompilermustkeepinthesymbol-
table

entry for that name the information necessary for compiling any use of
that name.

For scalar variables (e.g., integers), the required information is the
intermediate-

language variable that holds the value of the variable. For array variables,
the

information includes the base-address and dimensions of the array. For
records, it

istheoffsetsforeachfieldandthetotalsize. Ifatypeisgivenaname, thesymbol

table must for that name provide a description of the type, such that
variables that

are declared to be that type can be given the information they need for
their own

symbol-tableentries.



The exact nature of the information that is put into the symbol tables will
de-

pendonthetranslationfunctionsthatusethesetables,soitisusuallyagoodideai

writefirstthetranslationfunctionsfor uses
ofnamesandthentranslationfunctions

fortheirdeclarations.
Translationoffunctiondeclarationswillbetreatedinchapter10.
7.10.1 Example: Simple local declarations
Weextendthestatementlanguagebythefollowingproductions:
Stat — Decl ; Stat

Decl — int id

Decl — int id[num]

Wecan,hence,declareintegervariablesandone-
dimensionalintegerarraysforuse

inthefollowingstatement.
Anintegervariableshouldbeboundtoalocationinthe

symbol table, so this declaration should add such a binding to vtable. An
array

should bebound toa variablecontaining itsbase address. Furthermore,
codemust

begeneratedforallocatingspaceforthearray.
Weassumearraysareheapallocated

and that the intermediate-code variable HP points to the first free element
of the

(upwards growing) heap. Figure 7.12 shows the translation of these



declarations.

Whenallocatingarrays,nocheckforheapoverflowisdone.

7.11 Further reading

Acomprehensivediscussionaboutintermediatelanguagescanbefoundin[35].
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Transstat(Stat,vtable, ftable)= case Stat of

Decl ; Stat1 (code1,vtable1)= Transpeci(Decl,vtable)
codez = Transstat(Stat1,vtable1, ftable)
code1++code2

Transpecl(Decl,vtable)= case Decl of

int id t1= newvar()

vtable1 = bind(vtable,getname(id),t1)

([1, vtable1)

int id[num] t1= newvar()

vtable1 = bind(vtable,getname(id),t1)

([t1:= HP, HP := HP +(4 x getvalue(num))], vtable1)
Figure7.12: Translationofsimpledeclarations

Functional and logic languages often use high-level intermediate
languages,

which are in many cases translated to lower-level intermediate code
before emit-

ting actual machine code. Examples of such intermediate languages can
be found

in[23],[8]and[6].

Another high-level intermediate language is the Java Virtual Machine [29].



This language has single instructions for such complex things as calling
virtual

methods and creating new objects. The high-level nature of JVM was
chosen for

severalreasons:

- By letting common complex operations be done by single instructions,
the

codeissmaller,whichreducestransmissiontimewhensendingthecodeover
thelnternet.

- JVM was originally intended for interpretation, and the complex
operations

alsohelpedreducetheoverheadofinterpretation.
- AprograminJVMis validated (essentiallytype-checked)beforeinterpreta-

tionorfurthertranslation. Thisiseasierwhenthecodeishigh-level.

Exercises

Exercise 7.1

Use the translation functions in figure 7.3 to generate code for the
expression

2+g (x+y,x*y). Use a vtable that binds x tov0 andy to vl and an
ftable that

binds g to _g. The result of the expression should be put in the
intermediate-code

variable r (sothe place attributeintheinitialcallto Transexp is r).
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Exercise 7.2

Use the translation functions in figures 7.5 and 7.6 to generate code for
the state-

ment

x:=2+y;

if x<y then x:=x+y;

repeat

y:=y*2;

while x>10 do x:=x/2

until x<y

usethesame vtable asinexercise7.1.
Exercise 7.3

Use the translation functions in figures 7.5 and 7.8 to translate the
following state-

ment
if x<=y && !'(x=y || x=1)
then x:=3

else x:=5
usethesame vtable asinexercise7.1.

Exercise 7.4



De Morgan’s law tells us that !'(p | | q) is equivalent to (!'p) && ('q).
Show that

thesegenerateidenticalcodewhencompiledwith Transcond fromfigure7.8.

Exercise 7.5

Show that, in any code generated by the functions in figures 7.5 and 7.8,
every

IF-THEN-ELSE instructionwillbefollowedbyoneofthetargetlabels.

Exercise 7.6

Extend figure 7.5 to include a break-statement for exiting loops, as
described in

section7.8, i.e.,extendthestatementsyntaxby
Stat — break

andaddaruleforthisto Transstat.
Addwhateverextraattributesyoumayneedto

dothis.
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Exercise 7.7
Weextendthestatementlanguagewiththefollowingstatements:

Stat — labelid :

Stat — goto labelid

fordefiningandjumpingtolabels.
Extendfigure7.5tohandletheseasdescribedinsection7.8. Labelshavescope

over the entire program (statement) and need not be defined before use.
You can

assumethatthereisexactlyonedefinitionforeachusedlabel.
Exercise 7.8

Show translation functions for multi-dimensional arrays in column-major
format.

Hint: Starting from figure 7.11, it may be a good idea to rewrite the
productions

for Index sotheyareright-recursiveinsteadofleft-
recursive,astheaddressformula

for column-major arrays groups to the right. Similarly, it is a good idea to
reverse

thelistofdimensionsizes,sothesizeoftherightmostdimensioncomesfirstinthe
list.

Exercise 7.9



Whenstatementsaretranslatedusingthefunctionsinfigure7.5,itwilloftenbeth

case that the statement immediately following a label is a GOTO
statement, i.e., we

havethefollowingsituation:
LABEL label1
GOTO label2

Itisclearthatanyjumpto label1 canbereplacedbyajumpto label2,andthatthis

willresultinfastercode. Hence,itisdesirabletodoso. Thisiscalledjump-to-
jump

optimisation,andcanbedoneaftercode-generationbyapost-
processthatlooksfor

these situations. However, it is also possible to avoid most of these
situations by

modifyingthetranslationfunction.

This can be done by adding an extra inherited attribute endlabel, which
holds

the name of a label that can be used as the target of a jump to the end of
the code

that is being translated. If the code is immediately followed by a GOTO
statement,

endlabel willholdthetargetofthis GOTO
ratherthanalabelimmediatelypreceding

this.

a) Add the endlabel attribute to Transstat from figure 7.5 and modify the
rules



so endlabel is exploited for jump-to-jump optimisation. Remember to set

endlabel correctlyinrecursivecallsto Transstat.
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b) Usethemodified Transstat totranslatethefollowingstatement:

while x>0 do {

X := x-1;

if x>10 then x := x/2

}

The curly braces are used as disambiguators, though they are not part of
grammar7.4.

Use the same vtable as exercise 7.1 and use endlab as the endlabel for
the

wholestatement.
Exercise 7.10

In figure 7.5, while statements are translated in such a way that every
iteration of

theloopexecutesanunconditionaljump(GOTO
inadditiontotheconditionaljumps

intheloopcondition.
Modifythetranslationsoeachiterationonlyexecutestheconditionaljumpsin

the loop condition, i.e., so an unconditional jump is saved in every
iteration. You

mayhavetoaddanunconditionaljumpoutsidetheloop.

Exercise 7.11



Logicalconjunctionisassociative: p A (A T) < (p A Q) A T.

Show that this also applies to the sequential conjunction operator &&
when

translated as in figure 7.8, i.e., that p&&(q&&r) generates the same code
(up to

renamingoflabels)as (p&&q)s&sr.

Exercise 7.12

Figure 7.11 shows translation of multi-dimensional arrays in row-major
layout,

where the address of each element is found through multiplication and
addition.

On machines with fast memory access but slow multiplication, an
alternative im-

plementationofmulti-dimensionalarraysissometimesused:
Anarraywithdimen-

sions dimo, dim1,...,dimn isimplementedasaone-dimensionalarrayofsize
dimo

with pointers to dimo different arrays each of dimension dima1,...,dimn,
which

again are implemented in the same way (until the last dimension, which is
imple-

mentedasanormalone-dimensionalarrayofvalues).
Thistakesupmoreroom,as

the pointer arrays need to be stored as well as the elements. But array-
lookup can

bedoneusingonlyadditionandmemoryaccesses.
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a) Assumingpointersandarrayelementsneedfourbyteseach,whatisthetotal
numberofbytesrequiredtostoreanarrayofdimensions dimo, dim1,...,dimn?

b) Write translation functions for array-access in the style of figure 7.11
using

this representation of arrays. Use addition to multiply numbers by 4 for

scalingindicesbythesizeofpointersandarrayelements.
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Chapter 8

Machine-Code Generation

8.1 Introduction

Theintermediatelanguagewehaveusedinchapter7isquitelow-
levelandsimilar

to the type of machine code you can find on modern RISC processors,
with a few

exceptions:

- We have used an unbounded number of variables, where a processor
will

haveaboundednumberofregisters.

- Wehaveusedacomplex CALL instructionforfunctioncalls.

- In the intermediate language, the IF-THEN-ELSE instruction has two
target

labels, where, on most processors, the conditional jump instruction has
only

one target label, and simply falls through to the next instruction when the
conditionisfalse.

- We have assumed that any constant can be an operand to an
arithmetic in-

struction. Typically,RISCprocessorsallowonlysmallconstantsasoperands.

The problem of mapping a large set of variables to a small number of



registers is

handledby registerallocation,asexplainedinchapter9.
Functioncallsaretreated

inchapter10. Wewilllookattheremainingtwoproblemsbelow.

The simplest solution for generating machine code from intermediate
code is

totranslateeachintermediate-languageinstructionintooneormoremachine-
code

instructions. However, it is often possible to find a machine-code
instruction that

covers two or more intermediate-language instructions. We will in section
8.4 see

howwecanexploitcomplexinstructionsinthisway.
Additionally,wewillbrieflydiscussotheroptimisations.

179
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8.2 Conditional jumps

Conditional jumps come in many forms on different machines. Some
conditional

jumpinstructionsembodyarelationalcomparisonbetweentworegisters(orare

ister and a constant) and are, hence, similar to the IF-THEN-ELSE
instruction in

our intermediate language. Other types of conditional jump instructions
require

the condition to be already resolved and stored in special condition
registers or

tflags. However, it is almost universal that conditional jump instructions
specify

only one target label (or address), typically used when the condition is
true. When

theconditionisfalse,executionsimplycontinueswiththeinstructionsimmediat
followingtheconditionaljumpinstruction.

Converting two-way branches to one-way branches is not terribly
difficult:

IF c THEN kELSE lcanbetranslatedto
branch if c It
jump If

where branch if c



isaconditionalinstructionthatjumpswhenthecondition c is
trueand jump isanunconditionaljump.

Oftenm, an IF-THEN-ELSE instruction is immediately followed by one of
its

target labels. In fact, this will always be the case if the intermediate code
is gen-

erated by the translation functions shown in chapter 7 (see exercise 7.5).
If this

labelhappenstobe If (thelabeltakenforfalseconditions),wecansimplyomitthe

unconditional jump fromthecodeshownabove. Ifthefollowinglabelis
lt, wecan

negatetheconditionoftheconditionaljumpandmakeitjumpto I, i.e.,as
branch if not c Ik

where branch_if not_c is a conditional instruction that jumps when
the condi-

tion c isfalse.

Hence, the code generator (the part of the compiler that generates
machine

code) should test which (if any) of the target labels follow an IF-THEN-
ELSE in-

struction and translate it accordingly. Alternatively, a post-processing
pass can be

madeoverthegeneratedmachinecodetoremovesuperfluousjumps.

If the conditional jump instructions in the target machine language do not
al-



low conditions as complex as those used in the intermediate language,
code must

be generated to first calculate the condition and put the result
somewhere where

it can be tested by a subsequent conditional jump instruction. In some
machine

architectures, e.g., MIPS and Alpha, this “somewhere” can be a general-
purpose

register. Othermachines, e.g.,PowerPCorlA-
64(alsoknownasltanium)usespe-

cial condition registers, while yet others, e.g., IA-32 (also known as x86),
Sparc,
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PA-RISC and ARM use a single set of arithmetic flags that can be set by
compar-

ison or arithmetic instructions. A conditional jump may test various
combinations

of the flags, so the same comparison instruction can, depending on the
subsequent

condition, be used for testing equality, signed or unsigned less-than,
overflow and

several other properties. Usually, any IF-THEN-ELSE instruction can be
translated

into at most two instructions: One that does the comparison and one
that does the

conditionaljump.

8.3 Constants

Theintermediatelanguageallowsarbitraryconstantsasoperandstobinaryoru
operators. Thisisnotalwaysthecaseinmachinecode.
Forexample,MIPSallowsonly16-bitconstantsinoperandseventhoughinte-

gersare32bits(64bitsinsomeversionsoftheMIPSarchitecture).
Tobuildlarger

constants, MIPS includes instructions to load 16-bit constants into the
upper half

(themostsignificantbits)ofaregister. Withhelpofthese,anarbitrary32-
bitinte-



ger can be entered into a register using two instructions. On the ARM, a
constant

canbean8-bithumberpositionedatanyevenbitboundary. Itmaytakeuptofour
instructionstobuilda32-bithumberusingthese.

Whenanintermediate-
languageinstructionusesaconstant,thecodegenerator

must check if it fits into the constant field (if any) of the equivalent
machine-code

instruction. If it does, the code generator genrates a single machine-code
instruc-

tion. If not, the code generator generates a sequence of instructions that
builds the

constant in a register, followed by an instruction that uses this register in
place of

the constant. If a complex constant is used inside a loop, it may be a
good idea to

move the code for generating this outside the loop and keep it in a
register inside

the loop. This can be done as part of a general optimisation to move
code out of

loops,seesection8.5.

8.4 Exploiting complex instructions

Most instructions in our intermediate language are atomic, in the sense
that each

instruction corresponds to a single operation which can not sensibly be
split into



smallersteps. Theexceptionstothisrulearetheinstructions IF-THEN-
ELSE,which

we in section 8.2 described how to handle, and CALL, which will be
detailed in

chapter10.

CISC (Complex Instruction Set Computer) processors like IA-32 have
com-

posite (i.e., non-atomic) instructions in abundance. And while the
philosophy be-

hind RISC (Reduced Instruction Set Computer) processors like MIPS and
ARM

advocates that machine-code instructions should be simple, most RISC
processors
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includeatleastafewnon-atomicinstructions,typicallyformemory-
accessinstruc-

tions.

We will in this chapter use a subset of the MIPS instruction set as an
example.

AdescriptionoftheMIPSinstructionsetcanbefoundAppendixAof[39],which

is available online [27]. If you are not already familiar with the MIPS
instruction

set,itwouldbeagoodideatoreadthedescriptionbeforecontinuing.

To exploit composite instructions, several intermediate-language
instructions

canbegroupedtogetherandtranslatedintoasinglemachine-codeinstruction.
For

example,theintermediate-languageinstructionsequence
t2:=t1+ 116

t3:= M[t2]
canbetranslatedintothesingleMIPSinstruction

lw r3, 116(rl)

where r1 and r3 are the registers chosen for t1 and t3, respectively.
However, is

is only possible to combine the two instructions if the value of the
intermediate



value t2is not required later, as the combined instruction does not store
this value

anywhere.

We will, hence, need to know if the contents of a variable is required for
later

use,orifitis dead afteraparticularuse.
Whengeneratingintermediatecode,most

ofthetemporaryvariablesintroducedbythecompilerwillbesingle-
useandcanbe

markedassuch. Anyuseofasingle-
usevariablewill,bydefinition,bethelastuse.

Alternatively, last-use information can be obtained by analysing the
intermediate

code using a liveness analysis, which we will describe in chapter 9. For
now, we

willjustassumethatthelastuseofanyvariableismarkedintheintermediatecode
Weassumethisisdone,andthelastuseofanyvariableintheintermediatecodeis

markedby last,suchas
tiast,whichindicatesthatthisisthelastuseofthevariable

t.

Our next step is to describe each machine-code instruction in terms of
one or

more intermediate-language instructions. We call the sequence of
intermediate-

language instructions a pattern, and the corresponding machine-code
instruction



its replacement, since the idea is to find sequences in the intermediate
code that

matches the pattern and replace these sequences by instances of the
replacement.

Whenapatternusesvariablessuchas k, t or
rd,thesecanmatchanyintermediate-

languageconstants,variablesorlabels,andwhenthesamevariableisusedinbo

pattern and replacement, it means that the corresponding intermediate-
language

constantorvariable/labelnameiscopiedtothemachine-
codeinstruction,whereit

willrepresentaconstant,anamedregisteroramachine-codelabel.

For example, the MIPS 1w (load word) instruction can be described by
the

pattern/replacementpair
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t:=rs+ klw rt, k(rs)

r := M[tiast]

t

where tiast inthepatternindicatesthatthecontentsof t
mustnotbeusedafterwards,

i.e., that the intermediate-language variable that is matched against t
must have a

last annotation at this place. A pattern can only match a piece of
intermediate

code if all last annotations in the pattern are matched by last annotations
in the

intermediate code. The converse, however, need not hold: It is not
harmful to

store a value in a register even if it is not used later, so a last annotation
in the

intermediatecodeneednotbematchedbya last annotationinthepattern.

The list of patterns that in combination describe the machine-code
instruction

set must cover the intermediate language in full (excluding function calls,
which

we handle in chapter 10). In particular, each single intermediate-language
instruc-

tion (with the exception of CALL, which we handle separately in chapter
10) must



be covered by at least one pattern. This means that we must include the
MIPS in-

struction 1w rt, 0(rs) to cover the intermediate-code instruction rt:=
M[rs], even

thoughwehavealreadylistedamoregeneralformof 1w.
Ifthereisanintermediate-

languageinstructionforwhichtherearenoequivalentsinglemachine-
codeinstruc-

tion, a sequence of machine-code instructions must be given for this.
Hence, an

instruction-setdescriptionisalistofpairs,whereeachpairconsistsofa pattern
(a

sequence of intermediate-language instructions) and a replacement (a
sequence of

machine-codeinstructions).

When translating a sequence of intermediate-code instructions, the code
gen-

erator can look at the patterns and pick the replacement that covers the
largest

prefixoftheintermediatecode.
Asimplewayofensuringthatthelongestprefixis

matchedistolistthepairssolongerpatternsarelistedbeforeshorterpatterns.
The

first pattern in the list that matches a prefix of the intermediate code will
now also

bethelongestmathingpattern.



Thiskindofalgorithmiscalled greedy,becauseitalwayspicksthechoicethat

is best for immediate profit, i.e., the sequence that “eats” most of the
intermediate

code in one bite. It will, however, not always yield the best possible
solution for

thetotalsequenceofintermediate-languageinstructions.
Ifcostsaregivenforeachmachine-codeinstructionsequenceinthepattern/re-

placement pairs, optimal (i.e., least-cost) solutions can be found for
straight-line

(i.e., jump-free) code sequences. The least-cost sequence that covers
the interme-

diate code can be found, e.g., using a dynamic-programming algorithm.
For RISC

processors, a greedy algorithm will typically get close to optimal
solutions, so the

gain from using a better algorithm is small. Hence, we will go into detail
only for

thegreedyalgorithm.

As an example, figure 8.1 describes a subset of the instructions for the
MIPS
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microprocessor architecture in terms of the intermediate language as a
set of pat-

tern/replacement pairs. Note that we exploit the fact that register 0 is
hardwired to

be the value 0 to, e.g., use the addi instruction to generate a constant.
We assume

that we, at this point, have already handled the problem of too-large
constants, so

any constant that now remains in the intermediate code can be used as
an imme-

diate constant in an instruction such a addi. Note that we make special
cases for

IF-THEN-ELSE when one of the labels immediately follows the test.
Note, also,

that we need (at least) two instructions from our MIPS subset to
implement an

IF-THEN-ELSE instruction that uses < as the relational operator, while
we need

only one for comparison by =. Figure 8.1 does not cover all of the
intermediate

language, but it can fairly easily be extended to do so. It is also possible
to add

morespecialcasestoexploitalargersubsetoftheMIPSinstructionset.

The instructions in figure 8.1 are listed so that, when two patterns



overlap, the

longest of these is listed first. Overlap can happen id the pattern in one
pair is a

prefix of the pattern for another pair, as is the case with the pairs
involving addi

and 1w/sw andforthedifferentinstancesof beqg/bne and slt.

We can try to use figure 8.1 to select MIPS instructions for the following
se-

quenceofintermediate-languageinstructions:
a := a + blast

d:=c+38

M[diast] := a

IF a=c THEN label1ELSE label2

LABEL label2

Only one pattern (for the add instruction) in figure 8.1 matches a prefix
of this

code, so we generate an add instruction for the first intermediate
instruction. We

now have two matches for prefixes of the remaining code: One using sw
and one

using addi. Since the pattern using sw is listed first in the table, we
choose this to

replace the next two intermediate-language instructions. Finally, a beq
instruction



matchesthelasttwoinstructions. Hence,wegeneratethecode
add a,a, b

sw a, 8(c)

beq a, c, label

label2:

Note that we retain labelz even though the resulting sequence does not
refer to

it, as some other part of the code might jump to it. We could include
single-use

annotations for labels like we use for variables, but it is hardly worth the
effort, as

labelsdonotgenerateactualcodeandhencecostnothing .1

1Thisis,strictlyspeaking,notentirelytrue,assuperfluouslabelsmightinhibitlateroptimisations.
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t:=rs+ Kk, 1w rt, k(rs)

r := M[tiast]

t

re:= M[rs] 1w rt, O(rs)

re:= M[k] 1w rt, k(RO)

t:=rs+ Kk, sw rt, k(rs)

M[tiast] :=r

t

Mirs] := rt sw rt, O(rs)

M[K] := rt sw rt, k(RO)

rd:=rs+rtadd rd, rs, rt

rd:=rtadd rd, RO, rt

rd:=rs+ kaddi rd, rs, k

rd:= k addi rd, RO, k

GOTO label j label

IF rs=rtTHEN labeltELSE labelf, beq rs, rt, labelt
LABEL labelflabels:

IF rs=rtTHEN labeltELSE labelf, bne rs, rt, labelf

LABEL labeltlabelt:



IF rs=rtTHEN labeltELSE labelfbeq rs, rt, labelt
j labelf

IF rs<rtTHEN labelt ELSE labelf, slt rd, rs, rt
LABEL labelfbne rd, RO, labelt

labels :

IF rs<rtTHEN labelt ELSE labelf, slt rd, rs, rt
LABEL labeltbeq rd, RO, labelf

labelt:

IF rs<rtTHEN labeltELSE labelfslt rd, rs, rt
bne rd, RO, labelt

j labelf

LABEL label label:

Figure8.1: Pattern/replacementpairsforasubsetoftheMIPSinstructionset
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8.4.1 Two-address instructions

Intheabovewehaveassumedthatthemachinecodeisthree-addresscode,
i.e.,that

the destination register of an instruction can be distinct from the two
operand reg-

isters. It is, however, not uncommon that processors use two-address
code, where

the destination register is the same as the first operand register. To
handle this, we

usepattern/replacementpairslikethese:

re:=rsmov rt, Is
rt:=re+ rsadd rrs
rd:=rs+ rtmove rd, rs
add rd,rt

thataddcopyinstructionsinthecaseswherethedestinationregisterisnotthesa

as the first operand. As we will see in chapter 9, the register allocator will
often

be able to remove the added copy instruction by allocating rd and rsin the
same

register.

Processors that divide registers into data and address registers or
integer and



tfloating-pointregisterscanbehandledinasimilarway: Addinstructionsthatcopy

to new registers before operations and let register allocation allocate
these to the

righttypeofregisters(andeliminateasmanyofthemovesaspossible).

Suggestedexercises: 8.2.

8.5 Optimisations

Optimisations can be done by a compiler in three places: In the source
code (i.e.,

on the abstract syntax), in the intermediate code, and in the machine
code. Some

optimisationscanbespecifictothesourcelanguageorthemachinelanguage, bt

makes sense to perform optimisations mainly in the intermediate
language, as the

optimisations hence can be shared among all compilers that use the
same interme-

diate language. Also, the intermediate language is typically simpler than
both the

source language and the machine language, making the effort of doing
optimisa-

tionssmaller.
Optimisingcompilershaveawidearrayofoptimisationsthattheycanemploy,
butwewillmentiononlyafewandjusthintathowtheycanbeimplemented.

Common subexpression elimination. In the statement a[i] := a[i]+2,
the



address for a[i] is calculated twice. This double calculation can be
eliminated

by storing the address in a temporary variable when the address is first
calculated,

and then use this variable instead of calculating the address again.
Simple meth-

odsforcommonsubexpressioneliminationworkon basicblocks,
I.e.,straight-line
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codewithoutjumpsorlabels,butmoreadvancedmethodscaneliminateduplicat
calculationsevenacrossjumps.

Code hoisting. If part of the computation inside a loop is independent of
the

variables that change inside the loop, it can be moved outside the loop
and only

calculatedonce. Forexample,intheloop
while (j < k) {

sum = sum + a[i] []]’

j++;

}

alargepartoftheaddresscalculationfor a[i] []
canbedonewithoutknowing 7.

Thispartcanbemovedoutsidetheloopsoitwillonlybecalculatedonce.
Notethat

this optimisation ca not be done on source-code level, as the address
calculations

arenotvisiblethere.
Forthesamereason,theoptimisedversionisnotshownhere.

If kx maybelessthanorequalto j,theloopbodymayneverbeenteredandwe

may, hence, unnecessarily execute the code that was moved out of the
loop. This

mightevengeneratearun-timeerror. Hence,wecanunrolithelooponceto



if (3 < k) {
sum = sum + a[i] []];
J++;

while (j < k) {

sum = sum + a[i] [j];
J++;

}

}

The loop-independent part(s) may now without risk be calculated in the
unrolled

partandreusedinthenon-unrolledpart. Again,thisoptimisationisnotshown.

Constant propagation. A variable may, at some points in the program,
have a

value that is always equal to a known constant. When such a variable is
used in a

calculation, this calculation can often be simplified after replacing the
variable by

the constant that is guaranteed to be its value. Furthermore, the variable
that holds

the results of this computation may now also become constant, which
may enable

evenmorecompile-timereduction.

Constant-
propagationalgorithmsfirsttracetheflowofconstantvaluesthrough



the program, and then reduce calculations. More advanced methods also
look at

conditions, so they can exploit that after a test on, e.g., x = 0, x is,
indeed, the

constant0.
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Index-checkelimination. Asmentionedinchapter7,somecompilersinsertrun-

timecheckstocatchcaseswhenanindexisoutsidetheboundsofthearray.
Some

ofthesecheckscanberemovedbythecompiler. Onewayofdoingthisistoseeif

thetestsontheindexaresubsumedbyearliertestsorensuredbyassignments.
For

example, assume that, in the loop shown above, a is declared to be a k
x k array.

Thismeansthattheentrytestfortheloopwillensurethat ;
isalwayslessthanthe

upper bound on the array, so this part of the index test can be
eliminated. If j is

initialisedtoObeforeenteringtheloop,wecanusethistoconcludethatwedonot

needtocheckthelowerboundeither.

8.6 Further reading

Code selection by pattern matching normally uses a tree-structured
intermediate

language instead of the linear instruction sequences we use in this book.
This can

avoid some problems where the order of unrelated instructions affect the
quality

of code generation. For example, if the two first instructions in the
example at the



end of section 8.4 are interchanged, our simple prefix-matching algorithm
will not

include the address calculation in the sw instruction and, hence, needs
one more

instruction. Iftheintermediatecodeistree-
structured,theorderofindependentin-

structionsisleftunspecified,andthecodegeneratorcanchoosewhicheverords
givesthebestcode. See[35]or[9]formoredetails.

Descriptions of and methods for a large number of different
optimisations can

befoundin[5],[35]and[9].
Theinstructionsetof(oneversionof)theMIPSmicroprocessorarchitectureis
describedin[39]. Thisdescriptionisalsoavailableonline[27].

Chapter11describesoptimisationinmoredetail.

Exercises

Exercise 8.1

Add extra inherited attributes to Transcond in figure 7.8 that, for each of
the two

targetlabels,
indicatesifthislabelimmediatelyfollowsthecodeforthecondition,

i.e., a boolean-valued attribute for each of the two labels. Use this
information to

make sure that the false-destination labels of an IF-THEN-ELSE
instruction follow



immediatelyafterthe IF-THEN-ELSE instruction.

Youcanusethefunction negate tonegaterelationaloperatorsso, i.e.,
negate(<

)==.

Make sure the new attributes are maintained in recursive calls and
modify

Transstat infigure7.5soitsetstheseattributeswhencalling Transcond.
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Exercise 8.2

Use figure 8.1 and the method described in section 8.4 to generate code
for the

followingintermediatecodesequence:
d:=c+38

:= a + blast

M[diast] := a

IF a<c THEN label1ELSE label2
LABEL label1
Comparethistotheexampleinsection8.4.
Exercise 8.3

In figures 7.3 and 7.5, identify guaranteed last-uses of temporary
variables, i.e.,

placeswhere last annotationscanbeinsertedsafely.
Exercise 8.4
Chooseaninstructionset(otherthanMIPS)andmakepatternsforthesamesubs

of the intermediate language as covered by figure 8.1. Use this to
translate the

intermediate-codeexamplefromsection8.4.

Exercise 8.5



In some microprocessors, aritmetic instructions use only two registers,
as the des-

tinationregisteristhesameasoneoftheargumentregisters. Asanexample,
copy

and addition instructions of such a processor can be described as
follows (using

notationlikeinfigure8.1):

rd := rt MOV rd, rt

rd:=rd+ rtADD rd, rt

rd:=rd+ K ADDI rd, k
AsinMIPS,register0(RO)ishardwiredtothevalue0.

Add to the above table pattern/replacement pairs sufficient to translate
the fol-

lowing intermediate-code instructions to sequences of machine-code
instructions

usingonly MOV, ADD and ADDI instructionsinthereplacementsequences:
rd:=k
rd:=rs+ rt

rd:=rs+ k
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Note that neither rs nor rt have the last annotation, so their values must
be pre-

served. Note,also,thattheintermediate-
codeinstructionsabovearenotasequence,

but a list of separate instructions, so you should generate code
separately for each

instruction.



Chapter 9

Register Allocation

9.1 Introduction

When generating intermediate code in chapter 7, we have freely used as
many

variablesaswefoundconvenient.
Inchapter8,wehavesimplytranslatedvariables

in the intermediate language one-to-one into registers in the machine
language.

Processors, however, do not have an unlimited number of registers, so
we need

register allocation to handle this conflict. The purpose of register
allocation is to

map a large number of variables into a small(ish) number of registers.
This can

often be done by letting several variables share a single register, but
sometimes

there are simply not enough registers in the processor. In this case,
some of the

variablesmustbetemporarilystoredinmemory. Thisiscalled spilling.

Register allocation canbe done in the intermediate language prior to
machine-

code generation, or it can be done in the machine language. In the latter
case,



the machine code initially uses symbolic names for registers, which the
register

allocationturnsintoregisternumbers.
Doingregisterallocationintheintermediate

language has the advantage that the same register allocator can easily
be used for

several target machines (it just needs to be parameterised with the set of
available

registers).
However,theremaybeadvantagestopostponingregisterallocationtoafterma-

chine code has been generated. In chapter 8, we saw that several
instructions may

be combined to a single instruction, and in the process a variable may
disappear.

Thereisnoneedtoallocatearegistertothisvariable,butifwedoregisterallocatio

in the intermediate language we will do so. Furthermore, when an
intermediate-

language instruction needs to be translated into a sequence of machine-
code in-

structions, the machine code may need an extra register (or two) for
storing tem-

porary values (such as the register needed to store the resuit of the SLT
instruction

when translating a jump on < to MIPS code). Hence, the register allocator
must

makesurethatthereisalwaysatleastonespareregisterfortemporarystorage.
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Thetechniquesusedforregisterallocationaremoreorlessthesameregardless

of whether register allocation is done on intermediate code or on
machine code.

So,inthischapter,wewilldescriberegisterallocationintermsoftheintermediate
languageintroducedinchapter?.

As in chapter 7, we operate on the body of a single procedure or
function,

so when we below use the word “program”, we mean it to be such a
body. In

chapter10,wewilllookathowtohandleprogramsconsistingofseveralfunctions

thatcancalleachother.

9.2 Liveness

In order to answer the question “When can two variables share a
register?”, we

mustfirstdefinetheconceptof liveness:

Definition9.1 A variable is live at some point in the program if the value it
con-

tainsatthatpointmightconceivablybeusedinfuturecomputations.
Conversely,it

is dead ifthereisnowayitsvaluecanbeusedinthefuture.
Wehavealreadyhintedatthisconceptinchapter8,whenwetalkedaboutlast-

usesofvariables.



Loosely speaking, two variables may share a register if there is no point
in the

programwheretheyarebothlive. Wewillmakeamoreprecisedefinitionlater.
Wecanusesomerulestodeterminewhenavariableislive:

1) If an instruction uses the contents of a variable, that variable is live at
the

startofthatinstruction.

2) If a variable is assigned a value in an instruction, and the same
variable is

not used as an operand in that instruction, then the variable is dead at
the

start of the instruction, as the value it has at this time is not used before
it is

overwritten.

3) If a variable is live at the end of an instruction and that instruction
does not

assign a value to the variable, then the variable is also live at the start of
the

instruction.

4) A variable is live at the end of an instruction if it is live at the start of
any of

theimmediatelysucceedinginstructions.

Rule1tellshowlivenessis generated,rule2howlivenessis
killed,andrules3and

4howlivenessis propagated.
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9.3 Liveness analysis

We can formalise the above rules as equations over sets of variables.
The process

of solving these equations is called liveness analysis, and will at any
given point

in the program determine which variables are live at this point. To better
speak of

pointsinaprogram,wenumberallinstructionsasinfigure9.2.

For every instruction in the program, we have a set of successors, i.e.,
instruc-

tionsthatmayimmediatelyfollowtheinstructionduringexecution.
Wedenotethe

set of successors to the instruction numbered i as succ]i]. We use the
following

rulestofind succli]:
1) Theinstructionnumbered j (ifany)thatislistedjustafterinstructionnumber

I isin succli],unless i isa GOTO or IF-THEN-ELSE instruction.
Ifinstructions

arenumberedconsecutively, j =i + 1.

2) Kfinstruction number i isof theform GOTO |, (thenumber of)the
instruction

LABEL | isin succ|i]. Notethatthereinacorrectprogramwillbeexactlyone



LABEL instructionwiththelabelusedbythe GOTO instruction.

3) If instruction iis IF p THEN GELSE I, (the numbers of) the
instructions

LABEL ltand LABEL Ifarein succ|i].

Notethatweassumethatbothoutcomesofan IF-THEN-ELSE
instructionarepossi-

ble. Ifthishappensnottobethecase(i.e.,iftheconditionisalwaystrueoralways
false),ourlivenessanalysismayclaimthatavariableislivewhenitisinfactdead.
Thisisnomajorproblem,astheworstthatcanhappenisthatweusearegisterfor

a variable that is not going to be used after all. The converse (claiming a
variable

dead when it is, in fact, live) is worse, as we may overwrite a value that
could be

used later on, and hence get wrong results from the program. Precise
liveness in-

formatindependsonknowingexactlywhichpathsaprogrammaytakethroughtt

code when executed, and this is not possible to compute exactly (it is a
formally

undecidable problem), so it is quite reasonable to allow imprecise results
from a

livenessanalysis,aslongasweerronthesideofsafety, i.e.,callingavariablelive
unlesswecanproveittobedead

For every instruction i, we have a set gen[i], which lists the variables that
may

be read by instruction i and, hence, are live at the start of the instruction.



In other

words, gen[i] is the set of variables that instruction i generates liveness
for. We

also have a set kill[i] that lists the variables that may be assigned a value
by the

instruction. Figure9.1showswhichvariablesarein gen[i] and Kkill[i]
forthetypesof

instruction found in intermediate code. x, y and z are (possibly identical)
variables

and k denotesaconstant.
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Instruction i gen[i] kill[i]

LABEL |0/ 0/

x =y {y} {x}
x :=k 0/ {x}
x = unop y {y} {x}

x := unop k 0/ {x}

x :=y binop z {y,z} {x}

x :=y binop k {y} {x}

x := M[y] {y} {x}

x := M[k] 0/ {x}

M[x] :=y {x,y} 0/

M[K] :=y {y} 0/

coTo 10/ 0/

IF xrelopy THEN KELSE k{x,y} 0/
X := CALL f (args) args {x}
Figure9.1: Genandkillsets

For each instruction i, we use two sets to hold the actual liveness
information:

in[i] holds the variables that are live at the start of i, and out[i] holds the
variables



thatareliveattheendof i. Wedefinethesebythefollowingequations:
in[i] = gen[i] U (out[i] \ kill[i]) (9.1)

[

out[i] =in[ j] (9.2)

jesucclil

These equations are recursive. We solve these by fixed-point iteration,
as shown

in appendix A: We initialise all in[i] and out[i] to be empty sets and
repeatedly

calculatenewvaluesfortheseuntilnochangesoccur.
Thiswilleventuallyhappen,

sinceweworkwithsetswithfinitesupport(i.e.,afinitenumberofpossiblevalues)

andbecauseaddingelementstothesets out[i] or in[ j] ontheright-
handsidesofthe

equationscannotreducethenumberofelementsinthesetsontheleft-
handsides.

Hence, each iteration will either add elements to some set (which we can
do only

a finite number of times) or leave all sets unchanged (in which case we
are done).

ltisalsoeasytoseethattheresultingsetsformasolutiontotheequation-thelast

iteration essentially verifies that all equations hold. This is a simple
extension of

thereasoningusedinsection2.6.1.

The equations workunder the assumptionthat all uses ofa variable are



visible

in the code that is analysed. If a variable contains, e.g., the output of the
program,
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1:a:=0
2:b:=1
3:2:=0

4:LABEL loop
5:IF n =2z THEN end ELSE body

6: LABEL body

7:t:=a+b
g:ta:=b
9:b:=t

10:n:=n — 1

1:2:=0

12: GOTO loop

13: LABEL end

Figure9.2: Exampleprogramforlivenessanalysisandregisterallocation

it will be used after the program finishes, even if this is not visible in the
code of

the program itself. So we must ensure that the analysis makes this
variable live at

theendoftheprogram.

Equation 9.2, similarly, is ill-defined if succ]i] is the empty set (which is,



typ-

ically, the case for any instruction that ends the program), so we make a
special

case: out[i], where i has no successor, is defined to be the set of all
variables that

are live at the end of the program. This definition replaces (for these
instructions

only)equation9.2.
Figure9.2showsasmallprogramthatwewillcalculatelivenessfor. Figure9.3
shows succ, gen and Kkill setsfortheinstructionsintheprogram.

The program in figure 9.2 calculates the Nth Fibonacci number (where N
is

given as input by initialising n to N prior to execution). When the program
ends

(by reaching instruction 13), a will hold the Nth fibonacci number, so a is
live at

the end of the program. Instruction 13 has no successors (succ[13]= 0/),
so we set

out[13] = {a}. The other out sets are defined by equation 9.2 and all in
sets are

definedbyequation9.1. Weinitialiseall in and out
setstotheemptysetanditerate

untilwereachafixedpoint.

The order in which we treat the instructions does not matter for the final
result

of the iteration, but it may influence how quickly we reach the fixed-point.



Since
theinformationinequations9.1and9.2flowbackwardsthroughtheprogram,itis

a good idea to do the evaluation in reverse instruction order and to
calculate out[i]

before in[i]. In the example, this means that we will in each iteration
calculate the

setsintheorder
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I succli] gen[i] kill[i]

12a

23b

34z

45

56,13 n,z

67

78abt

89ba

910thb

1011 nn

1112z

124

13

Figure9.3: succ, gen and Kkill fortheprograminfigure9.2
out[13], in[13], out[12], in[12]....,0ut[1], in[1]

Figure 9.4 shows the fixed-point iteration using this backwards
evaluation order.

Note that the most recent values are used when calculating the right-
hand sides of



equations 9.1 and 9.2, so, when a value comes from a higher instruction
number,

thevaluefromthesamecolumninfigure9.4isused.
Weseethattheresultafteriteration3isthesameasafteriteration2,sowehave

reachedafixedpoint. Wenotethat n
isliveatthestartoftheprogram,whichistobe

expected,as n isexpectedtoholdtheinputtotheprogram.
Ifavariablethatisnot

expectedtoholdinputisliveatthestartofaprogram,itmightinsomeexecutions
oftheprogrambeusedbeforeitisinitialised,whichisgenerallyconsideredanerr

(sinceitcanleadtounpredictableresultsandevensecurityholes).
Somecompilers

issuewarningsaboutuninitialisedvariablesandsomecompilersaddinstructiot
initialisesuchvariablestoadefaultvalue(usuallyO).

Suggestedexercises: 9.1(a,b).

9.4 Interference

We can now define precisely the condition needed for two variables to
share a

register. Wefirstdefine interference:
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Initial Iteration1 Iteration2 Iteration3

i out[i] in[i] out[i] in[i] out[i] in[i] out[i] in[i]
1n,annann,an

2 n,a,b n,a n,a,b n,a n,a,b n,a

3 n,z,a,b n,a,b n,z,a,b n,a,b n,z,a,b n,a,b

4 n,z,a,b n,z,a,b n,z,a,b n,z,a,b n,z,a,b n,z,a,b
5 a,b,n n,z,a,b a,b,n n,z,a,b a,b,n n,z,a,b

6 a,b,n a,b,n a,b,n a,b,n a,b,n a,b,n

7 b,t,n a,b,n b,t,n a,b,n b,t,n a,b,n

8 t,n b,t,n t,n,a b,t,n t,n,a b,t,n

9 ntnn,abtnan,abtna

10 n n,a,b n,a,b n,a,b n,a,b

11 n,z,a,b n,a,b n,z,a,b n,a,b

12 n,z,a,b n,z,a,b n,z,a,b n,z,a,b
13aaaaaa

Figure9.4: Fixed-pointiterationforlivenessanalysis

Definition9.2 A variable x interferes with a variable y if x 6=y and there is
an

instructionisuchthatx < Kkill[i],y € out[i] and instructioniisnotx :=y.

Two different variables can share a register precisely if neither interferes



with the

other. This is almost the same as saying that they should not be live at
the same

time,buttherearesmalldifferences:

- Afterx :=y,xandy
maybelivesimultaneously,butastheycontainthesame

value,theycanstillsharearegister.

- It may happen that x is not in out[i] even if x is in kill[i], which means
that

we have assigned to x a value that is definitely not read from x later on.
In

thiscase, x isnottechnicallyliveafterinstruction i,butitstillinterfereswith

any y in out[i]. This interference prevents an assignment to x overwriting
a

livevariable y.
Thefirstofthesedifferencesisessentiallyanoptimisationthatallowsmoreshari

thanotherwise,butthelatterisimportantforpreservingcorrectness.
Insomecases,

assignments to dead variables can be eliminated, but in other cases the
instruction

mayhaveanothervisibleeffect(e.g.,
settingconditionflagsoraccessingmemory)

andhencecannotbeeliminatedwithoutchangingprogrambehaviour.
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zt

if¢e
if ¢e

fe

ifée e
f¢

an

Figure9.5: Interferencegraphfortheprograminfigure9.2

We can use definition 9.2 to generate interference for each assignment
state-

mentintheprograminfigure9.2:
Instruction Left-handside Interfereswith
1an

2bn,a



3zn,ab
7tb,n
8at,n
9bn,a
10 na,b
11 z n,a,b

Wewilldo globalregisterallocation,
i.e.,findforeachvariablearegisterthatitcan

stayinatallpointsintheprogram(procedure,actually,sincea“program”interm:

ofourintermediatelanguagecorrespondstoaprocedureinahigh-
levellanguage).

This means that, for the purpose of register allocation, two variables
interfere if

theydosoat any pointintheprogram.
Also,eventhoughinterferenceisdefinedin

an assymetric way in definition 9.2, the conclusion that the two involved
variables

cannot share a register is symmetric, so interference defines a
symmetric relation

between variables. A variable can never interfere with itself, so the
relation is not

reflective.
Wecandrawinterferenceasanundirectedgraph,whereeachnodeinthegraph

is a variable, and there is an edge between nodes x and y if x interferes
with y (or



viceversa,astherelationissymmetric). The interferencegraph
fortheprogramin

figure9.2isshowninfigure9.5.
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9.5 Register allocation by graph colouring

Two variables can share a register if they are not connected by an edge
in the in-

terference graph. Hence, we must assign to each node in the interference
graph a

registernumbersuchthat:
1) Twonodesthatshareanedgehavedifferentregisternumbers.

2) The total number of different register numbers is no higher than the
number

ofavailableregisters.

Thisproblemiswell-knowningraphtheory,whereitiscalled graphcolouring
(in

thiscontexta“colour”isaregisternumber). ItisknowntobeNP-
complete,which

means that no effective (i.e., polynomial-time) method for doing this
optimally is

known. In practice, this means that we need to use a heuristic method,
which will

oftenfindasolutionbutmaygiveupinsomecasesevenwhenasolutiondoesexis!

This is no great disaster, as we must deal with non-colourable graphs
anyway (by

moving some variables to memory), so at worst we get slightly slower
programs



thanwewouldgetifwecouldcolourtheinterferencegraphsoptimally.

The basic idea of the heuristic method we use is simple: If a node in the
graph

has strictly fewer than N edges, where N is the number of available
colours (i.e.,

registers), we can set this node aside and colour the rest of the graph.
When this

isdone,the(atmost N —
1)nodesconnectedbyedgestotheselectednodecannot

possibly use all N colours, so we can always pick a colour for the
selected node

fromtheremainingcolours.
Wecanusethismethodtofour-colourtheinterferencegraphfromfigure9.5:

1) z has three edges, which is strictly less than four. Hence, we remove z
from

thegraph.
2) Now, a haslessthanfouredges,sowealsoremovethis.

3) Only three nodes are now left (b, t and n), so we can give each of
these a

number, e.g.,1,2and3respectivelyfornodes b, t and n.

4) Since three nodes (b, t and n) are connected to a, and these use
colours 1, 2

and3,wemustchooseafourthcolourfor a, e.g., 4.
5) z isconnectedto a, b and n,sowechooseacolourthatisdifferentfrom4,1

and3. Giving z colour2works.



Theproblemcomesiftherearenonodesthathavelessthan N edges.
Thisinitself

does not imply that the graph is uncolourable. As an example, a graph
with four

nodesarrangedandconnectedasthecornersofasquarecan,eventhoughallno:
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have two neighbours, be coloured with two colours by giving opposite
corners the

samecolour. Thisleadstothefollowingso-
called“optimistic”’colouringheuristics:

Algorithm9.3
initialise: Startwithanemptystack.
simplify: IfthereisanodewithlessthanN edges,putthisonthestackalongwith

a list of the nodes it is connected to, and remove it and its edges from
the

graph.
IfthereisnonodewithlessthanN edges,pickanynodeanddoasabove.

If there are more nodes left in the graph, continue with simplify,
otherwise

goto select.

select: Takeanodeanditslistofconnectednodesfromthestack.
Ifpossible,give

the node a colour that is different from the colours of the connected
nodes

(which are all coloured at this point). If this is not possible, colouring fails
andwemarkthenodeforspilling(seebelow).
Iftherearemorenodesonthestack,continuewith select.

The idea in this algorithm is that, even though a node has N or more



edges, some

of the nodes it is connected to may have been given identical colours, so
the total

number of colours used for these nodes is less than N. If this is the case,
we can

useoneoftheunusedcolours. Ifnot,wemustmarkthenodeforspill.
Thereareseveralthingsleftunspecifiedbyalgorithm9.3:

- Whichnodetochoosein simplify whennonehavelessthan N edges,and
- Whichcolourtochoosein select ifthereareseveralchoices.

If we choose perfectly in both cases, algorithm 9.3 will do optimal
colouring. But

perfect choices are costly to compute so, in practice, we will sometimes
have to

guess. Wewill,insection9.7,lookatsomeideasformakingqualifiedguesses.
For

now,wejustmakearbitrarychoices.

Suggestedexercises: 9.1(c,d).
9.6 Spilling

Ifthe select
phaseisunabletofindacolourforanode,algorithm9.3cannotcolour

thegraph.
Thismeanswemustgiveuponkeepingallvariablesinregistersthrough-

outtheprogram.
Wemust,hence,selectsomevariablesthatwillresideinmemory
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(except for brief periods). This process is called spilling. Obvious
candidates for

spillingarevariablesatnodesthatarenotgivencoloursby select.
Wesimplymark

theseas spilled andcontinue select
withtherestofthestack,ignoringspillednodes

when selecting colours for the remaining nodes. When we finish
algorithm 9.3,

severalvariablesmaybemarkedasspilled.

When we have chosen one or more variables for spilling, we change the
pro-

gramsothesearekeptinmemory. Tobeprecise,foreachspilledvariable x we:
1) Chooseamemoryaddress addressx wherethevalueof x isstored.

2) In every instruction i that reads or assigns x, we locally in this
instruction

rename x to Xi.

3) Beforeaninstruction i thatreads xi,inserttheinstruction xi:=
M[addressx].

4) Afteraninstruction i thatassigns xi,inserttheinstruction
M[addressx] := xi.

5) If x is live at the start of the program, add an instruction M[addressx]
=X

tothestartoftheprogram. Notethatweusetheoriginalnamefor x here.



6) If x isliveattheendoftheprogram,addaninstruction x := M[addressx] to
theendoftheprogram. Notethatweusetheoriginalnamefor x here.

After this rewrite of the program, we do register allocation again. This
includes

re-doing the liveness analysis, since we have added new variables xi and
changed

the liveness of x. We may optimise this a bit by repeating the liveness
analysis

onlyfortheaffectedvariables(xi and
x),astheresultswillnotchangefortheother

variables.

It may happen that the subsequent new register allocation will generate
addi-

tionalspilledvariables. Thereareseveralreasonswhythismaybe:

- We have ignored spilled variables when selecting colours for a node in
the

select phase. Whenthespilledvariablesarereplacedbynewvariables,these

may use colours that would otherwise be available, so we may end up
with

nochoiceswhereweoriginallyhadoneormorecoloursavailable.

- Thechoicesofnodestoremovefromthegraphinthe simplify phaseandthe
colourstoassigninthe selectphase canchange,andwemightbelesslucky
inourchoices,sowegetmorespills.

Ifwehaveatleastasmanyregistersasthenumberofvariablesusedinasinglein-



struction, all variables can be loaded just before the instruction, and the
result can

be saved immediately afterwards, so we will eventually be able to find a
colouring
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Node Neighbours Colour

n 1

tn2

btn3

a b,n,t spill

z a,b,n 2

Figure9.6: Algorithm9.3appliedtothegraphinfigure9.5

by repeated spilling. If we ignore the CALL instruction, no instruction in
the inter-

mediate language uses more than two variables, so this is the minimum
number of

registers that we need. A CALL instruction can use an unbounded
number of vari-

ablesasarguments,possiblyevenmorethanthetotalnumberofregistersavailal

so it is unrealistic to expect all arguments to function calls to be in
registers. We

willlookatthisissueinchapter10.
Ifwetakeourexamplefromfigure9.2,wecanattempttocolouritsinterference

graph(figure9.5)withonlythreecolours. Thestackbuiltbythe simplify
phaseof

algorithm9.3andthecolourschosenforthesenodesinthe select
phaseareshown



in figure 9.6. The stack grows upwards, so the first node chosen by
simplify is at

the bottom. The colours (humbers) are, conversely, chosen top-down as
the stack

is popped. We can choose no colour for a, as all three available colours
are in use

by the neighbours b,n and t. Hence, we mark a as spilled. Figure 9.7
shows the

programafterspillcodehasbeeninserted. Notethat,since a
isliveattheendofthe

program, we have inserted a load instruction at the end of the program.
Figure 9.8

shows the interference graph for the program in figure 9.7and figure 9.9
shows the

stack used by algorithm 9.3 for colouring this graph, showing that
colouring with

threecoloursisnowpossible.

Suggestedexercises: 9.1(e).

9.7 Heuristics

Whenthe simplify phaseofalgorithm9.3isunabletofindanodewithlessthan N

edges, some other node is chosen. So far, we have chosen arbitrarily,
but we may

applysomeheuristics(qualifiedguessing)tothechoiceinordertomakecolourir
morelikelyorreducethenumberofspilledvariables:

- We may choose a node with close to N neighbours, as this is likely to



be

colourable in the select phase anyway. For example, if a node has exactly
N
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1:a1:=0

M[addressa] := a1

2:b:=1

3:2:=0

4:LABEL loop

5:IF n =2z THEN end ELSE body
6: LABEL body

a7 := M[addressa]

:t:=ar+b

g:as:=b

M[addressa] := as

9:b:=t

10:n:=n — 1

1:2:=0

12: GOTO loop

13: LABEL end

a := M[addressa]

Figure9.7: Programfromfigure9.2afterspillingvariable a

azt



fée
fce
as

fée

fé e

af¢sn
1$$
fe$”
$°
$6f¢”
.

arb

Figure9.8: Interferencegraphfortheprograminfigure9.7
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Node Neighbours Colour

n 1

tn2

ast,n 3

bt,n3

a7rb,n 2

zb,n2

ain 2

a1

Figure9.9: Colouringofthegraphinfigure9.8

neighbours, it will be colourable if just two of its neighbours get the same
colour.

- Wemaychooseanodewithmanyneighboursthathavecloseto N neighbours
oftheirown,asspillingthisnodemayallowmanyoftheseneighbourstobe
coloured.

- Wemaylookattheprogramandselectavariablethatdoesnotcostsomuch
tospill, e.g.,avariablethatisnotusedinsidealoop.

These criteria (and maybe others as well) may be combined into a single
heuristic

by giving numeric values describing how well a variable fits each



criterion, multi-
plyingeachwithaweightandthenaddingtheresultstogiveaweightedsum.

We have also made arbitrary choices when we pick colours for nodes in
the

select phase. We can try to make it more likely that the rest of the graph
can be

coloured by choosing a colour that is already used elsewhere in the
graph instead

of picking a colour that is used nowhere else. This will make it less likely
that the

nodes connected to an as yet uncoloured node will use all the available
colours. A

simpleinstanceofthisideaistoalwaysusethelowest-
numberedavailablecolour.

A more advanced variant of this idea is to look at the uncoloured nodes
con-

nected to the node we are about to colour. If we have several choices of
colour

for the current node, we would like to choose a colour that makes it more
likely

that its uncoloured neighbours can later be coloured. If an uncoloured
neighbour

has neighbours of its own that are already coloured, we would like to use
one of

the colours used among these, as this will not increase the number of
colours for

nodes that neighbour the uncoloured neighbour, so we will not make it



any harder

tocolourthislateron.
Ifthecurrentnodehasseveraluncolouredneigbours,wecan

findthesetofneighbour-coloursforeachoftheseandselectacolourthatoccursin

asmanyofthesesetsaspossible.
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9.7.1 Removing redundant moves

An assignment of the form x := y can be removed from the code if x and
y use

the same register (as the instruction will have no effect). Most register
allocators

remove such redundant move instructions, and some even try to
increase the num-

ber of assignments that can be removed by trying to allocate x and y in
the same

registerwheneverpossible.

If x has already been given a colour by the time we need to select a
colour for

y,wecanchoosethesamecolourfor y,aslongasitisnotusedbyanyvariablethat

y interferes with (including, possibly, x). Similarly, if x is uncoloured, we
can give

itthesamecolouras y ifthiscolourisnotusedforavariablethatinterfereswith x
(including y itself). Thisiscalled biasedcolouring.
Anothermethodofachievingthesamegoalistocombine x and y (iftheydonot
interfere)intoasinglenodebeforecolouringthegraph,andonlysplitthecombin¢

node if the simplify phase can not otherwise find a node with less than N
edges.

Thisiscalled coalescing.



The converse of coalescing (called live-range splitting) can be used as
well:

Insteadofspillingavariable,wecansplititsnodebygivingeachoccurrenceofthe
variableadifferenthameandinsertingassignmentsbetweenthesewhennecess:

This is not quite as effective at increasing the chance of colouring as
spilling, but

the cost of the extra assignments is likely to be less than the cost of the
loads and

storesinsertedbyspilling.
9.7.2 Using explicit register numbers

Some operations may require their arguments or results to be in specific
registers.

Forexample,theintegermultiplicationinstructioninintel’slA-
32(x86)processors

require the first argument to be in the eax register and puts the 64-bit
result in the

eax and edx registers.
Also,asweshallseeinchapter10,functioncallscanrequire

argumentsandresultstobeinspecificregisters.
Variablesusedasargumentsresultstosuchoperationsmust,hence,beassigne

to these registers a priori, before the register allocation begins. We call
these pre-

coloured nodes in the interference graph. If two nodes that are
precoloured to the

same register interfere, we can not make a legal colouring of the graph.
One so-



lution would be to spill one or both so they no longer interfere, but that is
rather

costly.

A better solution is to insert move instructions that move the variables to
and

from the required registers before and after an instruction that requires
specific

registers. The specific registers must still be included as precoloured
nodes in the

interference graph, but are not removed from it in the simplify phase.
Once only

precoloured nodes remain in the graph, the select phase starts. When
the select

phase needs to colour a node, it must avoid colours used by all
neighbours to the
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node — whether they are precoloured or just coloured earlier in the select
phase.

The register allocator can try to remove some of the inserted moves by
using the

techniquesdescribedinsection9.7.1.

9.8 Further reading

Preston Briggs’ Ph.D. thesis [12] shows several variants of the register-
allocation

algorithmshownhere,includingmanyoptimisationsandheuristicsaswellasco

siderations about how the various phases can be implemented efficiently.
The

compiler textbooks [35] and [9] show some other variants and a few
newer de-

velopments.
Acompletelydifferentapproachtoregisterallocationthatexploitsthe

structureofaprogramissuggestedin[42].

Exercises

Exercise 9.1
Giventhefollowingprogram:

1: LABEL start

2:IF a<b THEN next ELSE swap



3: LABEL swap

4:t:=a
5:a:=b
6:b:=t

7: LABEL next

8:2:=0

9:b :=b mod a

10: IF b =z THEN end ELSE start

11: LABEL end

a) Show succ, gen and kill foreveryinstructionintheprogram.

b) Assuming a is live at the end of the program, i.e., out[11]= {a},
calculate

in and out for every instruction in the program. Show the iteration as in
figure9 4.
c) Drawtheinterferencegraphfor a,b,t and z.

d) Make a three-colouring of the interference graph. Show the stack as in
fig-
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e) Attempt, instead, a two-colouring of the graph. Select variables for
spill,

do the spill-transformation as shown in section 9.6 and redo the
complete

register allocation process on the transformed program. If necessary,
repeat

theprocessuntilregisterallocationissuccessful.

Exercise 9.2

Three-colour the following graph. Show the stack as in figure 9.6. The
graph is

three-colour-able,sotrymakingdifferentchoicesifyougetspill.

ab
d

dd

cd

rr

ef



Exercise 9.3

Combinetheheuristicssuggestedinsection9.7forselectingnodesinthe
simplify

phase of algorithm 9.3 into a formula that gives a single numerical score
for each

node,suchthatahigherscoreimpliesastrongercandidateforspill.
Exercise 9.4

Someprocessors(suchasMotorola68000)havetwotypesofregisters:
dataregis-

ters and address registers. Some instructions (such as load and store)
expect their

arguments or put their results in address registers while other
instructions (such as

multiplicationanddivision)expecttheirargumentsorputtheirresultsindatareg

ters.
Someoperations(likeadditionandsubtraction)canuseeithertypeofregister.

Thereareinstructionsformovingbetweenaddressanddataregisters.

By adding the registers as nodes in the interference graph, a variable can
be

preventedfrombeingallocatedinaspecificregisterbymakingitinterferewithit.

a) Describe how instructions that require argument or result variables to
be in

aspecifictypeofregistercanensurethisbyaddinginterferenceforitsargu-
mentandresultvariables.

b) Theansweraboveislikelytocausespillingofvariablesthatareusedasboth



address and data (as they interfere with all registers). Describe how this
can

be avoided by taking care of this situation in the spill phase. Hint: Add

register-to-registermoveinstructionstotheprogram.
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c) If there are not enough registers of one type, but there are still
available

registersoftheothertype,describehowyoucanspillavariabletoaregister
oftheothertypeinsteadoftomemory.

Exercise 9.5
Someprocessorshaveinstructionsthatoperateonvaluesthatrequiretworegis

tohold.
Suchprocessorsusuallyrequirethesevaluestobeheldinpairsofadjacent

registers, so the instructions only need specify one register number per
value (as

theotherpartofthevalueisimplicitlystoredinthefollowingregister).
Weuwillnowlookatregisterallocationwheresomevaluesmustbealloacetdin

register pairs. We note that live-ness analysis is unaffected, so only
colouring and

spill is affected. Hence, we start with an interference graph where some
nodes are

markedasrequiringregisterpairs.

a) Modify algorithm 9.3 to take register pairs into account. Focus on
correct-

ness, notefficiency. Youcanassume“colours” are numbers, so youcantalk
aboutadjacentcolours,thenextcolour, etc.

b) Describe for the simplify phase of algorithm 9.3 heuristics that take



into
accountthatsomenodesrequiretworegisters.

c) Describeforthe select
phaseofalgorithm9.3heuristicsthattakeintoaccount

thatsomenodesrequiretworegisters.



Chapter 10

Function calls

10.1 Introduction

Inchapter7wehaveshownhowtotranslatethebodyofasinglefunction.
Function

calls were left (mostly) untranslated by using the CALL instruction in the
interme-

diate code. Nor did we in chapter 8 show how the CALL instruction
should be

translated.
We will, in this chapter, remedy these omissions. We will initially assume

that all variables are local to the procedure or function that access them
and that

parameters are call-by-value, meaning that the value of an argument
expression is

passed to the called function. This is the default parameter-passing
mechanism in

mostlanguages,andinmanylanguages(e.g.,CorSML)itistheonlyone.
10.1.1 The call stack

Asingleprocedurebodyuses(inmostlanguages)afinitenumberofvariables.
We

haveseeninchapter9thatwecanmapthesevariablesintoa(possiblysmaller)se



of registers. A program that uses recursive procedures or functions may,
however,

useanunboundednumberofvariables,aseachrecursiveinvocationofthefunct

has its own set of variables, and there is no bound on the recursion
depth. We can

not hope to keep all these variables in registers, so we will use memory
for some

of these. The basic idea is that only variables that are local to the active
(most

recently called) function will be kept in registers. All other variables will
be kept

inmemory.

When a function is called, all the live variables of the calling function
(which

we will refer to as the caller) will be stored in memory so the registers will
be

free for use by the called function (the callee). When the callee returns,
the stored

variables are loaded back into registers. It is convenient to use a stack
for this

storingandloading,pushingregistercontentsonthestackwhentheymustbesa

209
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and popping them back into registers when they must be restored. Since
a stack is

(inprinciple)unbounded,thisfitswellwiththeideaofunboundedrecursion.
Thestackcanalsobeusedforotherpurposes:

- Space can be set aside on the stack for variables that need to be
spilled to

memory. In chapter 9, we used a constant address (addressx) for spilling
a

variable x. When a stack is used, addressx is actually an offset relative to
a

stack-pointer. This makes the spill-code slightly more complex, but has
the

advantage that spilled registers are already saved on the stack when or if
a

functioniscalled,sotheydonotneedtobestoredagain.

- Parameters to function calls can be passed on the stack, i.e., written to
the

topofthestackbythecallerandreadtherefrombythecallee.
- Theaddressoftheinstructionwhereexecutionmustberesumedafterthecall
returns(the returnaddress)canbestoredonthestack.

- Since we decided to keep only local variables in registers, variables
that are

inscopeinafunctionbutnotdeclaredlocallyinthatfunctionmustresidein



memory. Itisconvenienttoaccessthesethroughthestack.

- Arrays and records that are allocated locally in a function can be
allocated

onthestack,ashintedinsection7.9.2.

Weshalllookateachoftheseinmoredetaillateron.

10.2 Activation records

Each function invocation will allocate a chunk of memory on the stack to
cover

all of the function’s needs for storing values on the stack. This chunk is
called the

activationrecord or frame forthefunctioninvocation.
Wewillusethesetwonames

interchangeably. Activation records will typically have the same overall
structure

for all functions in a program, though the sizes of the various fields in
the records

may differ. Often, the machine architecture (or operating system) will
dictate a

calling convention that standardises the layout of activation records.
This allows a

programtocallfunctionsthatarecompiledwithanothercompilerorevenwritten
adifferentlanguage,aslongasbothcompilersfollowthesamecallingconventiol

We will start by defining very simple activation records and then extend
and

refine these later on. Our first model uses the assumption that all



information is

stored in memory when a function is called. This includes parameters,
return ad-

dress and the contents of registers that need to be preserved. A possible
layout for

suchanactivationrecordisshowninfigure10.1.
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Nextactivationrecords
Spaceforstoringlocalvariablesforspillor
preservationacrossfunctioncalls
Remainingincomingparameters
Firstincomingparameter/returnvalue
FP —— Returnaddress

Previousactivationrecords

Figure10.1: Simpleactivationrecordlayout
FPisshorthandfor“Framepointer’andpointstothefirstwordoftheactivation

record. In this layout, the first word holds the return address. Above this,
the

incoming parameters are stored. The function will typically move the
parameters

to registers (except for parameters that have been spilled by the register
allocator)

before executing its body. The space used for the first incoming
parameter is also

used for storing the return value of the function call (if any). Above the
incoming



parameters, the activation record has space for storing other local
variables, e.g.,

forspillingorforpreservingacrosslaterfunctioncalls.

10.3 Prologues, epilogues and call-sequences

In chapter 7, we generated code corresponding to the body of a single
function.

Weassumedparameterstothisfunctionwerealreadyavailableinvariablesandti
generatedcodewouldjustputthefunctionresultinavariable.

But, since parameters and results are passed through the activation
record, we

need in front of the code for the function body to add code that reads
parameters

from the activation record into variables. This code is called the prologue
of the

function. Likewise, after the code for the function body, we need code to
store the

calculated return value in the activation record and jump to the return
address that

was stored in the activation record by the caller. This is called the
epilogue of the

function. Fortheactivation-
recordlayoutshowninfigure10.1,asuitableprologue

and epilogue is shown in figure 10.2. Note that, though we have used a
notation

similartotheintermediatelanguageintroducedinchapter7,wehaveextendedth



abit: Wehaveused M[] and GOTO withgeneralexpressionsasarguments.

We use the names parametert,..., parametern for the intermediate-
language

variables used in the function body for the n parameters. result is the
intermedi-

ate-language variable that holds the result of the function after the body
have been

executed.
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I

0 LABEL function-name

00

parameter1:= M[FP + 4]

Prologue

a0

I

parametern := M[FP + 4 x n]

codeforthefunctionbody

M[FP + 4] := result

Epilogue

GOTO M[FP]

Figure10.2: Prologueandepiloguefortheframelayoutshowninfigure10.1
Inchapter7,weusedasingleintermediate-languageinstructiontoimplementa

functioncall. Thisfunction-callinstructionmustbetranslatedintoa call-
sequence

of instructions that will save registers, put parameters in the activation
record, etc.

A call-sequence suitable for the activation-record layout shown in figure
10.1 is



shown in figure 10.3. The code is an elaboration of the intermediate-
language

instruction x := cALL f (a1,...,an).

First, all registers that can be used to hold variables are stored in the
frame. In

tigure10.3, R0-Rk areassumedtoholdvariables.
Thesearestoredintheactivation

record just above the calling function’s own m incoming parameters.
Then, the

frame-pointer is advanced to point to the new frame and the parameters
and the

return address are stored in the prescribed locations in the new frame.
Finally, a

jump to the function is made. When the function call returns, the result is
read

from the frame into the variable x, FP is restored to its former value and
the saved

registersarereadbackfromtheoldframe.

Keeping all the parameters in register-allocated variables until just before
the

call, and only then storing them in the frame can require a lot of registers
to hold

the parameters (as these are all live up to the point where they are
stored). An

alternative is to store each parameter in the frame as soon as it is
evaluated. This



way, only one of the variables a1,...,an will be live at any one time.
However,

this can go wrong if a later parameter-expression contains a function
call, as the

parameters to this call will overwrite the parameters of the outer call.
Hence, this

optimisation must only be used if no parameter-expressions contain
function calls

orifnestedcallsusestack-locationsdifferentfromthoseusedbytheoutercall.

In this simple call-sequence, we save on the stack all registers that can
poten-

tiallyholdvariables,sothesearepreservedacrossthefunctioncall.
Thismaysave

more registers than needed, as not all registers will hold values that are
required

afterthecall(i.e.,theymaybedead). Wewillreturntothisissueinsection10.6.
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M[FP + 4 % m + 4] := RO

MI[FP+4 x m+4 x (k+1)] :=Rk
FP := FP + framesize

M[FP + 4] := a1

M[FP + 4 x n] := an
M[FP] := returnaddress
GOoTO f

LABEL returnaddress
x := M[FP + 4]

FP := FP — framesize

RO:= M[FP + 4 * m + 4]

Rk := M[FP + 4 x m + 4 % (k + 1)]

Figure 10.3: Call sequence for x := CALL f (at,...,an) using the frame
layout

showninfigure10.1

Suggestedexercises: 10.1.



10.4 Caller-saves versus callee-saves

The convention used by the activation record layout in figure 10.1 is that,
before

a function is called, the caller saves all registers that must be preserved.
Hence,

this strategy is called caller-saves. An alternative strategy is that the
called func-

tion saves the contents of the registers that need to be preserved and
restores these

immediatelybeforethefunctionreturns. Thisstrategyiscalled callee-saves.

Stack-layout,prologue/epilogueandcallsequenceforthecallee-
savesstrategy

areshowninfigures10.4,10.5and10.6.

Note that it may not be necessary to store all registers that may
potentially be

used to hold variables, only those that the function actually uses to hold
its local

variables. Wewillreturntothisissueinsection10.6.

Sofar,theonlydifferencebetweencaller-savesandcallee-savesis when
regis-

ters are saved. However, once we refine the strategies to save only a
subset of the

registersthatmaypotentiallyholdvariables,otherdifferencesemerge: Caller-
saves

needonlysavetheregistersthathold live variablesandcallee-
savesneedonlysave



the registers that the function actually uses. We will in section 10.6
return to how

thiscanbeachieved,butatthemomentjustassumetheseoptimisationsaremad
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Nextactivationrecords
Spaceforstoringlocalvariablesforspill
Space for storing registers that need to be
preserved

Remainingincomingparameters
Firstincomingparameter/returnvalue

FP —— Returnaddress

Previousactivationrecords

Figure10.4: Activationrecordlayoutforcallee-saves
I

0 LABEL function-name

a0

00 M[FP+4 x n+4]:=R0

a0

00

Prologue M[FP +4 x n + 4 % (k + 1)] := Rk

0o



00 parameter1:= M[FP + 4]
a0

i

I

parametern := M[FP + 4 % n]
codeforthefunctionbody

I

0 M[FP + 4] := result

i

00 RO:= M[FP + 4 x n + 4]
Epilogue ---

a0

00 Rk:=M[FP+4 x n+4 x (k+1)]
I

GOTO M[FP]

Figure10.5: Prologueandepilogueforcallee-saves
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FP := FP + framesize

M[FP + 4] := a1

M[FP + 4 % n] := an

M[FP] := returnaddress

GOTO f

LABEL returnaddress

x := M[FP + 4]

FP := FP — framesize

Figure10.6: Callsequencefor x := CALL f (a1,...,an) forcallee-saves

Caller-savesandcallee-
saveseachhavetheiradvantages(describedabove)and

disadvantages: Whencaller-
savesisused,wemightsavealivevariableintheframe

eventhoughthecalleedoesnotusetheregisterthatholdsthisvariable.
Ontheother

hand,withcallee-
saveswemightsavesomeregistersthatdonotactuallyholdlive

values. We can not avoid these unnecessary saves, as each function is
compiled

independently and hence do not know the register usage of their
callers/callees.



We can, however, try to reduce unnecessary saving of registers by using
a mixed

caller-savesandcallee-savesstrategy:

Some registers are designated caller-saves and the rest as callee-saves.
If any

live variables are held in caller-saves registers, it is the caller that must
save these

to its own frame (as in figure 10.3, though only registers that are both
designated

caller-saves and hold live variables are saved). If a function uses any
callee-saves

registers in its body, it must save these before using them, as in figure
10.5. Only

callee-savesregistersthatareactuallyusedinthebodyneedtobesaved.

Callingconventionstypicallyspecifywhichregistersarecaller-
savesandwhich

arecallee-saves,aswellasthelayoutoftheactivationrecords.

10.5 Using registers to pass parameters

Inbothcallsequencesshown(infigures10.3and
10.6),parametersarestoredinthe

frame,andinbothprologues(figures10.2and10.5)mostoftheseareimmediatel
loadedbackintoregisters. Itwillsaveagooddealofmemorytrafficifwepassthe
parametersinregistersinsteadofmemory.

Normally, only a few (4-8) registers are used for parameter passing.
These



are used for the first parameters of a function, while the remaining
parameters are

passedonthestack,aswehavedoneabove.
Sincemostfunctionshavefairlyshort

parameterlists,mostparameterswillnormallybepassedinregisters.
Theregisters
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Register Savedby Usedfor

0 caller parameter1/result/localvariable

1-3 caller parameters2-4/localvariables

4-12 callee localvariables

13 caller temporarystorage(unusedbyregisterallocator)
14 callee FP

15 callee returnaddress

Figure10.7: Possibledivisionofregistersfor16-registerarchitecture

Nextactivationrecords

Space for storing local variables for spill
and for storing live variables allocated to
caller-savesregistersacrossfunctioncalls
Spaceforstoringcallee-savesregistersthat
areusedinthebody
Incomingparametersinexcessoffour

FP —— Returnaddress

Previousactivationrecords



Figure10.8:
Activationrecordlayoutfortheregisterdivisionshowninfigure10.7

used for parameter passing are typically a subset of the caller-saves
registers, as

parametersarenotliveafterthecallandhencedonothavetobepreserved.

A possible division of registers for a 16-register architecture is shown in
fig-

ure 10.7. Note that the return address is also passed in a register. Most
RISC

architectures have jump-and-link (function-call) instructions, which
leaves the re-

turnaddressinaregister,sothisisonlynatural.
However,ifafunctioncallismade

inside the body, this register is overwritten, so the return address must
be saved

in the activation record before any calls. The return-address register is
marked as

callee-saves in figure 10.7. In this manner, the return-address register is
just like

any other variable that must be preserved in the frame if it is used in the
body

(whichitisifafunctioncallismade). Strictlyspeaking,wedonotneedthereturn

address after the call has returned, so we can also argue that R15 is a
caller-saves

register. Ifso,thecallermustsaveR15priortoanycall, e.g.,byspillingit.

Activationrecordlayout,prologue/epilogueandcallsequenceforacallingcon-



vention using the register division in figure 10.7 are shown in figures
10.8, 10.9

and10.10.
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I

00 LABEL function-name

00

00 MI[FP + offsetr4] := R4 (ifusedinbody)
00

a0

00

00 MI[FP + offset ] := R12 (ifusedinbody)
0 R12

a0

0 MI[FP] := R15 (ifusedinbody)

a0

parameter1 := R0

Prologue

00 parameter2:=R1

a0

00 parameters:= R2

a0

00 parameters:= R3



[

00 parameters:= M[FP + 4]

[

00

[

parametern := M[FP + 4 x (n — 4)]
codeforthefunctionbody

I

0 RO:= result

00

00 R4:= M[FP + offset ] (ifusedinbody)
0 R4

I

Epilogue

00 R12:= M[FP + offsetr12] (ifusedinbody)
i

00 R15:= M[FP] (ifusedinbody)

I

GOTO R15

Figure10.9: Prologueandepiloguefortheregisterdivisionshowninfigure10.7
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M[FP + offsetiives] := live1 (ifallocatedtoacaller-savesregister)

M[FP + offsetiive] := livek (ifallocatedtoacaller-savesregister)

FP := FP + framesize

RO:= a1
R3:= a4
M[FP + 4] := a5

M[FP + 4 % (n — 4)] ;== an
R15:= returnaddress
GOTO f

LABEL returnaddress

x := R0

FP := FP — framesize

live1:= M[FP + offsetiive:] (ifallocatedtoacaller-savesregister)

livek := M[FP + offsetiive.] (ifallocatedtoacaller-savesregister)

Figure 10.10: Call sequence for x := CALL f (a1,...,an) for the register



division

showninfigure10.7
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Note that the offsets for storing registers are not simple functions of
their reg-

isternumbers,asonlyasubsetoftheregistersneedtobesaved.
R15(whichholds

the return address) is, like any other callee-saves register, saved in the
prologue

and restores in the epilogue if it is used inside the body (i.e., if the body
makes a

functioncall). Itsoffsetis0,asthereturnaddressisstoredatoffsetOintheframe.
Inacall-sequence,theinstructions

R15:= returnaddress

GOTO f

LABEL returnaddress

canonmostRISCprocessorsbeimplementedbyajump-and-linkinstruction.

10.6 Interaction with the register allocator

As we have hinted above, the register allocator can be used to optimise
function

calls,asitcanprovideinformationaboutwhichregistersneedtobesaved.
Theregisterallocatorcantellwhichvariablesareliveafterthefunctioncall. In

a caller-saves strategy (or for caller-saves registers in a mixed strategy),
only the

(caller-



saves)registersthatholdsuchvariablesneedtobesavedbeforethefunction
call.
Likewise,theregisterallocatorcanreturninformationaboutwhichregistersare

usedbythefunctionbody,soonlytheseneedtobesavedinacallee-
savesstrategy.

Ifamixedstrategyisused,variablesthatareliveacrossafunctioncallshould,

if possible, be allocated to callee-saves registers. This way, the caller
does not

have to save these and, with luck, they do not have to be saved by the
callee either

(if the callee does not use these registers in its body). If all variables that
are

live across function calls are made to interfere with all caller-saves
registers, the

register allocator will not allocate these variables in caller-saves
registers, which

achievesthedesiredeffect. Ifnocallee-
savesregisterisavailable,thevariablewill

be spilled and hence, effectively, be saved across the function call. This
way, the

call sequence will not need to worry about saving caller-saves registers,
this is all

donebytheregisterallocator.
Asspillingmaybesomewhatmorecostlythanlocalsave/restorearoundafunc-

tion call, it is a good idea to have plenty of callee-saves registers for
holding vari-



ables that are live across function calls. Hence, most calling conventions
specify

morecallee-savesregistersthancaller-savesregisters.

Note that, though the prologues shown in figures 10.2, 10.5 and 10.9 load
all

stack-
passedparametersintoregisters,thisshouldactuallyonlybedoneforparam-

eters that are not spilled. Likewise, a register-passed parameter that
needs to be

spilled should be transferred to a stack location instead of to a symbolic
register

(parametersi).
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Infigures10.2,10.5and10.9,wehavemovedregister-passedparametersfrom

the numbered registers or stack locations to named registers, to which
the register

allocator must assign numbers. Similarly, in the epilogue we move the
function

result from a named variable to R0. This means that these parts of the
prologue

and epilogue must be included in the body when the register allocator is
called

(sothenamedvariableswillbereplacedbynumbers).
Thiswillalsoautomatically

handletheissueaboutspilledparametersmentionedabove,asspill-
codeisinserted

immediately after the parameters are (temporarily) transferred to
registers. This

may cause some extra memory transfers when a spilled stack-passed
parameter is

first loaded into a register and then immediately stored back again. This
problem

is,however,usuallyhandledbylateroptimisations.

It may seem odd that we move register-passed parameters to named
registers

instead of just letting them stay in the registers they are passed in. But
these reg-



isters may be needed for other function calls, which gives problems if a
parameter

allocatedtooneoftheseneedstobepreservedacrossthecall(asmentionedabo

variables that are live across function calls should not be allocated to
caller-saves

registers). By moving the parameters to named registers, the register
allocator is

free to allocate these to callee-saves registers if needed. If this is not
needed, the

register allocator may allocate the named variable to the same register as
the pa-

rameter was passed in and eliminate the (superfluous) register-to-
register move.

As mentioned in section 9.7, modern register allocators will eliminate
most such

movesanyway,sowemightaswellexploitthis.

In summary, given a good register allocator, the compiler needs to do the
fol-

lowingtocompileafunction:

1) Generate code for the body of the function, using symbolic names for
vari-

ables (except precoloured temporary variables used for parameter-
passing

in call sequences or for instructions that require specific registers, see
sec-

tion9.7.2).



2) Add code for moving parameters from numbered registers and stack
loca-

tionsintothenamedvariablesusedforaccessingtheparametersinthebody

of the function, and for moving the function-result from a named register
to

theregisterusedforfunctionresulits.

3) Call the register allocator with this extended function body. The
register

allocator should be aware of the register division (caller-saves/callee-
saves

split) and allocate variables that are live across function calls only to
callee-

saves registers and should return both the set of used callee-saves
registers

andthesetofspilledvariables.

4) To the register-allocated code, add code for saving and restoring the
callee-

savesregistersthattheregisterallocatorsayshavebeenusedintheextended
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function body and for updating the frame pointer with the size of the
frame

(includingspaceforsavedregistersandspilledvariables).

5) Add a function label at the beginning of the code and a return jump at
the

end.

10.7 Accessing non-local variables

We have up to now assumed that all variables used in a function are local
to that

function,butmosthigh-
levellanguagesalsoallowfunctionstoaccessvariablesthat

arenotdeclaredlocallyinthefunctionsthemselves.

10.7.1 Global variables

In C, variables are either global or local to a function. Local variables are
treated

exactly as we have described, i.e., typically stored in a register. Global
variables

will, on the other hand, be stored in memory. The location of each global
variable

will be known at compile-time or link-time. Hence, a use of a global
variable x

generatesthecode

x := M[addressx]



instructionthatuses x

Theglobalvariableisloadedintoa(register-
allocated)temporaryvariableandthis

willbeusedinplaceoftheglobalvariableintheinstructionthatneedsthevalueof
theglobalvariable.

Anassignmenttoaglobalvariable x isimplementedas

x := thevaluetobestoredin x

M[addressx] := x

Note that global variables are treated almost like spilled variables: Their
value is

loaded from memory into a register immediately before any use and
stored from a

registerintomemoryimmediatelyafteranassignment.
Likewithspill,itispossible

tousedifferentregister-allocatedvariablesforeachuseof x.
Ifaglobalvariableisusedoftenwithinafunction,itcanbeloadedintoalocal

variable at the beginning of the function and stored back again when the
function

returns. However,afewextraconsiderationsneedtobemade:

- The variable must be stored back to memory whenever a function is
called,

as the called function may read or change the global variable. Likewise,
the

global variable must be read back from memory after the function call, so



any changes will be registered in the local copy. Hence, it is best to
allocate

localcopiesofglobalvariablesincaller-savesregisters.
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- Ifthelanguageallows call-by-reference
parameters(seebelow)orpointersto

globalvariables,theremaybemorethanonewaytoaccessaglobalvariable:
Eitherthroughitsnameorviaacall-by-referenceparameterorpointer. Ifwe

cannot exclude the possibility that a call-by-reference parameter or
pointer

can access a global variable, it must be stored/retrieved before/after any
ac-

cess to a call-by-reference parameter or any access through a pointer. It
is

possible to make a global alias analysis that determines if global
variables,

call-by-referenceparametersorpointersmaypointtothesamelocation(i.e.,
may be aliased). However, this is a fairly complex analysis, so many com-

pilers simply assume that a global variable may be aliased with any call-
by-

referenceparameterorpointerandthatanytwoofthelattermaybealiased.

The above tells us that accessing local variables (including call-by-value
parame-

ters) is faster than accessing global variables. Hence, good programmers
will use

globalvariablessparingly.
10.7.2 Call-by-reference parameters

Some languages, e.g., Pascal (which uses the term var-parameters),



allow param-

eters to be passed by call-by-reference. A parameter passed by call-by-
reference

must be a variable, an array element, a field in a record or, in general,
anything

thatisallowedattheleft-hand-sideofanassignmentstatement.
Insidethefunction

thathasacall-by-
referenceparameter,valuescanbeassignedtotheparameterand

these assignments actually update the variable, array element or record-
field that

waspassedasparametersuchthatthechangesarevisibletothecaller.
Thisdiffers

fromassignmentstocall-by-
valueparametersinthattheseupdateonlyalocalcopy.

Call-by-reference is implemented by passing the address of the variable,
array

element or whatever that is given as parameter. Any access (use or
definition) to

thecall-by-referenceparametermustbethroughthisaddress.
InC,therearenoexplicitcall-by-referenceparameters,butitispossibletoex-

plicitly pass pointers to variables, array-elements, etc. as parameters to a
function

by using the & (address-of) operator. When the value of the variable is
used or up-

dated,thispointermustbeexplicitlyfollowed,usingthe * (de-



reference)operator.

So, apart from notation and a higher potential for programming errors,
this is not

significantlydifferentfrom‘“real” call-by-referenceparameters.
Inanycase,avariablethatispassedasacall-by-referenceparameterorhasits

address passed via a & operator, must reside in memory. This means
that it must

be spilled at the time of the call or allocated to a caller-saves register, so
it will be

storedbeforethecallandrestoredafterwards.

It also means that passing a result back to the caller by call-by-reference
or

pointer parameters can be slower than using the function’s return value,
as the
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procedure £ (x : integer);
var y : integer;

function g(p : integer);
var q : integer;

begin

if p<10 then y := g(pt+y)
else q := pty;

if (y<20) then £(y):;

g :=9qg
end;
begin

Yy = X+x;

writeln(g(y),y)
end;
Figure10.11: ExampleofnestedscopesinPascal

return value can be passed in a register. Hence, like global variables, call-
by-

referenceandpointerparametersshouldbeusedsparingly.
Eitheroftheseontheirownhavethesamealiasingproblemsaswhencombined

withglobalvariables.



10.7.3 Nested scopes

Some languages, e.g., Pascal and SML, allow functions to be declared
locally

within other functions. A local function typically has access to variables
declared

in the function in which it itself is declared. For example, figure 10.11
shows a

fragment of a Pascal program. In this program, g can access x and y
(which are

declaredin £)aswellasitsownlocalvariables p and q.

Note that, since £ and g are recursive, there can be many instances of
their

variablesindifferentactivationrecordsatanyonetime.

When g is called, its own local variables (p and q) are held in registers,
as we

have described above. All other variables (i.e., x and y) reside in the
activation

records of the procedures/functions in which they are declared (in this
case f). It

is no problem for g to know the offsets for x and y in the activation
record for

£, as £ can be compiled before g, so full information about £’s activation
record

layout is available for the compiler when it compiles g. However, we will
not at

compile-timeknowthepositionof £’sactivationrecordonthestack.



f’sactivation

recordwillnotalwaysbedirectlybelowthatof
g,sincetheremaybeseveralrecur-

siveinvocationsof g
(eachwithitsownactivationrecord)abovethelastactivation

recordfor £. Hence,apointerto
f’sactivationrecordwillbegivenasparameterto
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function g(var fFrame : fRecord, p : integer);
var q : integer;

begin

if p<10 then fFrame.y := g(fFrame,p+fFrame.y)
else q := p+fFrame.y;

if (fFrame.y<20) then f (fFrame.y)

procedure £ (x : integer);

var y : integer;

begin

y = x+x;

writeln (g (FP,y) ,y)

end;

Figure10.12: Addinganexplicitframe-pointertotheprogramfromfigure10.11

g whenitiscalled. When £ calls
g,thispointerisjustthecontentsofFP,asthis,by

definition, points to the activation record of the active function (i.e., £f).
When g is

calledrecursivelyfrom g itself,theincomingparameterthatpointsto



f’sactivation

recordispassedonasaparametertothenewcall, soeveryinstanceof g
willhave

itsowncopyofthispointer.

To illustrate this, we have in figure 10.12 added this extra parameter
explicitly

to the program from figure 10.11. Now, g accesses all non-local variables
through

the fFrame parameter,soitnolongerneedstobedeclaredlocallyinside f£.
Hence,

wehavemoveditout. Wehaveusedrecord-field-selectionsyntaxin g
foraccessing

f’s variables through £fFrame. Note that £Frame is a call-by-reference
parameter

(indicatedbythe var keyword),as g canupdate £’svariables(i.e., y). In
£f,wehave

used FP to refer to the current activation record. Normally, a function in
a Pascal

programwillnothaveaccesstoitsownframe,sothisisnotquitestandardPascal.

It is sometimes possible to make the transformation entirely in the source
lan-

guage (e.g., Pascal), but the extra parameters are usually not added until
the inter-

mediate code, where FP is made explicit, has been generated. Hence,
figure 10.12

mainlyservestoillustratetheidea,notasasuggestionforimplementation.



Notethatallvariablesthatcanbeaccessedininnerscopesneedtobestoredin

memory when a function is called. This is the same requirement as was
made for

call-by-reference parameters, and for the same reason. This can, in the
same way,

behandledbyallocatingsuchvariablesincaller-savesregisters.
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Nextactivationrecords

Space for storing local variables for spill
and for storing live variables allocated to
caller-savesregistersacrossfunctioncalls
Spaceforstoringcallee-savesregistersthat
areusedinthebody
Incomingparametersinexcessoffour
Returnaddress

FP —— Staticlink(SL)

Previousactivationrecords

Figure10.13: Activationrecordwithstaticlink
Y 4

X p

f:g:

Returnaddress Returnaddress

FP — SL(null) FP — SL(tof)



Figure10.14: Activationrecordsfor £ and g fromfigure10.11

Staticlinks

If there are more than two nested scopes, pointers to all outer scopes
need to be

passedasparameterstolocallydeclaredfunctions. If,forexample, g
declaredalo-

calfunction h, h wouldneedpointerstoboth £’sand g’sactivationrecords.
Ifthere

are many nested scopes, this list of extra parameters can be quite long.
Typically,

asingleparameterisinsteadusedtoholdalinkedlistoftheframepointersforthe

outer scopes. This is normally implemented by putting the links in the
activation

records themselves. Hence, the first field of an activation record (the
field that FP

points to) will point to the activation record of the next outer scope. This
is shown

in figure 10.13. The pointer to the next outer scope is called the static
link, as

the scope-nesting is static as opposed to the actual sequence of run-
time calls that

determine the stacking-order of activation records .1 The layout of the
activation

recordsfor £ and g fromfigure10.11isshowninfigure10.14.



g’'sstaticlinkwillpointtothemostrecentactivationrecordfor £. Toread y, g

willusethecode

1Sometimes,thereturnaddressisreferredtoasthe dynamiclink.
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FPs := M[FP] Follow g’sstaticlink

address := FPf+ 12 Calculateaddressof y

y := M[address] Get y’svalue

where y afterwardsholdsthevalueof y. Towrite y, g willusethecode
FPs := M[FP] Follow g’sstaticlink

address := FPf+ 12 Calculateaddressof y

M[address] := y Writeto y

where y holds the value that is written to y. If a function h was declared
locally

inside g,itwouldneedtofollowtwolinkstofind y:
FPg := M[FP] Follow h’sstaticlink

FPs:= M[FPg] Follow g’sstaticlink

address := FPf+ 12 Calculateaddressof y

y := M[address] Get y’svalue

This example shows why the static link is put in the first element of the
activation

record: Itmakesfollowingachainoflinkseasier,asnooffsetshavetobeaddedin
eachstep.
Again,wecanseethataprogrammershouldkeepvariablesaslocalaspossible,

asnon-localvariablestakemoretimetoaccess.



10.8 Variants

We have so far seen fixed-size activation records on stacks that grow
upwards in

memory,andwhereFPpointstothefirstelementoftheframe.
Thereare,however,

reasonswhyyousometimesmaywanttochangethis.

10.8.1 Variable-sized frames
Ifarraysareallocatedonthestack,thesizeoftheactivationrecorddependsonth¢

sizeofthearrays. Ifthesesizesarenotknownatcompile-
time,neitherwillthesize

oftheactivationrecords. Hence,weneedarun-
timevariabletopointtotheendof

theframe. Thisistypicallycalledthe
stackpointer,becausetheendoftheframeis

alsothetopofthestack.
Whensettingupparameterstoanewcall,theseareputat

places relative to SP rather than relative to FP. When a function is called,
the new

FPtakesthevalueoftheoldSP,butwenowneedtostoretheoldvalueofFP,aswe

no longer can restore it by subtracting a constant from the current FP.
Hence, the

old FP is passed as a parameter (in a register or in the frame) to the new
function,

whichrestoresFPtothisvaluejustbeforereturning.
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If arrays are allocated on a separate stack, frames can be of fixed size,
but a

separatestack-pointerisnowneededforallocating/deallocatingarrays.

If two stacks are used, it is customary to let one grow upwards and the
other

downwards,suchthattheygrowtowardseachother. Thisway,stack-
overflowtests

on both stacks can be replaced by a single test on whether the stack-
tops meet. It

also gives a more flexible division of memory between the two stacks
than if each

stackisallocateditsownfixed-sizememorysegment.
10.8.2 Variable number of parameters

Some languages (e.g., C and LISP) allow a function to have a variable
number of

parameters. This means that the function can be called with a different
number of

parametersateachcall. InC,the printf functionisanexampleofthis.
Thelayoutswehaveshowninthischapterallassumethatthereisafixednum-

berofarguments,sotheoffsetsto, e.g.,localvariablesareknown.
Ifthenumberof

parameterscanvary,thisisnolongertrue.

One possible solution is to have two frame pointers: One that shows the
posi-



tion of the first parameter and one that points to the part of the frame
that comes

after the parameters. However, manipulating two FP’s is somewhat
costly, so nor-

mallyanothertrickisused: TheFPpointstothepartoftheframethatcomesafter

the parameters, Below this, the parameters are stored at negative offsets
from FP,

while the other parts of the frame are accessed with (fixed) positive
offsets. The

parametersarestoredsuchthatthefirstparameterisclosesttoFPandlaterparai

eters further down the stack. This way, parameter number k will be a
fixed offset

(—4 * k)fromFP.

When a function call is made, the number of arguments to the call is
known to

thecaller,sotheoffsets(fromtheoldFP)neededtostoretheparametersinthene
framewillbefixedatthispoint.
Alternatively,FPcanpointtothetopoftheframeandalifieldscanbeaccessed

by fixed negative offsets. If this is the case, FP is sometimes called SP,
as it points

tothetopofthestack.
10.8.3 Direction of stack-growth and position of FP
Thereisnoparticularreasonwhyastackhastogrowupwardsinmemory. ltis, in

fact, more common that call stacks grow downwards in memory.
Sometimes the



choiceisarbitrary,butatothertimesthereisanadvantagetohavethestackgrowi

in a particular direction. Some instruction sets have memory-access
instructions

thatincludeaconstantoffsetfromaregister-basedaddress.
Ifthisoffsetisunsigned

(asitison, e.g.,IBMSystem/370),itisanadvantagethatallfieldsintheactivation

record are at non-negative offsets. This means that either FP must point
to the
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bottomoftheframeandthestackgrowupwards,orFPmustpointtothetopofthe
frameandthestackgrowdownwards.

If, on the other hand, offsets are signed but have a small range (as on
Digital’s

Vax, where the range is -128 — +127), it is an advantage to use both
positive and

negative offsets. This can be done, as suggested in section 10.8.2, by
placing FP

after the parameters but before the rest of the frame, so parameters are
addressed

by negative offsets and the rest by positive. Alternatively, FP can be
positioned k

bytesabovethebottomoftheframe,where —k isthelargestnegativeoffset.

10.8.4 Register stacks

Someprocessors, e.g.,SunsSparcandintelslA-64haveon-
chipstacksofregisters.

The intention is that frames are kept in registers rather than on a stack in
memory.

Atcallorreturnofafunction,theregisterstackisadjusted.
Sincetheregisterstack

has a finite size, which is often smaller than the total size of the call
stack, it may

overflow. This is trapped by the operating system which stores part of
the stack in



memory and shifts the rest down (or up) to make room for new elements.
If the

stackunderflows(atapopfromanemptyregisterstack),theOSwillrestoreearlie

savedpartsofthestack.

10.8.5 Functions as values

If you can pass a function as a parameter to another function, you need
to pass

its static link as well, so the function can access its non-local variables
when it

is called. If there are no local function definitions (and, hence, no need
for static

links)itisenoughtopasstheaddressofthefunction.
Thisapplies,forexample,to

thelanguageC.

In Pascal, functions can be passed as parameters, but can not be
returned as

functionresults.
Whenyoupassafunctionasparameter,youpassapairconsisting

of the address of the function’s code and its static link. This pair is called
a thunk

ora closure.
Whenthefunctioniscalledanditsframeisputonthestack,thestatic

link is taken from this pair. Since you cannot return a functional value,
the static

linkwillalwayspointtoaframethatisfurtherdownthestack.

However, if you can return a functional value as the result of a function



(as is

possible in most functional languages), the frame that the static link
points to can

have been unstacked by the time the functional value is used. To prevent
this, the

partoftheframethatcontainsvariablesisallocatedontheheapinsteadofthestas
andthestaticlinkintheclosurepointstotheheap-allocatedpartoftheframe.

Suggestedexercises: 10.2.
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10.9 Further reading

Calling conventions for various architectures are usually documented in
the man-

uals provided by the vendors of these architectures. Additionally, the
calling con-

ventionfortheMIPSmicroprocessorisshownin[39].

In figure 10.12, we showed in source-language terms how an extra
parame-

ter can be added for accessing non-local parameters, but stated that this
was for

illustrative purposes only, and that the extra parameters are not normally
added

at source-level. However, [8] argues that it is, actually, a good idea to do
this, and

goesontoshowhowmanyadvancedfeaturesregardingnestedscopes,higher-
order

functions and even register allocation can be implemented mostly by
source-level

transformations.

Section 11.7 describes some optimisations that can be used to make
function

callsfasteroruselessstackspace.

Exercises



Exercise 10.1

In section 10.3 an optimisation is mentioned whereby parameters are
stored in the

newframeassoonastheyareevaluatedinsteadofjustbeforethecall.
Itiswarned

thatthiswillgowrongifanyoftheparameter-
expressionsthemselvescontainfunc-

tion calls. Argue that the first parameter-expression of a function call can
contain

otherfunctioncallswithoutcausingthedescribedproblem.
Exercise 10.2
Section10.8.2suggeststhatavariablenumberofargumentscanbehandledbys!

ingparametersatnegativeoffsetsfromFPandtherestoftheframeatnon-
negative

offsetsfromFP.Modifyfigures10.8,10.9and10.10tofollowthisconvention.
Exercise 10.3

Find documentation for the calling convention of a processor of your
choice and

modifyfigures10.7,10.8,10.9and10.10tofollowthisconvention.
Exercise 10.4

Manyfunctionshaveabodyconsistingofanif-then-
elsestatement(orexpression),

whereoneorbothbranchesuseonlyasubsetofthevariablesusedinthebodyasz

whole. Asanexample,assumethebodyisoftheform
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IF cond THEN label1 ELSE label2
LABEL label1

code1

GOTO labels

LABEL label2

code2

LABEL label3

The condition cond is a simple comparison between variables (which may
or may

notbecallee-saves).

A normal callee-saves strategy will in the prologue save (and in the
epilogue

restore)allcallee-savesregistersusedinthebody.
Butsinceonlyonebranchofthe

if-then-elseistaken,someregistersaresavedandrestoredunnecessarily.
Wecan,asusual,getinformationaboutvariableuseinthedifferentpartsofthe
body(i.e., cond, code1 and code2)fromtheregisterallocator.

We will now attempt to combine the prologue and epilogue with a
function

body of the above form in order to reduce the number of callee-saves
registers



saved.

Replace in figure 10.9 the text “code for function body” by the above
body.

Thenmodifythecombinedcodesopartsofsavingandrestoringregisters R4—
R12

and R15 is moved into the branches of the if-then-else structure. Be
precise about

which registers are saved and restored where. You can use clauses like
1 :
if used in

code1’.



Chapter 11

Analysis and optimisation

In chapter 8, we briefly mentioned optimisations without going into detail
about

howtheyaredone. Wewillremedythisinthischapter.

An optimisation, generally, is about recognising instructions that form a
spe-

cific pattern that can be replaced by a smaller or faster pattern of new
instructions.

In the simplest case, the pattern is just a short sequence of instructions
that can

be replaced by a another short sequence of instructions. In chapter 8, we
replaced

sequencesofintermediate-codeinstructionsbysequencesofmachine-
codeinstruc-

tions,butthesameideacanbeappliedtoreplacingsequencesofmachine-
codein-

structionsbysequencesofmachine-
codeinstructionsorsequencesofintermediate-

code instructions by other sequences of intermediate-code instructions.
This kind

ofoptimisationiscalled
peepholeoptimisation,becausewelookatthecodethrough

asmallholethatjustallowsustoseeshortsequencesofinstructions.



Anotherthingtonoteaboutthepatternsweusedinchapter8isthattheysome-

times required some of the variables involved to have no subsequent
uses. This

is a non-local property that requires looking at an arbitrarily large context
of the

instructions, sometimes the entire procedure or function in which the
instructions

appear. A variable having possible subsequent uses is called live. In
chapter 9 we

looked at how liveness analysis could determine which variables are live
at each

instruction.
Weusedthistodetermineinterferencebetweenvariables,butthesame

informationcanalsobeusedtoenableoptimisations,suchasreplacingasequen
ofinstructionsbyasimplersequence.

Many optimisations are like this: We have a pattern of instructions and
some

requirements about the context in which the pattern appears. These
contextual

requirements are often found by analyses similar to liveness analysis,
collectively

called data-flowanalyses.

We will now look at optimisations that can be enabled by such analyses.
We

willlaterpresentafewothertypesofoptimisations.

231
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11.1 Data-flow analysis

As the name indicates, data-flow analysis attempts to discover how
information

tlows through a program. We already discussed liveness analysis, where the
infor-

mationthatavariableisliveflowsthroughtheprogramintheoppositeorderofthe
flowofvalues: Avalueflowsfromanassignmenttoavariabletoitsuses,butlive-

ness information flows from a use of a variable back to its assignments.
Liveness

analysisis,hence,calledabackwardsanalysis.
Inotheranalysesinformationflows

inthesameorderasvalues.
Forexample,ananalysismighttrytoapproximatethe

set of possible values that a variable can hold, and here the flow is
naturally from

assignmentstouses.
Thelivenessanalysispresentedinchapter9consistedoffourthings:

1. Information about which instructions can follow others, i.e., the
SUCCessors

ofeachinstruction.

2. Foreachinstruction gen and kill setsthatdescribehowdata-
flowinformation

iscreatedanddestroyedbytheinstruction.



3. Equationsthatdefine in and out setsbydescribinghowdata-
flowinformation

flowbetweeninstructions.

4. Initialisation of the in and out sets for a fixed-point iteration that solve
the

data-flowequations.

We will use the same template for other data-flow analyses, but the
details might

differ. Forexample:

1. Forwards analyses require information about the predecessors of an
instruc-

tioninsteadofitssuccessors.

2. Where liveness analysis uses sets of variables, other analyses might
use sets

ofinstructionsorsetsofvariable/valuepairs.

3. The equations for in and out sets might differ. For example, they may
use

intersectioninsteadofuniontocombineinformationfromseveralsuccessors
orpredecessorsofaninstruction.

4. Where liveness analysis initialises all in and out sets to empty sets
(except

forthe out setofthelastinstructioninthefunction,whichisinitialisedtothe
setofvariablesliveattheexitofthefunction),otheranalysesmightinitialise

thesetsto,forexample,thesetofallinstructionsinthefunction. Ifwewant



theminimalsolutiontotheequations,weinitialisewithemptysets,butifthe

want the maximal solution to the equations, we initialise with the set of all
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relevantvalues. SeeappendixAformoredetailsaboutminimalandmaximal
solutionstosetequations.

We will in the following sections show some examples of optimisations
and the

data-
flowanalysesrequiredtofindthecontextualinformationrequiredtodetermine

if the optimisation is applicable. As the optimisations we show are not
specific to

any particular processor, we will show them in terms of intermediate
code, but the

sameprinciplescanbeappliedtoanalysisandoptimisationsofmachine-code.

11.2 Common subexpression elimination

After translation to intermediate code, there might be several
occurrences of the

same calculations, even when this is not the case in the source program.
For ex-

ample, the assignhment a[i] := a[i]+1 can in many languages not be
simpli-

fied at the source level, but the assignment might be translated to the
following

intermediate-codesequence:
tl := 4*31

t2 := a+tl



t3 := M[t2]
t4 := t3+1
t5 = 4*ji

té6 := a+ts
M[t6] := t4

Note that both the multiplication by 4 and the addition of a is repeated,
but that

whilewecanseethattheexpressions a+tl and a+t5
havethesamevalue,theyare

nottextuallyidentical.
Ourultimategoalistoeliminatebothoftheseredundancies,butwewillstartby

asimpleranalysisthatonlycatchesthesecondoccurrenceof 4*i
andthendiscuss

howitcanbeextendedtoalsoeliminate a+t5.

11.2.1 Available assignments

If we want to replace an expression by a variable that holds the value of
the ex-

pression,weneedtokeeptrackofwhichexpressionswehaveavailableandwhicl

variables hold their values. So we want at each program point a set of
pairs of

variables and expressions. Since each such pair originates in an
assignment of the

expressiontothevariable,wecan,equivalently,useasetofassignmentinstructi



thatoccurintheprogram. Thismakesthingsslightlysimplerlateron.
Wecallthis

analysis availableassignments
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ltisclearthatinformationflowsfromassignmentforwards,soforeachinstruc-

tionintheprogram,the in
setisthesetofavailableassignmentsbeforetheinstruc-

tion is executed and the out set is the set of assignments available
afterwards. The

gen and Kill sets should, hence, describe which new assignments
become available

and which are no longer available. An assignment makes itself available,
unless

the variable on the left-hand side also occurs on the right-hand side
(because the

assignmentwouldmakeanewoccurrenceoftheexpressionhaveadifferentvalu

Allotherassignmentswherethevariableontheleft-
handsideoftheinstructionoc-

curs (on either side) are invalidated: If the variable occurs on the left-
hand side on

anotherassignment,thevariablenolongerholdsthevalueoftheexpressionontl

right-
handside,andifthevariableoccursinanexpression,theexpressionchanges

value, so the left-hand-side variable no longer holds the current value of
the ex-

pression. Figure11.1showsthe gen and Kkill
setsforeachkindofinstructioninthe

intermediatelanguage.



Notethatacopyinstruction x := y doesnotgenerateanyavailableassignment,

as nothing is gained by replacing an occurrence of y by x. Note, also,
that any

store of a value to memory Kkills all instructions that load from memory.
We need

to make this rather conservative assumption because we do not know
where in

memoryloadsandstoresgo.
Thenextstepistodefinetheequationsfor in and out sets:
out[i] = gen[i] U (in[i] \ kill[i]) (11.1)

\

in[i] = out[ j] (11.2)

jepred[i]

As mentioned above, the assignments that are available after an
instruction (i.e.,

in the out set) are those that are generated by the instruction and those
that were

available before, except for those that are killed by the instruction. The
available

assignments before an instruction (i.e., in the in set) are those that are
available at

allpredecessors,sowetaketheintersectionofthesetsavailableatthepredeces:

The predecessors pred[i] of instructioniis {i — 1}, except when i is a
LABEL

instruction,inwhichcasewealsoaddall GOTO and IF



instructionsthatcanjumpto

I, or when i is the first instruction in the program (i.e., when i = 1), in
which case

I — 1isnotinthepredecessorsof i.
Weneedtoinitialisethe in and out setsforthefixed-pointiteration. Wewantto

find the maximal solution to the equations: Consider a loop where an
assignment

is available before the loop and no variable in the assignment is changed
inside

the loop. We would want the assignment to be available inside the loop,
but if we

initialise the out set of the jump from the end of the loop to its beginning
to the

empty set, the intersection of the assignments available before the loop
and those

available at the end of the loop will be empty, and remain that way
throughout the
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Instruction i gen[i] kill[i]

LABEL 10/ 0/

x :=y 0/ assg(x)

x := k {x := k} assg(x)

X :=unop y {x := unop y} assg(x)
where x 6=y

X := unop x 0/ assg(x)

x := unop k {x := unop k} assg(x)

x :=y binop z {x := y binop z} assg(x)
where x 6=y and x =6 z

X :=y binop z 0/ assg(x)

where x=yorx=2z

x :=y binop k {x := y binop k} assg(x)
where x 6=y

x := x binop k 0/ assg(x)

x := M[y] {x := M[y]} assg(x)

where x 6=y

x := M[x] 0/ assg(x)

x := M[K] {x := M[K]} assg(x)



M[x] :=y 0/ loads

M[k] :=y 0/ loads

coTo 10/ 0/

IF xrelopy THEN KELSE I0/ 0/
X := CALL f (args) 0/ assg(x)

where assg(x) isthesetofallassignmentsinwhich x occursoneitherleft-
handor

right-handside,and loads isthesetofallassignmentsoftheform x := M[-].

Figure11.1: Genandkillsetsforavailableassignments
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1:1:=0

22a:=n*x3

3:IF i<a THEN loop ELSE end

4:LABEL loop

5b:=ix*x4
e:c:=p+b
7:d := M[c]
g:e:=d % 2
9:f :=1i % 4
10:g:=p+f
1:M[g] := e
12:i =i+ 1

13:a:=n * 3

14:IF i< a THEN loop ELSE end

15: LABEL end

Figure11.2: Exampleprogramforavailable-assignmentsanalysis

iteration. So, instead we initialise the in and out sets for all instructions
except the

firsttothesetofallassignmentsintheprogram(sowefindthemaximalsolution).



The in set for the first instruction remains empty, as no assignments is
available at

thebeginningoftheprogram.

When an analysis takes the intersection of the values for the
predecessors, we

willalwaysinitialisesets(exceptforthefirstinstruction)tothelargestpossible,s
wedonotgetoverlyconservativeresultsforloops.

11.2.2 Example of available-assignments analysis
Figure11.2showsaprogramthatdoubleselementsofanarray p

Figure 11.3 shows pred, gen and kill sets for each instruction in this
program.

We represent an assignment by the number of the assignment
instruction, so gen

and Kkill sets are sets of numbers. We will, however, identify identical
assignments

with the same number, so both the assignment in instruction 2 and the
assignment

in instruction 13 are identified with the number 2, as can be seen in the
gen set of

instruction13.
Notethateachassignmentkillsitself,butsinceitalso(inmostcases)generates

itself, the net effect is to remove all conflicting assignments (including
itself) and

then adding itself. Assignment 12 (i := i + 1) does not generate itself,
since i also



occurs on the right-hand side. Note, also, that the write to memory in
instruction

11killsinstruction7,asthisloadsfrommemory.
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i pred[i] gen[i] kill[i]

111,5,9,12

2122

32

43,14

5455,6

656 6,7

7677,8

8788

9899,10

10910 10

11107

12 11 1,5,9,12

131222

14 13

15 3,14

Figure11.3: pred, gen and kill fortheprograminfigure11.2
Forthefixed-pointiterationweinitialisethe in setofinstruction1totheempty

set and all other in and out sets to the set of all assignments. We need
only the as-



signmentsthatareactuallygeneratedbysomeinstructions, i.e.,
{1,2,5,6,7,8,9,10}.

Wetheniterateequations11.2and11.1asassignmentsuntilwereachafixed-
point.

Sinceinformationflowisforwards,weprocesstheinstructionsbyincreasingnu

berandcalculate in[i] before out[i]. Theiterationisshowninfigure11.4.
Forspace

reasons, the table is shown sideways and the final iteration (which is
identical to

iteration2)isnotshown.
11.2.3 Usingavailableassignmentanalysisforcommonsubexpression
elimination

If instruction i is of the form x := e for some expression e and in[i]
contains an

assighment y := e,thenwecanreplace x := e by x :=y.

If we apply this idea to the program in figure 11.2, we see that at
instruction 9

( f := i*x4),wehaveassignment5(b :=
i*x4)available,sowecanreplaceinstruction

9 by ( f := b). At instruction 13 (a := n *x 3), we have assignment 2 (a :=n
* 3)

available, so we can replace instruction 13 by a := a, which we can omit
entirely

asitisano-operation. Theoptimisedprogramisshowninfigure11.5.

Note that while we could eliminate identical expressions, we could not
eliminate
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1:1:=0

22a:=n*x3

3:IF i<a THEN loop ELSE end

4:LABEL loop

5b:=ix*x4
e:c:=p+b
7:d := M[c]
g:e:=d % 2
9:f :=b

10:g:=p+f
1:M[g] := e
12:i =i+ 1

14: IF i < a THEN loop ELSE end
15: LABEL end

Figure11.5:
Theprograminfigure11.2aftercommonsubexpressionelimination.

the expression p + f in instruction 10 even though it has the same value
as the

right-hand side of the available assignment 6 (c := p + b), sinceb=f. A
way of



achieving this is to first replace all uses of f by b (which we can do since
the only

assignment to f is f := b) and then repeat common subexpression
elimination on

theresultingprogram.
Ifalargeexpressionhastwooccurrences,wemighthaveto

repeat this a large number of times to get the optimal resuit. An
alternative is to

keep track of sets of variables that have the same value (a technique
called value

numbering), which allows large common subexpressions to be eliminated
in one

pass.

Another limitation of the available assignment analysis is when two
different

predecessors to an instruction have the same expression available but in
different

variables, e.g., if one predecessor of instruction i has the available
assignments

{x := a + b} andtheotherpredecessorhastheavailableassignments {y := a +
b}.

These have an empty intersection, so the analysis would have no
available assign-

ments at the entry of instruction i. It is possible to make common
subexpression

elimination make the expression a + b available in this situation, but this
makes



analysisandtransformationmorecomplex.

Suggestedexercises: 11.1.
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11.3 Jump-to-jump elimination
Whenwehaveaninstructionsequencelike
LABEL I

GOTO |2

we would like to replace all jumps to 1 by jumps to 2. However, there
might be

chainsofsuchjumps, e.g.,
LABEL I

GOTO |2

LABEL I2

GOTO I3

LAREL I3
GOTO la

We want, in this example, to replace a jump to I1 with a jump to l4 directly.
To do

this,wemakeadata-
flowanalysisthatforeachjumpfindsitsultimatedestination.

Theanalysisisabackwardsanalysis,asinformationflowsfromalabelbacktothe



instructionthatjumpstoit. The gen and Kkill setsarequitesimple:
instruction gen Kkill

LABEL | {I} 0/

GgoTo 10/ 0/

IF ¢ THEN MELSE 120/ 0/

anyother 0/ thesetofalllabels
Theequationsfor in and out are:
genl[i] \ kill[i] if out[i] isempty
in[i] = (11.3)

out[i] \ kill[i] if out[i] isnon-empty
\

out[i] =in[ j] (11.4)

jesuccil

Weinitialiseall out setstothesetofalllabels,exceptthe out
setofthelastinstruc-

tion(whichhasnosuccessors),whichisinitialisedtoempty.

Note that, after the fixed-point iteration, in[i] can only have more than
one ele-

ment if i is part of or jumps to a loop consisting entirely of GOTO
instructions and

labels. Such infinite loops can occur in valid programs (e.g., as an idle-
loop that

waitsforaninterrupt),soweallowthis.



Whenwehavereachedafixed-point,wecandothefollowingoptimisations:
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- At GOTO i,wecanreplace i byanyelementin in[i].

- If instruction i is LABEL | and | €/ in[i], there will be no jumps to | after
the

optimisation, so we can remove instruction i and all following instructions
uptojustbeforethenextlabel. Thisiscalled deadcodeelimination.

- At IF c THEN i ELSE j, we can replace i by any element in in[i] and j by
any

element in in[ j]. If in[i] = in[ j], the test is redundant, and we can replace

IF c THEN iELSE j by GOTO l,where | isanyelementin in[i].

Suggestedexercises: 11.2.

11.4 Index-check elimination

When a language requires bounds-checking of array accesses, the
compiler must

inserttestsbeforeeacharrayaccesstoverifythattheindexisinrange. Index-
check

eliminationaimstoremovethesecheckswhentheyareredundant.

Tofind this, we collectforeach programpointa setof inequalities thathold
at

thispoint. Ifaboundscheckisimpliedbytheseinequalities,wecaneliminateit.

We will use the conditions in IF-THEN-ELSE instructions as our source
for



inequalities. Note that, since bounds checks are translated into such
instructions,

thissetofconditionsincludesallboundschecks.

Conditions all have the form x relop p, where x is a variable and p is
either a

constant or a variable. We only care about inequalities, i.e., conditions of
the form

p < gorp < q, where p and g are either variables or constants (but they
can not

both be constants). Each condition that occurs in the program is
translated into a

setofinequalitiesofthisform. Forexample x =y istranslatedinto x < y and y
< X.

Wealsogenerateinequalitiesforthenegationofeachconditionintheprogram,s

a condition like x < 10 generates the inequalities x <10 and 10 < x. A
condition

X =y generates no inequalities for its negation, as x =6 y can not be
expressed as a

conjunctionofinequalities. Thisgivesusauniverse Q
ofinequalitiesthatwework

on. At each point in the program, we want to find which of these
inequalities are

guaranteedtoholdatthispoint, i.e.,asubsetof Q.

The idea is that, after executing the instruction IF ¢ THEN 1 ELSE I2, the
condi-

tionsderivedfrom c willbetrueat I1
andtheconditionsderivedfromthenegation



of ¢ will be true at 12, assuming there are no other jumps to l1or l2. To
ensure this

assumption, we insert extra labels and jumps in the program: each
instruction of

theform IF ¢ THEN N ELSE l2isreplacedbythesequence
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0 T

0 jeprediin[ j]

0o

I

-

if pred[i] hasmorethanoneelement
0o
0

-

in[pred[i]] U when(c)

[

00

0 if pred[i] is IF ¢ THEN i ELSE j
a0

I

-

in[pred[i]] U whennot(c)

a0

00 if pred[i] is IF ¢ THEN j ELSE i
[

I

-

(in[pred[i]] \ conds(Q,x)) U equal(Q,x, p)
il

if pred[i] isoftheform x := p

in[i]=

00 in[pred[i]] \ upper(Q,x)



[

00 if pred[i] isoftheform x := x + k where k > 0
[

00 in[pred[i]] \ lower(Q,x)

[

00 if pred[i] isoftheform x := x — k where k > 0
[

00 in[pred[i]] \ conds(Q,x)

[

00 if pred[i] isofaform x := e notcoveredabove
[

00 in[pred[i]]

[

otherwise

Figure11.6: Equationsforindex-checkelimination
IF c THEN t ELSE f

LABEL t

GOTO I

LABEL f

GOTO |2

where t and f arenewlabelsthatdonotoccuranywhereelse.



Thisway,ifalabelhasmorethanonepredecessor,thesewillallbe GOTO state-

ments(thatdonotalterthesetofvalidinequalities).
Wecanlaterremovetheadded

codebyjump-to-jumpeliminationasdescribedinsection11.3.

We do not use out sets, but write the equations for in sets in terms of the
in

sets of the predecessors and the type of instruction of the predecessor,
as shown in

figurel1.6. Notethatinformationflowsforwards:
frompredecessorstosuccessors.

Weusethefollowingauxiliarydefinitions:
- when(c) is the set of inequalities implied by the condition c. These will

be elements of Q (the universe of inequalities), since Q was constructed
to

includeallthese.
- whennot(c) isthesetofinequalitiesimpliedbythenegationofthecondition

c. Thesewill, likewise,beelementsof Q.
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- conds(Q,x) isthesetofinequalitiesfrom Q thatinvolve x.

- equal(Q,x, p), where p is a variable or a constant, is the set of
inequalities

from Q that are implied by the equality x = p. For example, if Q = {x <

10, 10 < x, 0 < x,x < 0} then equal(Q,x,7)= {x < 10, 0 < x}.

- upper(Q,x) is the set of inequalities from Q that have the form p < x or
p < x,where p isavariableoraconstant.

- lower(Q,x) is the set of inequalities from Q have the form x < p or x <
P,

where p isavariableoraconstant.

Normally, any assignment to a variable invalidates all inequalities
involving that

variable,butwehavemadesomeexceptions:
Ifweassignaconstantorvariableto

a variable, we check all the possible inequalities and add those that are
implied by

theassignment. Also,if x increases,weinvalidateallinequalitiesthatbound x
from

abovebutkeepthosethatbound x frombelow,andif x
decreases,weinvalidatethe

inequalities that bound x from below but keep those that bound x from
above. We

can add more special cases to make the analysis more precise, but the



above are
sufficientforthemostcommoncases.

We initialise all in sets to Q, except the in set for the first instruction,
which is

initialisedtotheemptyset.

After the data-flow analysis reaches a fixed-point, the inequalities in in[i]
are

guaranteed to hold at instruction i. So, if we have an instruction i of the
form

IF c¢ THEN KELSE lfand c is implied by the inequalities in in[i], we can
replace the

instructionby GOTO I|t. Ifthenegationof c isimpliedbytheinequalitiesin
in[i],we

canreplacetheinstructionby GOTO If.

We illustrate the analysis by an example. Consider the following for-loop
and

assumethatthearray a isdeclaredtogofrom0to10.

for i:=0 to 9 do

ali] 0;
Thisloopcanbetranslated(withindexcheck)intotheintermediatecodeshownir
figurell.7.

The set Q of possible inequalities in the program are derived from the
condi-

tions in the three IF-THEN-ELSE instructions and their negations, i.e., Q
={i <



9,9<i,i<0,0<i10<1i,i=<10}.

We leave the fixed-point iteration and check elimination as an exercise to
the

reader, but note that the assignment i := 0 in instruction 1 implies the
inequalities

{i<9,0<ii<10} and that the assignment i := i + 1 in instruction 11
preserves

0 < i butinvalidates i < 9and i < 10.
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1:1:=0

2: LABEL for1

3:IF i <9 THEN for2 ELSE for3
4: LABEL for2

5:IF i< 0 THEN error ELSE ok1
6: LABEL ok1

7:IF i> 10 THEN error ELSE ok2
8: LABEL ok2

ot:=ix4

10:t := a +t

1: M[t] ;=0

12:i =i+ 1

13: GOTO for1

14: LABEL for3

Figure11.7: Intermediatecodeforfor-loopwithindexcheck

Suggestedexercises: 11.3.

11.5 Limitations of data-flow analyses

All of the data-flow analyses we have seen above are approximations:
They will



not always accurately reflect what happens at runtime: The index-check
analysis

mayfailtoremovearedundantindexcheck,andtheavailableassignmentanalysi
maysayanassignmentisunavailablewhen,infact,itisavailable.

In all cases, the approximations err on the safe side: It is better to miss
an

opportunity for optimisation than to make an incorrect optimisation. For
liveness

analysis, this means that if you are in doubt about a variable being live,
you had

better say that it is, as assuming it dead might cause its value to be
overwritten.

When available assignment analysis is used for common subexpression
elimina-

tion,sayingthatanassigningisavailablewhenitisnotmaymaketheoptimisation
replaceanexpressionbyavariablethatdoesnotalwaysholdthesamevalueasth:
expression,soitisbettertoleaveanassignmentoutofthesetifyouareindoubt.

It can be shown that no compile-time analysis that seeks to uncover
nontrivial

information about the run-time behaviour of programs can ever be
completely ex-

act.
Youcanmakemoreandmorecomplexanalysesthatgetcloserandclosertothe

exactresult,buttherewillalwaysbeprogramswheretheanalysisisnotprecise.
So

acompilerwriterwillhavetobesatisfiedwithanalysesthatfindmostcaseswhere



anoptimisationcanbeapplied,butmissessome.



11.6. LOOPOPTIMISATIONS 245

11.6 Loop optimisations

Since many programs spend most of their time in loops, it is worthwhile
to study

optimisationsspecificforloops.

11.6.1 Code hoisting

One such optimisation is recognising computations that are repeated in
every iter-

ation of the loop without changing the values involved, i.e., loop-invariant
compu-

tations. We want to lift such computations outside the loop, so they are
performed

onlyonce. Thisiscalled codehoisting.
Wesawanexampleofthisinsection11.2.3,wherecalculationof nx*x3wasdone

oncebeforetheloopandsubsequentre-
computationswerereplacedbyareference

to the variable a that holds the value of n * 3 computed before the loop.
However,

it is only because there was an explicit computation of n *x 3 before the
loop, that

we could avoid re-computation inside the loop: Otherwise, the
occurrence of n x

3 inside the loop would not have any available assignment that can
replace the



calculation.

So our aim is to move or copy loop-invariant assignments to before the
loop,

so their result can be reused inside the loop. Moving a computation to
before the

loop may, however, cause it to be computed even when the loop is not
entered.

In addition to causing unnecessary computation (which goes against the
wish for

optimisation),suchcomputationscancauseerrorswhentheprecondition(thel

condition) is not satisfied. For example, if the invariant computation is a
memory

access,theaddressmaybevalidonlyiftheloopisentered.

A common solution to this problem is to unroll the loop once: A loop of
the

form(usingC-likesyntax):
while (cond) {

body

}

istransformedto

if (cond) then {
body

while (cond) {

body



Similarly,atest-at-bottomloopoftheform
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do

body

while (cond)

canbeunrolledto

body

while (cond) {

body

}

Now, we can safely calculate the invariant parts in the first copy of the
body and

reuse the results in the loop. If the compiler does common
subexpression elim-

ination, this unrolling is all that is required to do code hoisting —
assuming the

unrollingisdonebeforecommon-subexpressionelimination.
Unrollingofloopsis

mosteasilydoneatsource-
codelevel(i.e.,ontheabstractsyntaxtree),sothisisno

problem.
Thisunrollingwill,ofcourse,increasethesizeofthecompiledprogram,

soitshouldbedonewithcareiftheloopbodyislarge.
11.6.2 Memory prefetching

If a loop goes through a large array, it is likely that parts of the array will



not be

in the cache of the processor. Since access to non-cached memory is
much slower

thanaccesstocachedmemory,wewouldliketoavoidthis.

Many modern processors have memory prefetch instructions that tell the
pro-

cessor to load the contents of an address into cache, but unlike a normal
load, a

memory prefetch does not cause errors if the address is invalid, and it
returns im-

mediatelywithoutwaitingfortheloadtocomplete.
Soawaytoensurethatanarray

element is in the cache is to issue a prefetch of the array element well in
advance

ofitsuse,butnotsowellinadvancethatitislikelythatitwillbeevictedfromthe

cachebetweentheprefetchandtheuse.
Givenmoderncachesizesandtimings,25

to10000cyclesaheadoftheuseisareasonabletimeforprefetching—lessthan25

increases the risk that the prefetch is not completed before the use, and
more than

10000increasesthechancethatthevaluewillbeevictedfromthecachebeforeus
Aprefetchinstructionusuallyloadsanentirecacheline,whichistypicallyfour

oreightwords,sowedonothavetoexplicitlyprefetcheveryarrayelement—
every

fourthelementisenough.



So,assumewehavealoopthataddstheelementsofanarray:
sum = 0;

for (i=0; i<100000; i++)

sum += a[i];

}
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wecanrewritethisto

for (i=0; i<100000; i++) {

if (i&3 == 0) prefetch a[i+32];
sum += al[i];

}

where prefetch a[i+32] prefetches the element of a that is 32 places
after the

currentelement.
Thenumber32isratherarbitrary,butmakesthenumberofcycles

between prefetch and use lie in the interval mentioned above. Note that
we used

thetest i §3==0,whichisequivalentto i%4==0,butsomewhatfaster.
Wedonothavetoworryaboutprefetchingpasttheendofthearray—prefetch-

ing will never cause runtime errors, so at worst we prefetch something
that we do

notneed.
Whilethistransformationaddsatest(thattakestime),thepotentialsavingsby

having all array elements in cache before use are much larger. The
overhead of

testingcanbereducedbyunrollingtheloopbody:

sum = 0;



for (i=0; i<100000; i++) {
prefetch a[i+32];

sum += a[i];

i++;

sum += a[i];

i++;

sum += a[i];

i++;

sum += a[i];

}

This should, of course, only be done if the loop body is small. We have
exploited

thatthenumberofiterationsisamultipleof4,sotheexittestisnotneededatevery

increment of i. If we do not know this, the exit test must be replicated
after each

increaseof i,likeshownhere:
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for (i=0; i<n; i++) {
prefetch a[i+32];
sum += a[i];

if (++i < n) {
sum += a[i];

if (++i < n) {
sum += a[i];

if (++i < n) {
sum += a[i];

}

}

}

}

In a nested loop that accesses a multi-dimensional array, you can
prefetch the next

rowwhileprocessingthecurrent. Forexample,theloop
sum = 0;
for (i=0; i<1000; i++)

for (j=0; 3j<1000; j++)



sum += a[i] [j];

}

}

canbetransformedto

sum = 0;

for (i=0; i<1000; i++)
for (j=0; j<1000; j++)
if (j&3 == 0) prefetch a[i+l1l][j]:;
sum += a[i] [j]:;

}

}

Again,wecanunrolithebodyoftheinnerlooptoreducetheoverhead.

11.7 Optimisations for function calls

Modern coding styles use frequent function (or method) calls, so
optimising func-

tioncallsisasworthwhileasoptimisingloops.
Basically,optimisationoffunctioncallsattempttoreducetheoverheadassoci-

ated with call sequences, prologues and epilogues (see chapter 10). We
will see a

fewwaysofdoingthisbelow.
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11.7.1 Inlining
Inliningmeansreplacingafunctioncallbyacopyofthebodyofthefunction,with
somegluecodetoreplaceparameterandresultpassing.
Ifwehaveacall(usingC-stylesyntax)

xX= f(exp1,...,expn);

andthefunction £ isdefinedas

typeo £ (type1x1, ... ,typenxn)

{

body

return (exp) ;

}

where body represents the body of the function (apart from the return
statement)

and the shown return statement is the only exit point of the function,
we can

replacethecallbytheblock
{

type1 x1= exp1;

typen xn= expn;

body



X= exp;
}

Note that if, say, expnrefers to a variable with the same name as x1, it will
refer to

a different instance of x1 after the transformation. So we need to avoid
variables

intheinlinedfunctionshadowingvariablesusedinthefunctioncallstatement.
We

canachievethisbyrenamingthevariablesintheinlinedfunctiontonew,previous
unused,namesbeforeitisinlined.
Notethat,unlessthebodyoftheinlinedfunctionisverysmall,inliningcauses

the program to grow in size. Hence, it is common to put a limit on the
size of

functionsthatareinlined.
Whatthelimitisdependsonthedesiredbalancebetween

speed and size. But even when optimising for speed, care should be
taken not to

inlinetoomuch,aslargeprogramscanrunslowerthansmalprogramsduetowor:
cachebehaviour.

Care must be taken if you inline calls recursively: If the inlined body
contains

a call that is also inlined, and this again contains a call that is inlined, and
SO on,

we might continue inlining forever. So it is common to limit inlining to
only one



ortwolevelsdeeportreat(mutually)recursivefunctionsasspecialcases.
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11.7.2 T ail-call optimisation

A tailcall isacallthathappensjustbeforeareturn.
Asanexample,assumeweinafunction £ have(usingC-stylenotation)astate-

ment return (g(x,y)) ;. Clearly, £ returns just after g returns, and the
result of £

is the result of g. We want to combine the call sequence for the call to g
with the

epilogueof £. Wecallthis tail-calloptimisation.
Wewillexploitthefollowingobservations:

- No variables in £ are live after the call to g (since there are not any
uses of

variables after the call), so there will be no need to save and restore
caller-

savesvariablesaroundthecall.

- If we can eliminate all of the epilogue of £ except for the return-jump to
f’s

caller,wecaninsteadmake g returndirectlyto £’scaller,henceskipping £’s
epilogueentirely.

- If £’s frame holds no useful information at the time we call g (or we
can be

sure that g does not overwrite any useful information in the frame), we
can



reusetheframefor £ astheframefor g.

Wewilllookatthisinmoredetailbelow.

If we assume a simple stack-based caller-saves strategy like the one
shown in

figures 10.2 and 10.3, the combined call sequence of the call to g and the
epilogue

of £ becomes:

M[FP + 4 % m + 4] := R0

M[FP+4 x m+4 x (k+1)] :=Rk
FP := FP + framesize

M[FP + 4] := a1

M[FP + 4 % n] := an
M[FP] := returnaddress
GOTOg

LABEL returnaddress
result := M[FP + 4]

FP := FP — framesize

RO:= M[FP + 4 % m + 4]

Rk := M[FP + 4 x m + 4 % (k + 1)]



M[FP + 4] := result

GOTO M[FP]
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Sincetherearenolivevariablesafterthecallto g,wecaneliminatethesavingand
restoringof RO,...,Rk,yieldingthefollowingsimplifiedcode:

FP := FP + framesize

M[FP + 4] := a1

M[FP + 4 x n] := an
M[FP] := returnaddress
GOTOg

LABEL returnaddress
result := M[FP + 4]

FP := FP — framesize
M[FP + 4] := result
GOTO M[FP]

We now see that all that happens after we return is an adjustment of FP,
a copy of

theresultfrom g’sframeto £’sframeandajumptothereturnaddressstoredin
f’s

frame.
Whatwenowwantistoreuse £’sframefor g’sframe. Wedothisbynotadding

andsubtracting framesize from FP,sowegetthefollowingsimplifiedcode:

M[FP + 4] := a1



M[FP + 4 % n] := an
M[FP] := returnaddress
GOTOg

LABEL returnaddress
result := M[FP + 4]
M[FP + 4] := resulit
GOTO M[FP]

It is immediately evident that the two instructions that copy the result
from and to

theframecancelout,sowecansimplifyfurtherto

M[FP + 4] := a1

M[FP + 4 % n] := an
M[FP] := returnaddress
GOTOg

LABEL returnaddress
GOTO M[FP]

We also see an unfortunate problem: Just before the call to g, we
overwrite £’s

returnaddressin M[FP] by g’sreturnaddress,sowewillnotreturncorrectlyto
£f’s
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caller (we will, instead, get an infinite loop). However, since all that
happens after

wereturnfrom g isareturnfrom £,wecanmake g returndirectlyto £’scaller.
We

do this simply by not overwriting £’s return address. This makes the
instructions

after the jump to g unreachable, so we can just delete them. This results
in the

followingcode:

M[FP + 4] := a1

M[FP + 4 % n] := an
GOTOg

Withthistail-
calloptimisation,wehaveeliminatedthepotentialilleffectsofreusing

f’sframefor g. Notonly haveweshortenedthecombinedcallsequencefor g
and

epilogue for £ considerably, we have also saved stack space. Functional
program-

minglanguagesrelyonthisspacesaving,astheyoftenuserecursivetailcallswh

imperativelanguagesuseloops. Bydoingtail-
calloptimisation,anarbitrarilylong

sequence of recursive tail calls can share the same stack frame, so only



a constant
amountofstackspaceisused.

In the above, we relied on a pure caller-saves strategy, since the absence
of

live variables after the call meant that there would be no saving and
restoring of

caller-saves registers around the call. If a callee-saves strategy or a
mixed caller-

saves/callee-
savesstrategyisused,therewillstillbenosavingandrestoringaround

the call, but £’s epilogue would restore the callee-saves registers that £
saved in

its own prologue. This makes tail-call optimisation a bit more
complicated, but

it is normally possible (with a bit of care) to move the restoring of callee-
saves

registers to before the call to g instead of waiting until after g returns.
This allows

g tooverwrite
£’sframe,whichnolongerholdsanyusefulinformation(exceptthe

returnaddress,whichweexplicitlyavoidoverwriting).
Exercise 11.4 asks you to do such tail-call optimisation for a mixed caller-

saves/callee-savesstrategy.

11.8 Specialisation

Modernprogramsconsistmainlyofcallstopredefinedlibraryfunctions(orproc:



duresormethods).
Calistosuchlibraryfunctionsoftenfixsomeoftheparameters

toconstants,asthefunctioniswrittenmoregenerallythanneededfortheparticu

call. Forexample, a functionthatraisesanumber toapowerisoften
calledwitha

constant as the power, say, power (x,5) which raises x to its fifth
power. In such

cases, the generality of the library function is wasted, and speed can be
gained by

usingamorespecificfunction,say,onethatraisesitsargumenttothefifthpower

Apossibleimplementationofthegeneral power function(inC)is:



11.8. SPECIALISATION 253

double power (double x, int n)
{

double p=1.0;

while (n>0)

if (n%2 == 0) {
X = x*x;
n =n/2;
} else {
P = P*x;
n = n-1;

}
return (p) ;
}

If we have a call power (x,5), we can replace this by a call power5 (x)
to a spe-

cialised function. We now need to add a definition of this specialised
function to

theprogram. Themostobviousideawouldbetotaketheabovecodeforthe
power

functionandreplacealloccurrencesof n by5,butthiswillnotwork,as n
changes



valueinsidethebodyof power. Whatwedoinsteadistoobservethefollowing:
1. Theloopconditiondependsonlyon n.
2. Everychangeto n dependsonlyon n.

So it is safe to unroll the loop at compile-time, doing all the computations
on n,

but leaving the computations on p and x for run-time. This yields the
following

specialiseddefinition:
double power5 (double x)

{

double p=1.0;

P = p*x;
X = xX*x;
X = xX*x;
P = p*x;

return (p) ;

}

Executing power5 (x) is,obviously,alotfasterthanexecuting power (x,5).
Since

power5 is fairly small, we can additionally inline the call, as described in
sec-

tion11.7.1.

Thiskindofspecialisationmaynotalwaysbeapplicable,evenifafunctioncall



hasconstantparameters,forexampleifthecallwas
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power (3.14159,p) ,where p
isnotaconstant,butwhenthemethodisapplicable,

thespeedupcanbedramatic.
SimilarspecialisationtechniquesareusedinC++compilersforcompilingtem-

plates: When a call specifies template parameters, the definition of the
template

is specialised with respect to the actual template parameters. Since
templates in

C++ can be recursively defined, an infinite number of specialised
versions might

be required. Most C++ compilers put a limit on the recursion level of
template

instantiationsandstopwithanerrormessagewhenthislimitisexceeded.

Suggestedexercises: 11.5.

11.9 Further reading

We have covered only a small portion of the optimisations that are found
in op-

timising compilers. More examples of optimisations (including value
numbering)

canbefoundinadvancedcompilertextbooks,suchas[4,7,9,35].

A detailed treatment of program analysis can be found in [36].
Specialisation



techniques like those mentioned in section 11.8 are covered in more
detail in [17,

21].
Thebook[34]hasgoodarticlesonbothprogramanalysisandtransformation.

Additionally, the conferences “Compiler Construction” (CC),
“Programming

Language Design and Implementation” (PLDI) and other programming-
language-

oriented conferences often present new optimisation techniques, so past
proceed-

ingsfromtheseisagoodsourceforadvancedoptimisationmethods.

Exercises

Exercise 11.1
Intheprograminfigure11.2,replaceinstructions13and14by
13:h:=n x 3

14:IF i< h THEN loop ELSE end

a) Repeatcommonsubexpressioneliminationonthismodifiedprogram.

b)
Repeat,again,commonsubexpressioneliminationonthemodifiedprogram,

but,priortothefixed-pointiteration,initialiseallsetstotheemptysetinstead
ofthesetofallassignments.

What differences does this make to the final result of fixed-point
iteration,

andwhatconsequencesdothesedifferenceshavefortheoptimisation?
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Exercise 11.2

Write a program that has jumps to jumps and perform jump-to-jump
optimisation

of it as described in section 11.3. Try to make the program cover all the
three

optimisationcasesdescribedattheendofsection11.3.

Exercise 11.3

a) Asdescribedinthebeginningofsection11.4, addextralabelsandgotosfor
each IF-THEN-ELSE intheprograminfigure11.7.

b) Dothefixed-pointiterationforindex-checkeliminationontheresulit.

c) Eliminatetheredundanttests.

d) Do jump-to-jump elimination as described in section 11.3 on the result
to

removetheextralabelsandgotosintroducedinquestiona.
Exercise 11.4

Section11.7.2describestail-calloptimisationforapurecaller-savesstrategy.
Things

become somewhat more complicated when you use a mixed caller-
saves/callee-

savesstrategy.

Using the call sequence from figure 10.10 and the epilogue from figure
10.9,



describehowthecombinedsequencecanberewrittentogetsomedegreeoftail-
call

optimisation. Your main focus should be on reusing stack space, and
secondarily

onsavingtime.
Exercise 11.5

Specialisethe power functioninsection11.8ton =12.
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Chapter 12

Memory management

12.1 Introduction

Inchapter7,wementionedthatarrays,recordsandothermulti-
wordobjectscould

be allocated either statically, on the stack or in the heap. We will now
look into

more detail of how these three kinds of allocation can be implemented
and what

theirrelativemeritsare.

12.2 Static allocation

Staticallocationmeansthatthedataisallocatedataplaceinmemorythathasbotl

knownsizeandaddressatcompiletime. Furthermore,
theallocatedmemorystays

allocatedthroughouttheexecutionoftheprogram.

Most modern computers divide their logical address space into a text
section

(usedforcode)andadatasection(usedfordata).
Assemblers(programsthatcon-

vert symbolic machine code into binary machine code) usually maintain
13
current

address” pointers to both the text area and the data area. They also have
pseudo-



instructions(directives)thatcanplacelabelsattheseaddressesandmovethem
So

you can allocate space for, say, an array in the data space by placing a
label at the

current-addresspointerinthedataspaceandthenmovethecurrent-
addresspointer

up by the size of the array. The code can use the label to access the
array. Alloca-

tion of space for an array A of 1000 32-bit integers (i.e., 4000 bytes) can
look like

thisinsymboliccode:

.data # go to data area for allocation

baseofA: # label for array A

.space 4000 # move current-address pointer up 4000 bytes

.text # go back to text area for code generation
Thebaseaddressofthearray A isatthelabel baseocfA.

257
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The assembler (possibly assisted by a linker) translates the symbolic
code to

binary code where references to labels are replaced by references to
numeric ad-

dresses.

In the programming language C, all global variables, regardless of size,
are

staticallyallocated.
12.2.1 Limitations

The size of an array must be known at compile time if it is statically
allocated,

and the size can not change during execution. Furthermore, the space is
allocated

throughout the entire execution of the program, even if the array is only
in use for

a small fraction of this time. In essence, there is little reuse of statically
allocated

space within one program execution. The programming language Fortran
allows

theprogrammertospecifythatseveralstaticallyallocatedarrayscansharethes

space, but this feature is rarely seen in modern languages. It is, in
theory, possible

toanalysethelivenessofarraysinthesamewaythatweanalysedlivenessoflocal



variables in chapter 9, and use this to define interference between arrays
in such a

waythattwoarraysthatdonotinterferecansharethesamespace.
Thisis,however,

rarelydone,asittypicallyrequiresanexpensiveanalysisoftheentireprogram.

12.3 Stack allocation

As mentioned in chapter 10, the call stack can also be used to allocate
arrays and

other data structures. This is done by making room in the current
(topmost) frame

onthecallstack.
Thisisdonebymovingtheframepointerand/orthestackpointer.

Stackallocationhasbothadvantagesanddisadvantages:
- Thespaceforthearrayisfreedupwhenthefunctionthatallocatedthearray

returns (as the frame in which the array is allocated is taken off the
stack).

This allows easy reuse of the memory for later stack allocations in the
same

programexecution.

- Allocation is fairly quick: You just move the stack pointer or the frame
pointer. Releasing the memory again is also fast — again, you only move
apointer.

- The size of the array need not be known at compile time: The frame is
at

runtimecreatedtobelargeenoughtoholdthearray. Ifthesizeofthetopmost



frame can be extended after it is created, you can even stack-allocate
arrays

duringexecutionofthefunctionbody.
- Anunboundednumberofarrayscanbeallocatedatruntime,sincerecursive

functionscanallocateanarrayineachinvocationofthefunction.
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- The array will not survive return from the function in which it is
allocated,

soitcanbeusedonlylocallyinsidethisfunctionandfunctionsthatitcalls.

Onceallocated,thearraycannotbeextended,asyoucannot(easily)“squeeze”
morespaceintothemiddleofthestack,wherethearrayisallocated,norcan

you reallocate it at the top of the stack (unless it is the same frame), as
the

reallocatedarraywillbereleasedearlierthantheoriginalarray.

In C, arrays that are declared locally in a function are stack allocated
(unless de-

clared static, in which case they are statically allocated). C allows you
to return

pointers to stack-allocated arrays and it is up to the programmer to make
sure he

never follows a pointer to an array that is no longer allocated. This often
goes

wrong. Other languages (like Pascal) avoid the problem by not allowing
pointers

tostack-allocateddatatobereturnedfromafunction.

12.4 Heap allocation

The limitations of static allocation and stack allocation are often too
restricting:

Youmightwantarraysthatcanberesizedorwhichsurvivethefunctioninvocatio



inwhichtheyareallocated.
Hence,mostmodernlanguagesallowheapallocation,

whichisalsocalleddynamicmemoryallocation.

Data that is heap allocated stays allocated until the program execution
ends,

until the data is explicitly deallocated by a program statement or until the
data is

deemed dead by a run-time memory-management system, which then
deallocates

it. The size of the array (or other data) need not be known until it is
allocated, and

if the size needs to be increased later, a new array can be allocated and
references

to the old array can be redirected to point to the new array. The latter
requires

thatallreferencestotheoldarraycanbetrackeddownandupdated,butthatcanb
arranged,forexample,bylettingallreferencestoanarraygothroughanindirecti
nodethatisnevermoved.

Languagesthatuseheapallocationcanbeclassifiedbyhowdataisdeallocated:

Explicitlybycommandsintheprogramorautomaticallybytherun-
timememory-

management system. The first is called “manual memory management”
and the

latter “automatic memory management” or “automatic garbage
collection”. We

willlookintobothoftheseinmoredetailbelow.



12.5 Manual memory management

Most operating systems allow a program to allocate and free (deallocate)
chunks

of memory while the program runs. These chunks are, typically, fairly
large and

operating-system calls to allocate and free memory can be slow. So, it is
normal
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for programs that use heap allocation to allocate a large chunk of
memory from

the operating system and then manage this itself when the program
allocates and

deallocatesdataontheheap. Thisisnormallydonebylibraryfunctions.

In C, these are called malloc () and free (). malloc(n) allocates a
block

of at least n bytes on the heap and returns a pointer to this block. If there
is not

enough memory available to allocate a new block of size n, malloc (n)
returns a

null pointer. free (p) takes a pointer to a block that was previously
allocated by

malloc () and deallocates this. If p is a pointer to a block that was
previously al-

located by malloc () and not already deallocated, free (p) will always
succeed,

otherwisetheresultisundefined.
Thebehaviouroffollowingapointertoadeallo-

catedblockisalsoundefinedandisthesourceofmanyerrorsinCprograms.

Object-oriented languages often allocate and free memory with object
con-

structors and destructors, but these typically work the same way as
malloc () and



free (), except that object constructors and destructors may do more
than just al-

locationanddeallocation, e.g.,initialisingfieldsoropeningandclosingdfiles.
12.5.1 A simple implementation of malloc () and free ()

Initially,theallocationlibrarywillallocatealargechunkofmemoryfromtheoper-

atingsystem. Ifthisturnsouttobetoosmalltosatisfy malloc ()
calls,thelibrary

willallocateanotherchunkfromtheoperatingsystemandsoon,untiltheoperatii

refuses to allocate more, in which case the call to malloc () will fail (and
return a

nullpointer).

All the chunks that are allocated from the operating system and all blocks
that

have been freed by the program (by calling £ree () ) are linked in a list
called the

free list: The first word of each block (or chunk) contains the size s (in
bytes) of

the block, the second word contains a pointer to the next block and the
third word

apointertothepreviousblock,makingthefree-listadoubly-linkedlist. Inthelast

block in the free list, the next-pointer is a null pointer and in the first
block, the

previous-pointerisanullpointer. Notethatablockmustbeatleastthreewordsin

size, so it can hold the size field and the two pointer fields. Figure 12.1(a)
shows



an example of a free list containing three small blocks. The number of
bytes in a

word(wordsize)isassumedtobe4. Anullpointerisshownasaslash.

Acallto malloc (n) with n > 2 - wordsize willnowdothefollowing:

1. Search through the free list for a block of size at least n + wordsize. If
none

isfound,asktheoperatingsystemforanewchunkofmemory(thatisatleast

large enoughto accommodate the request)and put thisat the end ofthe
free

list. Ifthisfails,returnanullpointer(indicatingfailuretoallocate).
2a. Ifthefoundblockisjustlargeenough(atmost n+3-wordsize bytes),remove

it from the free list (adjusting the pointers of the previous and next
blocks)
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Figure12.1: Operationsonafreelist
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andreturnapointertothesecondword. Thefirstwordstillcontainsthesize
oftheblock.

2b. If the block is more than n + 3 - wordsize bytes, it is split in two: The
last

n + wordsize bytes (rounded up to a multiple of the word size) is made
into

a new block, the first word of which holds its size (i.e.,, n + wordsize). A
pointertothewordafterthesizefieldisreturned. n + wordsize issubtracted
fromthesizefieldoftheoriginalblock,whichstaysinthefreelist.

We assume n is a multiple of the word size and at least 2 - wordsize.
Otherwise,

malloc () willround n uptothenearestacceptablevalue.

Figure 12.1(b) shows the free list from figure 12.1(a) after a call
malloc(12).

The second block in the free list has been split in two, and a pointer to
the second

wordofthesecondparthasbeenreturned. Notethatthespilit-
upblockhassize16,

sinceitneedstoholdtherequested12bytesandfourbytesforthesizefield.

A call to £free (p) adds the block at p to the front of the free list: The
second

wordoftheblockisupdatedtopointtothefirstblockinthefreelist,theprevious-



pointer of the first element in the free-list and the free-list pointer are
updated to

point to p — wordsize, i.e., to the size field of the released block. Figure
12.1(c)

shows the free list from figure 12.1(b) after freeing the previously-
allocated 12-

byteblock.

As allocating memory involves a search for a block that is large enough,
the

time is, in the worst case, linear in the number of blocks in the free list,
which is

proportional to the number of calls to free () that the program has
made. Freeing

ablockisdoneinconstanttime.

Another problem with this implementation is fragmentation: We split
blocks

intosmallerblocksbutneverjoinreleasedblocks,sowewill,overtime,accumula

a large number of small blocks in the free list. This will increase the
search time

when calling malloc () and, more seriously, a call to malloc (n) may
fail even

though there is sufficient free memory - it is just divided into a lot of
blocks that

are all smaller than n bytes. For example, if we with the free list in figure
12.1(c)

try to allocate 20 bytes, there is no block that is large enough, so if the



operating

system will not give more memory to the memory allocator, the call to
malloc()

willfail.

It is possible to resize heap-allocated arrays if all accesses to the array
happen

through an indirection node: A one-word node that contains a pointer to
the array.

When the array is resized, a new block is allocated, the elements of the
old array

arecopiedtothenewarrayandtheoldarrayisfreed. Finally,theindirectionnode

is made to point to the new array. Using an indirection node makes array
accesses

slower, but the actual address can be loaded into a register if repeated
accesses to

thearrayaremade.
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Suggestedexercises: 12.1.

12.5.2 Joining freed blocks
Wecantrytoremedythefragmentationproblembyjoiningafreedblocktoablock

already in the free list: When we free a block, we don’t just add it to the
front of

the free list, but search through the list to see if it contains blocks that
are adjacent

to the freed block. If this is the case, we join these blocks into one large
block.

Otherwise,weaddthefreedblockasanewblocktothefreelist.
With such joining, freeing the 12-byte block in figure 12.1(b) will join this

to the second block in the free list, restoring the free list to the state
shown in

figurel2.1(a).

Nowmalloc() and free() both use time that is linear in the length of
the

free list (which may, however, be shorter). In the worst case, no blocks
are ever

joined, so we could just be wasting time in trying to join blocks. But if, for
exam-

ple, n same-sized objects are allocated with no other calls to malloc ()
or free ()

in between, and they are later freed, also with no calls tomalloc () or



free()

in between, all blocks that were split by the allocation will be joined again
by the

deallocation. Overall, joining blocks will reduce fragmentation, but can
not elimi-

nateit,astherecanstillbefreedblocksthatcannotbejoinedwithpreviouslyfreec
blocks.

To make joining of blocks faster, we can allow a freed block to be joined
with

thenextadjacentblockonly:
Sincethesizeofthefreedblockisknown,itiseasyto

findtheaddressofthenextblock. Wenowjustneedatasterwaythansearchingthe

free list to see if the neighbouring is free or allocated. We can use a bit in
the size

field for this. Sizes are always a full number of machine words, so the size
will be

an even number. Adding one to the size (making it an odd number) when
a block

is allocated can indicate that it is in use. When freeing a block, we
subtract one

fromthesize,lookthatmanybytesaheadtoseeifthesizefieldstoredinthisword

is even. If so, we add the sizes and store the sum in the size field of the
released

block,removeitsneighbourfromthefreelistandaddthejoinedblocktoit.

Note that the order of freeing blocks can determine if blocks are joined:
Two



neighboursareonlyjoinediftheoneatthehighestaddressisfreedbeforeitslowe
addressneighbour.

With this modification, free () is again constant time, but we merge
fewer

blocks than otherwise. For example, freeing the 12-byte block in figure
12.1(b)

will not make it join with the second block in the free list, as this
neighbours the

freedblockonthewrongside.

Suggestedexercises: 12.2.
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12.5.3 Sorting by block size

To reduce the time used for searching for a sufficiently large block when
calling

malloc (), we can keep free blocks sorted by size. A common strategy
for this

is limiting block sizes (including size fields) to powers of two and keeping
a free

listfor each size. Given theexponential growthin sizes, thenumber offree
listsis

modest,evenonasystemwithlargememory.

When malloc (n) is called, we find the nearest power of two that is at
least

n + wordsize, remove the first block in the free list for that size and
return this. If

the relevant free list is empty, we take the first block in the next free list
and split

thisintotwoequal-
sizeblocks,putoneoftheseintothepreviousfreelistandreturn

the other. If the next free list is also empty, we go to the next again and
so on. If

all free lists are empty, we allocate a new chunk from the operating
system. The

worst-case time for a single call to malloc () is, hence, logarithmic in
the size of



thetotalheapmemory.

To reduce fragmentation and allow fast joining of freed blocks, some
memory

managersrestrictblockstobealignedtoblocksize. Soa16-
wordblockwouldhave

an address that is 16-word aligned, a 32-word block would be 32-word
aligned,

and so on. When joining blocks, we can only do so if the resulting joined
block is

alignedtoitssize,sosomeblockscanonlybejoinedwiththenext(higher-
address)

block of the same size and some only with the previous (lower-address)
block of

the same size. Two blocks that can be joined are called “buddies”, and
each block

hasanuniquebuddy. Likeinsection12.5.2,weuseabitinthesizefieldtoindicate

that a block is in use. When we free a block, we clear this bit and look at
the size

field of the buddy. If the buddy is not in use (indicated by having an even
size

field) and is the same size as the freed block, we merge the two blocks simply

by

doublingthesizeinthesizefieldofthebuddywiththelowestaddress.
Weremove

the already-free buddy from its free list and add the joined block to the
next free

list.



Oncewehavejoinedtwobuddies,thenewlyjoinedblockmightbejoinedwith

itsownbuddyinthesameway. Thiscancauseachainofjoinings,making
free()

take time logarithmic in the size of memory. The order of freeing blocks
does not

affect which blocks are joined, unlike in the system described in section
12.5.2,

whereanewlyfreedblockcouldonlybejoinedwiththenextadjacentblock.

Withthebuddysystem,wegetboth malloc () and free ()
downtologarithmic

time,butweuseextraspacebyroundingallocationsizesuptopowersoftwo.
This

waste is sometimes called internal fragmentation, where having many
small free

blocksiscalled externalfragmentation.

Even when joining blocks as described above, we can still get external
frag-

mentation. For example, we might get a heap that alternates between
four-word

blocks that are in use and four-word blocks that are free. The free blocks
can have

arbitrarily large combined size, but, since no two of these are adjacent,
we can not
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jointhemand,hence,notallocateablocklargerthanfourwords.

A variant of the above method uses block sizes that are generalised
Fibonacci

sequences of numbers. In the original Fibonacci sequence, a number is
the sum of

thetwoimmediatelyprecedingnumbersinthesequence,sothesequenceis0,1,’
3,5,8,13,21,34andsoon.

In a generalised Fibonacci sequence, the next number in the sequence is
the

sumoftwopreviousnumbersinthesequence,butnotnecessarilytheimmediate

preceding numbers. For example, we can define a sequence where the
first four

numbers are 0, 1, 2, 3 and where the number at position n + 4 is the sum
of the

numbers at position n and n + 3. Hence, the sequence continues 3, 4, 6,
9, 12 and

soon.

If block sizes are numbers in a generalised Fibonacci sequence, we can
split

a block into two that have sizes corresponding to earlier numbers in the
sequence.

In the example above, we can split a block of size 12 into blocks of size 3
and 9.



The advantage over using blocks of two is that the difference in size is
smaller,

so there is less waste (internal fragmentation) when you have to round a
requested

size up to the nearest available block size. For example, in the sequence
above the

next number is approximately 38% larger than the preceding number, so
internal

fragmentationcanbenomorethan38%overhead,whereitforpower-of-
twoblock

sizes can be up to 100%. By choosing other generalised Fibonacci
sequences, you

cangetinternalfragmentationevenlower.
Thedisadvantageisthatyouneedmore

freelistsandthatjoiningofblocksbecomesmorecomplicated.
Suggestedexercises: 12.3,12.4.

12.5.4 Summary of manual memory management
Manualmemorymanagementmeansthatbothallocationanddeallocationofhec

allocated objects (arrays etc.) is explicit in the code. In C, this is done
using the

libraryfunctions malloc () and free().
Itispossibletogetallocation(malloc () timedowntologarithmicinthesizeof

memory. Freeing (£ree () ) can be made constant time, but external
fragmentation

canbeverybad,soitismorecommontomake free ()



joinblockstoreduceexter-

nal fragmentation. With such joining, the time for a call to free () also
becomes

logarithmicinthesizeofmemory.
Manualmemorymanagementhastwoseriousproblems:

- Manuallyinsertingcallsto free () intheprogramiserror-proneandacom-
mon source of errors. If memory is used after it is erroneously freed, the

results can be unpredictable and compromise the security of a software
sys-

tem. If memory is not freed or freed too late, the amount of in-use
memory

canincrease,whichiscalledaspaceleak.
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- The available memory can over time be split into a large number of
small

blocks. Thisiscalled(external)fragmentation.

Space leaks and fragmentation can be quite serious in systems that run
for a long

time,suchastelephoneexchangesystems.

12.6 Automatic memory management
Becausemanualmemorymanagementiserrorprone,manymodernlanguagess
portautomaticmemorymanagement,alsocalled garbagecollection.
Withautomaticmemorymanagement, heapallocationisstilldone inthesame

way as with manual memory management: By calling malloc () or
invoking an

object constructor. But the programmer does not need to call free () or
object

destructors: It is up to the compiler to generate code that frees memory.
This is

typically not done only by making the compiler insert calls to free () in
the gen-

erated code, as finding the right places to do so requires very
complicated analysis

ofthewholeprogram.
Instead,ablockisfreedwhentheprogramcannolongeraccessit. Ifnopointer

toablockexists,theprogramcannolongeraccesstheblock,sothisistypicallyth



property that is used when freeing blocks. Note that this can cause
blocks to stay

allocatedeveniftheprogramwillneveraccessthem: Justbecausetheprogram
can

access a block does not mean that it will ever do so. To reduce space
leaks caused

by keeping pointers to blocks that will never be accessed, it is often
advised that

programmers overwrite (with null) pointers that will definitely never be
followed

again. The benefit of automatic memory management is, however,
reduced if pro-

grammers spend much time considering when they can safely overwrite
pointers

withnull, andsuchmodificationscanmakeprogramshardertomaintain.
Soover-

writingpointersforthepurposeoffreeingspaceshouldonlybeconsideredifacti
spaceleaksareobserved.

Automatic memory management usually require pointers only to point to
the

start of blocks, as it can be difficult to find the start of a block that a
pointer points

toifthepointercanpointanywherewithintheblock.
Wewilllookattwotypesofautomaticmemorymanagement: Referencecount-

ingandtracinggarbagecollection.



12.7 Reference counting
Referencecountingusesthepropertythatifnopointertoablockofmemoryexist
thentheblockcannotbeaccessedbytheprogramandcan,hence,safelybefreed

To detect when there are no pointers to a block, the block keeps a count
of

incoming pointers. The counter is an extra field in the block in addition to
the
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size field. When a block is allocated, its counter field is set to 1
(representing the

pointerthatisreturnedby malloc()).
Whentheprogramaddsorremovespointers

to the block, the counter is incremented and decremented. If, after
decrementing a

counter,thecounterbecomesO0,theblockisfreedbycalling free ().

Reference counting usually uses free lists, possibly organised using the
buddy

systemdescribedinsection12.5.3.

Thecostofmaintainingthecounterissubstantial: If p and g
arebothpointers,

anassignment p := g requiresthefollowingoperations:

1. The counter field of the block B1that p points to is loaded into a
register

variable c.
2. If ¢ = 1,theassignmentwillremovethelastpointerto B1,so B1 canbefreed.
Otherwise, ¢ — 1iswrittenbacktothecounterfieldof B1.

3. Thecounterfieldoftheblock B2that g pointstoisincremented.
Thisrequires

loading the counter into ¢, incrementing it and writing the modified
counter



backtomemory.

In total, four memory accesses are required for an operation that could
otherwise

justbearegister-to-registermove.
Afurthercomplicationhappensifablockcancontainpointerstootherblocks.

When a block is freed, these pointers are no longer accessible by the
program, so

the blocks these point to can have their counters decreased. Hence, we
must go

throughafreedblockanddecrementthecountersofalltargetsofpointersfromtt
block,freeingthosetargetsthatgettheircountersdecrementedtozero.

This requires that we can see which fields of a block are heap pointers
and

whichareothervalues(suchasintegers)thatmightjustlooklikeheappointers.

In a strongly typed language, the type will typically have information
about

which fields are pointers. In a dynamically typed language, type
information is

available at runtime, so, when freeing a block, this type information is
inspected

and used to determine which pointers need to be followed. Basically,
freeing a

blockisdonebycalling free ()
withthetypeinformationasargumentinaddition

to the pointer. In a statically typed language, the compiler knows the
type, so it



can generate a specialised free () procedure for each type and insert a
call to the

relevantspecialisedprocedurewhenfreeinganobject.
If full type information is not available (which can happen in weakly typed

languages and polymorphically typed languages), the compiler must
ensure that

sufficient information is available to distinguish pointers from non-
pointers. This

is often done by observing that heap pointers point to word boundaries,
so these

will be even machine numbers. By forcing all other values to be
represented as

oddmachine numbers, pointers areeasily identifiable atruntime. An
integervalue
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n will, in this representation, be represented as the machine number 2n +
1. This

meansthatintegershaveonebitlessthanamachinenumberandcaremustbedol

when doing arithmetic on integers, so the result is represented in the
correct way.

Forexample,whenaddingintegers m and n
(representedas2m+1and2n+1),we

mustrepresenttheresultas2(m + n)+ 1.

The requirement to distinguish pointers from other values also means
that the

fields of an allocated block must be initialised, so they don’t hold any
spurious

pointers. Thisnotnormallydoneby malloc ()
itself,butbytheobjectconstructors

thatcall malloc().
Ifalistortreestructurelosesthelastpointertoitsroot,theentiredatastructure

isfreedrecursively.
Thistakestimeproportionaltothesizeofthedatastructure,so

if the freed data structure is very large, there can be a noticeable pause
in program

execution.

Another complication is circular data structures such as doubly-linked
lists.



Evenifthelastpointertoadoubly-
linkedlistdisappears,theelementspointtoeach

other,sotheirreferencecountswillnotbecomezero,andthelistisnotfreed.
This

canbehandledbynotcountingback-references(i.e.,
pointersthatcreatecycles)in

the reference counts. Pointers that are not counted are called weak
pointers. For

example, in a doubly-linked list, the backwards pointers are weak
pointers while

theforwardpointersarenormalpointers.

It is not always easy for the compiler to determine which pointer fields
should

be weak pointers, so reference counting is rarely used for languages that
allow

constructionofcirculardatastructures.

Suggestedexercises: 12.6.

12.8 Tracing garbage collectors

A tracing garbage collector determines which blocks are reachable from
variables

in the program and frees all other blocks, as these can never be
accessed by the

program. Reachability can handle cycles, so tracing collectors (unlike
reference

counting)havenoproblemwithcirculardatastructures.



Thevariablesintheprogramincluderegister-allocatedvariables,stack-
allocated

variables,globalvariablesandvariablesthathavebeenspilledonthestackorsav

onthestackduringfunctioncalls. Thecollectionofallthesevariablesiscalled
the

rootset oftheheap,asallreachableheap-
allocatedtreeorgraphstructureswillbe

rootedinoneofthesevariables.

Like with reference counting, we need to distinguish heap pointers from
non-

pointers. This can be done in the ways described above, but as an
additional com-

plication, we need such distinctions also for the root set. So all stack
frames and
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global variables must have descriptors, or we must use distinct
representations for

pointersandnon-pointersalsoforvaluesintherootset.

A tracing collector maintains an invariant during the reachability analysis
by

classifyingallnodes(blocksandroots)inthreecategoriesrepresentedbycolou

White: Thenodeisnot(yet)foundtobereachablefromtherootset.

Grey: The node itself has been classified as reachable, but some of its
children

mightnothavebeenclassifiedyet.

Black: Both the node itself and all its immediate children are classified as
reach-

able.

Bythisinvariant,ablacknodecannotpointtoawhitenode.
Agreynoderepresents

an unfinished reachability analysis, as it is clear that its children are
reachable -

theyjusthaven’tbeenclassifiedassuchyet.
Initially,therootsetisclassifiedasgreyandallheap-allocatedblocksaswhite.

When the reachability analysis is complete, all nodes are classified as
either black

or white. This means that all reachable nodes are now black and all white
nodes



aredefinitelyunreachable,sowhitenodescansafelybefreed.
Whilemanualmemorymanagementandreferencecountingfreesmemoryblock

one at a time using relatively short time for each (unless a large data
structure is

freed), tracing collectors are not called every time a pointer is moved or a
block

is freed — the overhead would be far too high. Instead, a tracing collector
will

typically be called when there is no free block that can accommodate a
malloc()

request.
Thetracingcollectorwillthenfreeallunreachableblocksbeforereturning

to
malloc () ,whichcanthenreturnoneofthesefreedblocks(orasktheoperating

system for more space, if no block is large enough). This can take long
time if

the heap is big, so noticeable pauses in execution are common when
using tracing

collection. Wewilllookatwaystoreducethesepausesinsection12.8.3.
12.8.1 Scan-sweep collection

Scan-sweepcollection(alsocalled mark-
sweepcollection)marksallreachableblocks

using a depth-first scan starting from each root in the root set. When
scanning is

complete, the collector goes through (sweeps) the heap and frees all
unmarked



nodes. Freeing (as well as allocation) is done using free lists as
described in sec-

tion12.5. Wecansketchthetwophaseswiththefollowingpseudo-code:
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scan (p)

if the block at p is marked (* classified as reachable *)
then return

else

mark it (* classify it as grey *)

for all fields q in the block at p do

if g is a pointer then scan(q)

(* the node at p is now black ¥*)

sweep (b)

if the block at b is unmarked (* classified as white *)
then add it to the free list

else clear the mark bit

b :=b + b.size

if b > end-of-heap
then return

else sweep (b)

Scan-sweep collection requires a bit in every block for marking. This bit
can be

storedinthesamemachinewordasthesizefieldoftheblock. Thereisnoexplicit

mark to distinguish grey and black nodes. Instead, for every grey node p,
there is

anuncompletedcallto scan (p) . Inshort:

White: Markbitisclear.



Grey: Markbitissetandthereisanuncompletedcallto scan (p).
Black: Markbitissetandthereisnouncompletedcallto scan (p).

Both scan and sweep
aredescribedaboveasrecursivefunctions,butimplementing

them as such can make them use a lot of stack space. So scan is
usually imple-

mented using an explicit stack (containing pointers to all grey nodes) and
sweep

as a loop (since it is tail recursive). The stack used in the scan phase
can, in the

worstcase,holdapointertoeveryheap-allocatedobject.
Ifblocksareatleastfour

machine words, this overhead is at most 25% extra memory on top of the
heap

space.

It is possible to implement scan without using a stack by replacing the
mark

bitofablockwithacounterthatcancountupto1+thesizeoftheblock. Inwhite

nodes, the counter is 0, in grey nodes it is between 1 and the size of the
block and

in black nodes it is equal to 1 + the size of the block. Part of the invariant
is that

if the counter is between 1 and the size of the block, the corresponding
word of

the block points to a parent node instead of to the child node. When the
counter is



incremented, the pointer is restored and the next word (if any) is made to
point to

the parent. When the last word is restored, scan () follows the parent-
pointer and

continuesscanningthere.
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Thistechnique,called
pointerreversal,requiresmoreaccessestomemorythan

scanning using an explicit stack, so what you save in space is paid for in
time.

Also, it is impossible to make pointer reversal concurrent (see section
12.8.3), as

datastructuresarechangedduringthescanphase.

Suggestedexercises: 12.7.

12.8.2 Two-space collection

Both reference counting and scan-sweep collection use free lists, so they
suffer

from the same fragmentation issues as manual memory management.
Two-space

collectionavoidsbothinternalandexternalfragmentationcompletelyatthecos!

having to move blocks during collection. Also, while scan-sweep
collection uses

time both for live (reachable) and dead (unreachable) nodes, two-space
collection

usestimeonlyforlivenodes. Functionalandobject-
orientedlanguagesoftenallo-

cate a lot of small, short-lived objects, so the number of live objects will
often be

a lot smaller than the number of dead objects. So having to use time only
for live



objectscanbeabigsaving,evenifthecostofhandlingeachdeadobjectissmall.
In two-space collection, allocation is done from a single, large contiguous

chunk of memory called the allocation area. The memory manager
maintains a

pointer next tothefirstunusedaddressinthisblockandapointer last
totheendof

thisblock. Allocationissimple:
malloc (n)

n := n + wordsize; if last - next < n
then do garbage collection

store n at next (* set size field *)
next := next + n

return next - n (* old value of next *)

If garbage collection is not required, allocation is done in constant time.
After

returning from a garbage collection, it is assumed that there is sufficient
memory

fortheallocation. Wewilllater,briefly,returntothecasewherethisisnottrue.
Inadditiontotheallocationarea, Thegarbagecollectorneedsanextrachunkof

memory (called the to-space) at least as large as the allocation area
(which during

collection is called the from-space). Collection will copy all live nodes
from the

from-space to one end of the to-space and then free the entire from-
space. The to-



space becomes the new allocation area, and in the next collection, the
roles of the

twospacesarereversed,sothepreviousfrom-spacebecomesthenewto-
spaceand

the allocation space becomes the new from-space. Once collection
starts, the next

pointer is made to point to the first free address in to-space and the last
pointer is

madetopointtotheendofto-space.



272 CHAPTER12. MEMORYMANAGEMENT
Whenanodeiscopiedfromfrom-spacetoto-space,alinodesthatpointtothis

node have to have their pointers updated, so they point to the new copy
instead

of the old. The colours of the garbage-collection invariant indicate the
status of

copyingofnodesandupdatesofpointers:
White: Thenodehasnotbeencopiedtoto-space.

Grey: The node has been copied to to-space, but some of the pointer
fields in the

new copy may still point to nodes in from-space. Pointer fields in the old
copyareunchanged.

Black: The node has been copied to to-space and all of the pointer fields
in the

new copy have been updated to point to nodes in to-space. Pointer fields
in

theoldcopyarestillunchanged.

Once all nodes in to-space are black, all live blocks have been copied to
to-space

andnopointersexistfromto-spacetofrom-space. Sotheentirefrom-
spacecanbe

safely freed. Freeing requires no explicit action — the from-space is just
re-used as

to-spaceinthenextcollection.



Thebasicoperationoftwo-spacecollectionis forwarding apointer: Theblock

pointed to by the pointer is copied to to-space (unless this has already
happened)

and the address of the new copy is returned. To show that the node has
already

been copied, the first word of the old copy (i.e., its size field) is
overwritten with

a pointer to the new copy. To distinguish sizes from pointers, sizes can
have their

least significant bit set (just like we in section 12.5.2 used this bit to mark
a block

inuse). Inpseudocode,theforwardingfunctioncanbewrittenas
forward (p)

if p points to from-space

then

q := the content of the word p points to

if q is even (* a forwarding pointer *)

then return g

else (* q is 1 + the size of the block ¥*)
q:=q-1

copy q bytes from p to next

overwrite the word at p with the value of next
next := next + g

return next - g

else return p



Forwardingapointercopiesthenodetoto-
spaceifnecessary,butitdoesnotupdate

thepointer-fieldsofthecopytopointtoto-space,sothenodeisgrey.
Thenecessary

updatingisdonebythefunction
update,thattakesapointertoagreynode(located

into-space)andforwardsallitspointer-fields,makingthenodeblack:
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update (p)
for all heap-pointer fields q of p do

q := forward(q)

Theentiregarbagecollectionprocesscanbewritteninpseudocodeas

next := first word of to-space
last := last word of to-space
scan := next

for all heap-pointer variables p in the root set do
p := forward(p)

while scan<next do

update (scan)

scan := scan + the size of the node at scan

Bytheinvariant,nodesbetweenthestartofto-spaceand scan
areblackandnodes

between scan and next are grey. So when scan=next, all nodes in to-
space are

blackandallreachablenodeshavebeencopiedtoto-space.

If this garbage collection does not free up sufficient space to allocate the
re-

quested block, the memory manager will ask the operating system for a
chunk of

memory at least large enough to hold all the live blocks plus the
requested block



and immediately make a new garbage collection to the new chunk (as the
new to-

space). Both the old spaces are freed and a new to-space is allocated
from the

operatingsystematthenextgarbagecollection.

Two-space collection changes the value of pointers while preserving only
that

agivenpointerfieldorvariablepointstothenewcopyofthenodethatitpointedto

beforecollection.
Sothelanguagemustallowpointervaluestochangeinthisway.

Thismeansthatitisnotpossibletocastapointertoanintegerandcasttheinteger
backtoapointer,sincethenewpointermightnotbevalid. Also,sincetheorderof

blocks is changed by garbage collection, pointers to different heap
blocks can not

becomparedtoseewhichhasaloweraddress,asthiscanchangewithoutwarnin
Soyoucanonlycomparepointersforequality.

Since collection time is proportional only to the live (reachable) nodes, it
is

opportune to do collection when there is little live data. Often, a
programmer can

identify place in the program where this is true and force a collection to
happen

there. Not all memory managers offer facilities to force collections,
though, and

whentheydo,itisrarelyportablebetweendifferentimplementations.



Suggestedexercises: 12.8.
12.8.3 Generational and concurrent collectors

Tracing collectors can be refined in various ways. We will look at
generational

collectorsandconcurrentcollectors.
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A problem with copying collectors is that long-lived blocks are repeatedly

copied back and forth between the two spaces. To reduce this problem,
we can

use two observations: Larger blocks tend to live longer than smaller
blocks, and

blocksthathavealreadylivedlongarelikelytocontinuelivingforalongtime. So
weaimtonotcopysuchblocksasoftenassmall,youngblocks. Wedothisbynot

having only two spaces, but n spaces, where each space is larger than
the previous

(typically 4-16 times larger). These spaces are called generations, and
the small

spaces are called the young generations. Small blocks are allocated in
the smaller

(younger) generations and large blocks in the larger (older) generations.
We keep

as an invariant that generation g + 1 should have at least as much free
space as the

totalsizeofgeneration g,sowhencollectinggeneration g,generation g +
1canbe

used as to-space. All collections start with collecting generation 0 (the
smallest)

using generation 1 as to-space. If generation 1 after the collection does
not have

enough free space, we collect this, using generation 2 as to-space and
so on. After



this, generation 1 ——g will be empty and generation g + 1 will have free
space at

leastthesizeof g.

If allocation of a new block would cause its intended generation to have
too

littlefreespace,wecollectallgenerationsuptoandincludingthisbeforeallocatin

theblock.

The last generation does not have a bigger generation to use as to-
space, so

we collect this using a non-generational collection method such as scan-
sweep or

two-spacecopyingcollection.
Generally,therewillbe10-100collectionsofgeneration g betweencollections

in generation g + 1, so blocks in the older generations are not copied
very often.

Also,collectionofasmallgenerationisveryfast,sopauses(thoughmorecommc

are typically much shorter. When all generations need to be collected,
though, the

pause is the same as with a normal two-space collector. The smallest
generations

will typically fit in the cache of the system, so allocation of small objects
and

collectionintheyoungestgenerationcanbedonequitequickly.

Remembered sets Generational collectors have a problem with pointers
from



oldergenerationstoyoungergenerations:
Whenablockiscopiedtoanolderspace

(generation),allpointerstothisblockmustbeupdatedtopointtothenewcopy.
In

two-space collection, this is done by calling update () on all blocks, but
doing so

on all blocks in all generations is much too expensive. So we need
another mech-

anism for updating pointers from older generations to younger
generations. The

traditional solution is let each generation have a list of pointers to those
blocks in

older generations that may point into the generation. This list, called the
remem-

beredset,canbeallocatedinthegenerationitself(startingfromtheoppositeend

normal allocations). When a generation is collected, we need only call
update ()

ontheforwardedblocksandtheblocksintherememberedset.
Theblockspointed
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to by the remembered set are also used as extra roots when collecting
the genera-

tion. This way, we don’t have to trace reachability through the older
generations:

Only root pointers that point directly into the collected generation and
pointers in

therememberedsetofthegenerationaretreatedasroots.

Rememberedsetsaddsanextraburdenontheprogram,though: Wheneverthe
programupdatesapointerfieldinablock, ithastocheckifthepointerpointsinto
ayoungergenerationthanthegenerationinwhichtheblockitselfisallocatedand
ifso,addtotherememberedsetoftheyoungergenerationapointertotheupdate«

block. Adding an element to the remembered set of a generation might
cause the

free space in the generation to fall below the collection threshold, so this
must be

checkedatanypointer-fieldupdateandacollectionstartedifthisisthecase.

Studies have shown that adding pointers from old generations to
younger gen-

erations is relatively rare (especially in functional languages), so
remembered sets

aretypicallysmall.

Concurrent and incremental collection While generational collectors can
re-

duce the average length of pauses caused by garbage collection, there



can still be

long pauses (up to a couple of seconds) when older (larger) generations
are col-

lected. For highly interactive programs (such as computer games) or
programs

that need to react quickly to outside changes, such pauses can be
unacceptable.

Hence, we want to be able to execute the program concurrently with the
garbage

collector in such a way that the long pauses caused by garbage
collection are re-

placed by a larger number of much shorter pauses. So, at regular
intervals, the

program gives time to the garbage collector to do some work. This can
be done

by letting the garbage collector be a separate thread which synchronises
with the

program in the usual way, or the program can simply call the collector
regularly

andexpectthegarbagecollectortoreturnafterashorttime,sotheprogramandtt

garbage collector work like co-routines. This is often called incremental
garbage

collection.
Thegarbagecollectorcanrarelycompleteacollectionbeforereturning

control to the program, so it is important to keep both the program state
and the

garbage-collection state consistent when control passes between the



program and
thecollector.

Reference counting is easily made incremental: It is only when freeing
large

data structure that pauses can be long, but the collector can return to
the program

before this is complete and resume the process when next called. Making
tracing

collectorsconcurrentismoredifficult,though.
Atracingcollectorusestheinvariantthatablacknodecanneverpointtoawhite

node. If the program updates a pointer field in a root or heap-allocated
block, it

mightviolatethisinvariant.
Toavoidthis,theprogramcanmakesurethatwhenever

itstoresapointerinarootorheap-
allocatedblock,thateitherthenodeattheendof

the pointer or the root or the heap-allocated block that contain the
pointer is grey.
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ltcandothatbyforcingeitherofthesetobecomegrey.

In the scan phase of a scan-sweep collector that uses an explicit stack of
grey

objects, we can mark the node at the end of the pointer and put the
pointer value

on this stack. This makes the node that is pointed to grey, so whatever
colour the

updated root or heap-allocated block has, the invariant is preserved. In
the sweep

phase,noactionisneeded:
Theprogramcanonlyaccessblacknodesandthesweep

phase concerns only white nodes, so the invariant can not be violated.
Blocks that

areallocatedduringcollectionareimmediatelymarked.
Iffieldsareinitialisedwith

pointers, these are handled like pointer updates: If it happens during
scan, we add

thepointerstothestack,andifithappensduringsweep,wedonothing.
Inacopyingcollector,thingsaremorecomplicated,asblocksaremovedbythe

collector, so the program state is made inconsistent during collection. At
the start

of the collection, all roots are forwarded, so all roots will point to blocks
that are

already moved. In other words, all roots are black at this time. But if a
pointer is



read from memory to a program variable (i.e., a root), the pointer might
point to a

blockinfrom-space, i.e.,awhitenode. Forwardingthepointerwhenitisreadwill

make sure the program variable points to a grey or black node, so the
invariant is

preserved.
Inagenerationalcollector,youonlyneedtoforwardpointersthatpoint

intothegenerationthatiscurrentlybeingcollected.

Reads of heap pointers are much more common than writes to heap
pointers,

so adding work at every pointer read is a high overhead. To reduce the
overhead,

some concurrent copying collectors use more complicated methods that
require

extraworkonlyatpointerupdates.
Concurrentcollectorsriskrunningoutofspaceevenwhenthereisfreememory,

since this might just not have been collected yet. If this happens, the
collector can

continue collection until enough free space is available, even if this takes
time, or

it can ask the operating system for more space. A two-space copying
collector

can not easily increase the size of the to-space in the middle of a
collection, so

concurrentcopyingcollectorsarenormallyalsogenerational-
itiseasyenoughto



addanextragenerationor,ifthelastgenerationusesafree-
list,addmoreblocksto

this.

12.9 Summary of automatic memory management

Automaticmemorymanagementneedstodistinguishheap-
pointersfromotherval-

ues. This can be done by using type information or by having non-
overlapping

representations of pointers and non-pointers. Newly allocated blocks
must be ini-

tialisedsotheycontainnospuriouspointers.

Reference counting keeps in every block a count of incoming pointers,
so

adding or removing pointers to a block requires an update of its counter.
Refer-

ence counting can not (without assistance) collect circular data
structures, but it
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mostlyavoidsthelongpausesthat(non-
concurrent)tracingcollectorscancause.

Scan-sweepisasimpletracingcollectorthatusesafreelist.
Copyingcollectorsdon’tusefreelists,sofragmentationisavoidedandalloca-

tionisconstanttime(exceptwhengarbagecollectionisneeded). Furthermore,
the

time to do a collection is independent of the amount of unreachable
(dead) nodes,

so it can be faster than scan-sweep collection. There is, however, an
extra cost

in copying live blocks during garbage collection. Also, the language must
allow

pointerstochangevalue.

Generational collection can speed up copying collectors by reducing
copying

ofoldandlargeblocksatthecostofincreasingthecostofupdatingpointerfields.
Concurrent(incremental)collectioncanreducethepausesoftracingcollectors
butaddsoverheadtoensurethattheprogramdoesnotinvalidatetheinvariantof

collectorand viceversa.

12.10 Further reading

Techniques for manual memory management including the buddy system
men-



tionedinsection12.5.3isdescribedindetailin[26].

Automatic memory management, including generational and concurrent
col-

lection,isdescribedindetailin[44],[22]and[9].
In a weakly-typed low-level language like C, there is no way to distinguish

pointers and integers. Also, pointers can point into the middle of blocks.
So auto-

matic memory management with the restrictions we have described
above can not

be used for C. Even so, garbage collectors for C have been made [10].
The idea is

thatanyvaluethat lookslike apointerintotheheapistreatedasifit is
apointerinto

the heap. If unlimited type casting is allowed (as it is in C), any value can
be cast

intoapointer,sothisisnotanunreasonablestrategy. Anyheap-
allocatedblockthat

ispointed(in)tobysomethingthatlookslikeapointerispreservedduringgarbag

collection. Thisideaiscalled conservativegarbagecollection.
Aconservativecol-

lector can not change values of pointers (as it might accidentally change
the value

of a non-pointer that just looks like a pointer), so copying collectors can
not be

used.

Automatic memory management based on compile-time analysis of



lifetimes
isdiscussedin[43].
Exercises

Exercise 12.1

Showthefreelistfromfigure12.1(b)afteranothercallto malloc (12).
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Exercise 12.2
Insection12.5.2,afastmethodforjoiningblocksisdescribed,whereanewlyfree«
blockcanbejoinedwiththeadjacentblockathigheraddress(ifthisisfree),butno

with the adjacent block at lower address. If a memory manager uses this
method

(and the allocation method described in section 12.5.1), what is the best
strategy:

Freeing blocks in the same order that they are allocated or freeing blocks
in the

oppositeorderoftheallocationorder?
Exercise 12.3

In the buddy system described in section 12.5.3, block sizes are always
powers of

two, so instead of storing the actual size of the block in its size field, we
can store

thebase-2logarithmofthesize. i.e.,ifthesizeis2 ,westoren n inthesizefield.

Consider advantages and disadvantages of storing the logarithm of the
size in-

steadofthesizeitself.
Exercise 12.4

Giventhebuddysystemdescribedinsection12.5.3,theworst-
caseexecutiontime



for malloc () and free () is logarithmic in the size of the total heap
memory.

Describe a sequence of allocations and deallocations that cause this
worst case to

happen every time. You can assume that the initial heap memory is a
single block

ofsize2n forsome n.
Exercise 12.5
Insection12.5.3,itissuggestedthatblocksizescanbegeneralisedFibonaccinui

bers instead of powers of two. Describe how you would join freed blocks
in this

case.
Exercise 12.6

In section 12.7, it is suggested that heap pointers can be distinguished
from other

valuesbyrepresentingheappointersbyevenmachinenumbersandallothervalt
byoddmachinenumbers.

Aninteger n would,hence,berepresentedbyamachinenumberwiththevalue
2n + 1,whichisguaranteedtobeodd.

Consider how you would effectively (using the shortest possible
sequence of

machine-codeinstructions)addtwointegers m and n
thatarebothrepresentedthis

way (i.e., as machine numbers 2m + 1 and 2n + 1) in such a way that the
result is



alsorepresentedthesameway(i.e. asamachinenumber2(m + n)+ 1.

Thendothesameformultiplicationof m and n.
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Exercise 12.7

In section 12.8.1, both scan and sweep are described as recursive
procedures, but

itissuggestedthatanexplicitstackcanbeusedtoavoidrecursionin scan
andthat

sweep canberewrittentousealoop.

Write pseudo-code for non-recursive versions of scan and sweep using
these

ideas.

Exercise 12.8

Insection12.8.2,thespacebetween scan and next
workslikeaqueue,socopying

live nodes to to-space is done as a breadth-first traversal of the live
nodes. This

means that adjacent elements of a linked list can be copied to far-apart
locations

in to-space, which is bad for locality of reference. Suggest a modification
of the

forward () function that will make adjacent elements of a singly-linked
list be

copiedtoadjacentblocksinto-space. Trytoavoidusingextraspace.
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Chapter 13

Bootstrapping a compiler

13.1 Introduction
Whenwritingacompiler,onewillusuallyprefertowriteitinahigh-levellanguage.

A possible choice is to use a language that is already available on the
machine

where the compiler should eventually run. It is, however, quite common
to be in

thefollowingsituation:

You have a completely new processor for which no compilers exist yet.
Nev-

ertheless, youwanttohaveacompilerthatnotonlytargetsthisprocessor,
butalso

runsonit. Inotherwords,youwanttowriteacompilerforalanguageA,targeting
languageB(themachinelanguage)andwritteninlanguageB.

The most obvious approach is to write the compiler in language B. But if
B

is machine language, it is a horrible job to write any non-trivial compiler
in this

language.
Instead,itiscustomarytouseaprocesscalled“bootstrapping”,referring

totheseeminglyimpossibletaskofpullingoneselfupbythebootstraps.



The idea of bootstrapping is simple: You write your compiler in language
A

(but still let it target B) and then let it compile itself. The result is a
compiler from

AtoBwritteninB.

It may sound a bit paradoxical to let the compiler compile itself: In order
to

use the compiler to compile a program, we must already have compiled it,
and to

do this we must use the compiler. In a way, it is a bit like the chicken-
and-egg

paradox. We shall shortly see how this apparent paradox is resolved, but
first we

willintroducesomeusefulnotation.

13.2 Notation

We will use a notation designed by H. Bratman [11]. The notation is
hence called

“Bratmandiagrams”or,becauseoftheirshape,“T-diagrams”.

281
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Inthisnotation,acompilerwritteninlanguageC,compilingfromthelanguage
AandtargetingthelanguageBisrepresentedbythediagram

AB

C

In orderto usethis compiler, it must“stand” ona solidfoundation, i.e.,
something

capableofexecutingprogramswritteninthelanguageC.This“something”cank

amachinethatexecutesCasmachine-
codeoraninterpreterforCrunningonsome

othermachineorinterpreter.
Anynumberofinterpreterscanbeputontopofeach

other,butatthebottomofitall, weneeda“real’”’machine.

An interpreter written in the language D and interpreting the language C,
is

representedbythediagram

C

D
AmachinethatdirectlyexecuteslanguageDiswrittenas

tD

t

Thepointedbottomindicatesthatamachineneednotstandonanything;itisitsel



thefoundationthatotherthingsmuststandon.

When we want to represent an unspecified program (which can be a
compiler,

aninterpreterorsomethingelseentirely)writteninlanguageD,wewriteitas

D

These figures can be combined to represent executions of programs. For
example,

runningaprogramonamachineDiswrittenas
D

tD

t

Notethatthelanguagesmustmatch:
Theprogrammustbewritteninthelanguage

thatthemachineexecutes.

Wecaninsertaninterpreterintothispicture:
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C
C
D

tD

t

Note that, also here, the languages must match: The interpreter can only
interpret

programswritteninthelanguagethatitinterprets.
Wecanrunacompilerandusethistocompileaprogram:
AABB

C

tC

t

The input to the compiler (i.e., the source program) is shown at the left of
the

compiler, and the resulting output (i.e., the target program) is shown on
the right.

Note that the languages match at every connection and that the source
and target

programarenot“standing”onanything,astheyarenotexecutedinthisdiagram.

Wecaninsertaninterpreterintheabovediagram:



AABB

tD
t
13.3 Compiling compilers

The basic idea in bootstrapping is to use compilers to compile
themselves or other

compilers. We do, however, need a solid foundation in form of a machine
torun

thecompilerson.
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It often happens that a compiler does exist for the desired source
language, it

just does not run on the desired machine. Let us, for example, assume
we want a

compiler for ML to x86 machine code and want this to run on an x86. We
have

accesstoanML-compilerthatgeneratesARMmachinecodeandrunsonanARM

machine,whichwealsohaveaccessto.
Onewayofobtainingthedesiredcompiler

would be to do binary translation, i.e., to write a compiler from ARM
machine

code to x86 machine code. This will allow the translated compiler to run
on an

x86, but it will still generate ARM code. We can use the ARM-to-x86
compiler to

translatethisintox86codeafterwards,butthisintroducesseveralproblems:
- Addinganextrapassmakesthecompilationprocesstakelonger.

- Someefficiencywillbelostinthetranslation.

- WestillneedtomaketheARM-to-x86compilerrunonthex86machine.

A better solution is to write an ML-to-x86 compiler in ML. We can compile
this

usingtheMLcompileronthe ARM:

ML x86 ML x86



ML ML ARMARM
ARM
tARM

t
Now,wecanruntheML-to-x86compilerontheARMandletitcompileitself :1
ML x86 ML x86

ML ML x86 x86
ARM
tARM

t

We have now obtained the desired compiler. Note that the compiler can
now be

used to compile itself directly on the x86 platform. This can be useful if
the com-

piler is later extended or, simply, as a partial test of correctness: If the
compiler,

whencompilingitself,yieldsadifferentobjectcodethantheoneobtainedwiththe

above process, it must contain an error. The converse is not true: Even if
the same

targetisobtained,theremaystillbeerrorsinthecompiler.

1Weregardacompiledversionofaprogramasthesameprogramasitssource-codeversion.
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Itispossibletocombinethetwoabovediagramstoasinglediagramthatcovers
bothexecutions:

ML x86 ML x86

ML x86 ML ML x86 x86

ML ML ARMARM

tARM
ARM t

tARM

t

In this diagram, the ML-to-x86 compiler written in ARM has two roles: It is
the

output of the first compilation and the compiler that runs the second
compilation.

Such combinations can, however, be a bit confusing: The compiler that is
the in-

put to the second compilation step looks like it is also the output of the
leftmost

compiler. In this case, the confusion is avoided because the leftmost
compiler is

not running and because the languages do not match. Still, diagrams that
combine

severalexecutionsshouldbeusedwithcare.



13.3.1 Full bootstrap
Theabovebootstrappingprocessreliesonanexistingcompilerforthedesiredla

guage, albeit running on a different machine. It is, hence, often called
“half boot-

strapping”. Whennoexistingcompilerisavailable,
e.g.,whenanewlanguagehas

been designed, we need to use a more complicated process called “full
bootstrap-

ping”.

A common method is to write a QAD (“quick and dirty”’) compiler using
an

existing language. This compiler needs not generate code for the desired
target

machine (as long as the generated code can be made to run on some
existing plat-

form),nordoesithavetogenerategoodcode.
Theimportantthingisthatitallows

programs in the new language to be executed. Additionally, the “real”
compiler is

writteninthenewlanguageandwillbebootstrappedusingtheQADcompiler.

As an example, let us assume we design a new language “M+”. We,
initially,

write a compiler from M+ to ML in ML. The first step is to compile this, so
it can

runonsomemachine:
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M+ ML M+ ML

ML ML ARMARM

ARM

tARM

t
TheQADcompilercannowbeusedtocompilethe“real”’compiler:
M+ ARM M+ ARM

M+ M+ ML ML

ARM

tARM

t
TheresultisanMLprogram,whichweneedtocompile:
M+ ARM M+ ARM

ML ML ARMARM

ARM

tARM

t

The result of this is a compiler with the desired functionality, but it will
probably

runslowly. ThereasonisthatithasbeencompiledbyusingtheQADcompiler(in

combination with the ML compiler). A better result can be obtained by



letting the
generatedcompilercompileitself:
M+ ARM M+ ARM

M+ M+ ARMARM

ARM

tARM

t

Thisyieldsacompilerwiththesamefunctionalityastheabove,
I.e.,itwillgenerate

thesamecode,but,sincethe“real”’ compilerhasbeenusedtocompileit,itwillrun
faster.

The needfor this extra stepmight be a bitclearer if we hadlet the “real”
com-

piler generate x86 code instead, as it would then be obvious that the last
step is
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required to get the compiler to run on the same machine that it targets.
We chose

thetargetlanguagetomakeapoint:
Bootstrappingmightnotbecompleteevenifa

compilerwiththerightfunctionalityhasbeenobtained.
Usinganinterpreter

Instead of writing a QAD compiler, we can write a QAD interpreter. In our
ex-

ample, we could write an M+ interpreter in ML. We would first need to
compile

this:
M+ M+

ML ML ARMARM
ARM
tARM

t
WecanthenusethistoruntheM+compilerdirectly:
M+ ARM M+ ARM

M+ M+ ARMARM

M+

M+



tARM

t

Since the “real” compiler has been used to do the compilation, nothing
will be

gained by using the generated compiler to compile itself, though this
step can still

beusedasatestandforextensions.

Though using an interpreter requires fewer steps, this should not really
be a

consideration, as the computer(s) will do all the work in these steps.
What is im-

portantistheamountofcodethatneedstobewrittenbyhand.
Forsomelanguages,

aQADcompilerwillbeeasiertowritethananinterpreter,andforotherlanguages

aninterpreteriseasier.
Therelativeease/difficultymayalsodependonthelanguage

usedtoimplementtheQADinterpreter/compiler.
Incrementalbootstrapping

It is also possible to build the new language and its compiler
incrementally. The

first step is to write a compiler for a small subset of the language, using that
same
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subset to write it. This first compiler must be bootstrapped in one of the
ways

describedearlier,butthereafterthefollowingprocessisdonerepeatedly:

1) Extendthelanguagesubsetslightly.

2) Extendthecompilersoitcompilestheextendedsubset,butwithoutusingthe
newfeatures.

3) Usethepreviouscompilertocompilethenew.
Ineachstep,thefeaturesintroducedinthepreviousstepcanbeusedinthecompi

Evenwhenthefulllanguageiscompiled,
theprocesscanbecontinuedtoimprove

thequalityofthecompiler.

Suggestedexercises: 13.1.

13.4 Further reading

Bratman’soriginalarticle,[11],onlydescribestheT-shapeddiagrams.
Thenotation

forinterpreters,machinesandunspecifiedprogramswasaddedlaterin[15].
AnearlybootstrappedcompilerwasLISP1.5[30].
ThefirstPascalcompiler[45]wasmadeusingincrementalbootstrapping.

Though we in section 13.3 dismissed binary translation as unsuitable for
port-

ing a compiler to a new machine, it is occasionally used. The advantage



of this

approach is that a single binary translator can port any number of
programs, not

just compilers. It was used by Digital Equipment Corporation in their
FX!132 soft-

ware[18]toenableprogramscompiledforWindowsonanx86-platformtorunon

theirAlphaRISCprocessor.

Exercises

Exercise 13.1

You have a machine that can execute Alpha machine code and the
following pro-

grams:
1: AcompilerfromCto Alpha machinecodewrittenin Alpha machinecode.
2: AninterpreterforMLwritteninC.

3: AcompilerfromMLtoCwritteninML.

Nowdothefollowing:
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a) Describetheaboveprogramsandmachineasdiagrams.
b) Show how a compiler from ML to C written in Alpha machine code can

be generated from the above components. The generated program must
be

stand-alone, i.e., it may not consist of an interpreter and an interpreted
pro-

gram.
c¢) Showhowthecompilergeneratedinquestionbcanbeusedinaprocessthat

compilesMLprogramsto Alpha machinecode.

Exercise 13.2

A source-code optimiser is a program that can optimise programs at
source-code

level, i.e., a program O that reads a program P and outputs another
program Po,

whichisequivalentto P,butmaybefaster.

A source-code optimiser is like a compiler, except the source and target
lan-

guagesarethesame. Hence,wecandescribeasource-
codeoptimizerforCwritten

inCwiththediagram
ccC
C



Assumethatyouadditionallyhavethefollowingcomponents:
- Acompiler,writteninARMcode,fromCtoARMcode.

- AmachinethatcanexecuteARMcode.

- Someunspecifiedprogram P writteninC.
Nowdothefollowing:

a) Describetheabovecomponentsasdiagrams.

b) Show, using Bratman diagrams, the steps required to optimise P to Po
and

thenexecute Po.
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Appendix A

Set notation and concepts

A.1 Basic concepts and notation

A set is a collection of items. You can write a set by listing its elements
(the items

it contains) inside curly braces. For example, the set that contains the
numbers

1, 2 and 3 can be written as {1, 2, 3}. The order of elements do not matter
ina

set, so the same set can be written as {2, 1, 3}, {2, 3, 1} or using any
permutation

of the elements. The number of occurrences also does not matter, so we
could

also write the set as {2, 1, 2, 3, 1, 1} or an infinity of other ways. All of
these

describe the same set. We will normally write sets without repetition, but
the fact

thatrepetitionsdonotmatterisimportanttounderstandtheoperationsonsets.

We will typically use uppercase letters to denote sets and lowercase
letters to

denote elements in a set, so we could write M = {2, 1, 3} and x = 2 as an
element

of M. Theemptysetcanbewritteneitherasanemptylistofelements({})orusing

thespecialsymbol 0/. Thelatterismorecommoninmathematicaltexts.



A.1.1 Operations and predicates
Wewilloftenneedtocheckifanelementbelongstoasetorselectanelementfrom

aset. Weusethesamenotationforbothofthese: x € M isreadas‘“x
isanelement

of M"or“x isamemberof M”. Thenegationiswrittenas x €/ M,whichisreadas
“x isnotanelementof M’or“x isnotamemberof M”.
Wecanusetheseinconditionalstatementslike“if3 c M then...”,forasserting

a fact “since x €/ M, we can conclude that ...” or for selecting an element
from a

set: “select x € M”, which will select an arbitrary element from M and let
X be

equaltothiselement.

We can combine two sets M and N into a single set that contains all
elements

from both sets. We write this as M U N, which is read as “M union N” or
“the

union of M and N”. For example, {1, 2} U {5, 1} = {1, 2, 5, 1} = {1, 2, 5}.
The

291
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followingstatementholdsformembershipandunion:
xXeE(MUN)exeMvVvxeN

where < isbi-implication(“ifandonlyif’)and V islogicaldisjunction(“or”).
Wecanalsocombinetwosets M and N intoasetthatcontainsonlytheelements

thatoccurinbothsets. Wewritethisas M N N,whichisreadas“M intersect
N’or

“theintersectionof M and N”. For example, {1, 2}N{5, 1} = {1}. The
following

statementholdsformembershipandintersection:
xeEe(MNN)exeMAxeN

where A islogicalconjunction(“and’).
Wecanalsotalkaboutsetdifference(orsetsubtraction),whichiswrittenas M\

N, which is read as “M minus N” or “M except N’. M\ N contains all the
elments

thataremembersor M butnotmembersof N. Forexample, {1, 2}\{5, 1} =

{2}.
Thefollowingstatementholdsformembershipandsetdifference:
XcE(M\N) = xeMAXE/IN

Just like arithmetic operators, set operators have precedence rules: N
binds more

tightly than U (just like multiplication binds tighter than addition). So
writing A U

BNC isthesameaswriting AU(BNC).



Setdifferencehasthesameprecedenceas
union(justlikesubtractionhasthesameprecedenceasaddition).
Ifalltheelementsofaset M arealsoelementsofaset N,wecall M asubsetof
N,whichiswrittenas M < N. Thiscanbedefinedby
McN<e(xeM=xcN)

where = islogicalimplication(“onlyif”).
Theconverseofsubsetissuperset: M2 N < N c M.

A.1.2 Properties of set operations

Just like we have mathematical laws saying that, for example x +y =y +
X, there

are also similar laws for set operations. Here is a selection of the most
commonly

usedlaws:
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A U A = A unionisidempotent

A N A= Aintersectionisidempotent

A U B = B U A unioniscommutative

A N B = B n Aintersectioniscommutative

A U (B UC)=(A U B) UC unionisassociative

A N (B NnC)=(A n B) NC intersectionisassociative

A U (B nC)=(A U B) n (A UC) uniondistributesoverintersection
AN (B UC)=(A n B) U (A NC) intersectiondistributesoverunion
A U 0/ = A theemptysetisaunitelementofunion

A N 0/ = 0/ theemptysetisazeroelementofintersection

A c B & A U B = B subsetrelatedtounion

A c B & AN B = A subsetrelatedtointersection

A © B < A\ B = 0/ subsetrelatedtosetdifference

A c B A B € A < A= B subsetisantisymmetric

A c B A B c C < A c C subsetistransitive

A\ (B uC)=(A\B) \C correspondstox — (y+z)=(x —y) — z
Since U and N areassociative,wewilloftenomitparenthesesandwrite, e.g.,

AuBuUCorAnBNC.

A.2 Set-builder notation

We will often build a new set by selecting elements from other sets and



doing

operationsontheseelements. Weusetheveryflexibleset-
buildernotationforthis.

A set builder has the form {e | p}, where e is an expression and p is a list
of

predicates separated by commas. Typically, p will contain predicates of
the form

x € M, which defines x to be any element of M. The set builder will
evaluate the

expression e forallelements x of M thatfulfillstheotherpredicatesin p
andbuild

asetoftheresults. Weread {e | p} as“thesetofallelementsoftheform e where
p

holds”, or just “e where p’. Some mathematical texts use a colon instead
of a bar,

i.e.,writing {e : p} insteadof {e | p}.
Asimpleexampleis

3

{x|x €1, 2, 3, 4}, x< 3}

which builds the set {13, 23} = {1, 8}, as only the elements 1 and 2 from
the set

{1, 2, 3, 4} fulfillthepredicate x < 3.
Wecantakeelementsfrommorethanoneset,forexample
{x+y|xe{1,23},yec{1,2 3}, x<y}

whichbuildstheset {1+2, 1+3, 2+3} = {3, 4, 5}. Allcombinationsofelements



fromthetwosetsthatfulfillthepredicateareused.
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Wecanseparatethepredicatesinasetbuilderby A or“and”’insteadofcommas.

Sotheexampleabovecan,equivalently,bewrittenas

{x+y|x€{1,2,3},y €{1, 2,3} and x <y}

A.3 Sets of sets

The elements of a set can be other sets, so we can, for example, have
the set

{{1, 2}, {2, 3}} which is a set that has the two sets {1, 2} and {2, 3} as
elements.

We can “flatten” a set of sets to a single set which is the union of the
element sets

usingthe“bigunion”operator:
[
{{1,2},{2,3}}={1, 2, 3}

Similarly, we can take the intersection of the element sets using the “big
intersec-

tion”operator:

\

{{1, 2}, {2, 3}} = {2}
Wecanusethese“big”’operatorstogetherwithsetbuilders,forexample

\

n

{{xIn<{0,1,2}} x 1,2, 3}}



T
whichevaluatesto {{1}, {1, 2, 4}, {1, 3, 9}} = {1}.
Whenabigoperatorisusedincombinationwithasetbuilder,aspecialabbre-
ST

viated notation can be used: {e | p} and {e | p}can be written,
respectively,

as

[\

eande

pp
Forexample,

\

{{x| n €{0, 1, 2}}| x €{1, 2, 3}}
canbewrittenas

\

{x|n€{0,1,2}}

x€{1,2,3}
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A.4 Set equations

Just like we can have equations where the variables represent numbers,
we can

have equations where the variables represent sets. For example, we can
write the

equation

2
X={x]|x e X}

This particular equation has several solutions, including X = {0}, X = 0/
and X =

{0, 1} or even X =[0, 1], where [0, 1] represents the interval of real
numbers be-

tween 0 and 1. Usually, we have an implied universe of elements that the
sets can

draw from. For example, we might only want sets of integers as
solutions, so we

don’tconsiderintervalsofrealnumbersasvalidsolutions.

When there are more solutions, we are often interested in a solution that
has

the minimum or maximum possible number of elements. In the above
example

(assumingwewantsetsofintegers),thereisauniqueminimal(intermsofnumber

of elements) solution, which is X = 0/ and a unique maximal solution X =

{0, 1}.



Not all equations have unique minimal or maximal solutions. For example,
the

equation

X={1,2,3}\ X

hasnosolutionatall,andtheequation

X={1, 2, 3}\{6/x | x € X})

hasexactlytwosolutions: X = {1, 2} and X = {1, 3},sotherearenouniquemin-
imalormaximalsolutions.

A.4.1 Monotonic set functions

The set equations we have seen so far are of the form X = F(X), where F
is a

functionfromsetstosets. Asolutiontosuchanequationiscalleda fixed-point
for

F.
Aswehaveseen,notallsuchequationshavesolutions,andwhentheydo,there

are not always unique minimal or maximal solutions. We can, however,
define a

propertyofthefunction F
thatguaranteesauniqueminimalandauniquemaximal

solutiontotheequation X = F(X).
Wesaythatasetfunction F is monotonic if X C Y = F(X) < F(Y).

TheoremA.1 If we draw elements from a finite universeU and F is a
monotonic

functionoversetsofelementsfromU,thenthereexistnaturalnumbersmandn,s



the unique minimal solution to the equation X = F(X) is equal to Fm(0/)
and the

uniquemaximalsolutiontotheequationX = F(X) isequaltoFn(U).

where Fi(A) is F applied i timesto A. Forexample F3(A)= F(F(F(A))).
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Proof: ltistriviallytruethat 0/ < F(0/). Since F ismonotonic,thisimplies F(0/)
C

F(F(0/)). This again implies F(F(0/)) = F(F(F(0/))) and, by induction, Fi(0/)

C

Fi+1(0/). Sowehaveachain
0/ < F(0/) < F(F(0/)) < F(F(F(0/))) <- - -

Since the universe U is finite, the sets Fi(0/) can not all be different.
Hence, there

existan m suchthat Fm(0/)= Fm+1(0/),whichmeans X = Fm(0/)
isasolutiontothe

equation X = F(X). To prove that it is the unique minimal solution, assume
that

another solution A exist. Since A = F(A), we have A = Fm(A). Since 0/ € A
and

F ismonotonic, we have Fm(0/) = Fm(A)= A. Thisimpliesthat Fm(0/)
isasubset

of all solutions to the equation X = F(X), so there can not be a minimal
solution

differentfrom Fm(0/).
Theproofforthemaximalsolutionisleftasanexercise.
fixed-pointiteration

The proof provides an algorithm for finding minimal solutions to set
equations

of the form X = F(X), where F is monotonic and the universe is finite:
Simply



compute F(0/), F2(0/), F3(0/) and so on until Fm+1(0/) = Fm(0/). This is easy
to

implementonacomputer:

X := 0/;
repeat

Y := X;
X := F(X)

until X = Y;
return X

A.4.2 Distributive functions

A function can have a stronger property than being monotonic: A
function F is

distributive if F(X UY)= F(X) U F(Y) for all sets X and Y. This clearly
implies

monotonicity,as Y 2 X © Y = X UY = F(Y)= F(X uUY)= F(X)UF(Y) 2 F(X).

We also solve set equations over distributive functions with fixed-point
itera-

tion,butweexploitthedistributivitytoreducetheamountofcomputationwemus

do: Ifweneedtocompute F(A U B) andwehavealreadycomputed
F(A),thenwe

need only compute F(B) and add the elements from this to F(A). We can
imple-

mentanalgorithmforfindingtheminimalsolutionthatexploitsthis:
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X := 0/;

W := F(0/);
while W 6= 0/ do
pick x € W;

W = W\{x};

X := X U {x};
W :=W U (F({X})\X),

return X

Wekeepaworkset w thatbyinvariantisequalto F(x)\x.
Asolutionmustinclude

any x € W, so we move this fromw to X while keeping the invariant by
adding

F(x)\ X tow. When w becomes empty, we have F(X)= X and, hence, a
solution.

While the algorithm is more complex than the simple fixed-point
algorithm, we

cancompute F oneelementatatimeandweavoidcomputing F
twiceforthesame

element.
A.4.3 Simultaneous equations
Wesometimesneedtosolveseveralsimultaneoussetequations:

X1 = F1(X1,...,Xn)



Xn = Fn(X1,...,Xn)

If all the Fiare monotonic in all arguments, we can solve these equations
using

tfixed-point iteration. To find the unique minimal solution, start with Xi= 0/
and

then iterate applying all Fi until a fixed-point is reached. The order in
which we

do this doesn’t change the solution we find (it will always be the unique
minimal

solution),butitmightaffecthowfastwefindthesolution.
Generally,weneedonly

recompute Xiifavariableusedby Fi changes.
Ifall Fi aredistributiveinallarguments,wecanuseawork-setalgorithmsimi-

lartothealgorithmforasingledistributivefunction.

Exercises

Exercise A.1

Whatsetisbuiltbythesetbuilder

222

{x+y|xe{1,2,3,4},yc{1,2,3,4}, x<y}?
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Exercise A.2

Whatsetisbuiltbythesetexpression

[

n
{x| n {0, 1, 2}}?

xe{1,2,3}

Exercise A.3
Findallsolutionstotheequation
X={1,2,3}\{x+1|x e X})

Hint: Anysolutionmustbeasubsetof {1, 2, 3}.
Exercise A.4

Prove that if elements are drawn from a finite universe U and F is a
monotonic

function over sets of elements from U, then there exists an n such that X
= Fn(U)

istheuniquemaximalsolutiontothesetequation X = F(X).
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